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ÏðåäèñëîâèåÒðóäíîñòè, èñïûòûâàåìûå â÷åðàøíèìè øêîëüíèêàìè âñâÿçè ñ ïåðåõîäîì íà íîâûå �îðìû è ìåòîäû îáó÷åíèÿ â âóçàõ,âïîëíå çàêîíîìåðíû è èìåþò íàó÷íîå îáúÿñíåíèå [1℄. Îòäåëü-íûå ñòåðåîòèïû ïîçíàâàòåëüíîé äåÿòåëüíîñòè, ñ�îðìèðîâàí-íûå â øêîëå, çàòðóäíÿþò ó÷åíèå â 1-ì ñåìåñòðå è íóæäàþòñÿ âíåêîòîðîé êîððåêòèðîâêå. Â ñâÿçè ñ ýòèì îäíîé èç âàæíåéøèõñîñòàâëÿþùèõ íà÷àëüíîãî îáó÷åíèÿ â âóçàõ ÿâëÿåòñÿ èíäèâè-äóàëüíàÿ ðàáîòà ñòóäåíòîâ-ïåðâîêóðñíèêîâ. Íî äëÿ åå îðãàíè-çàöèè, îñîáåííî â 1-ì ñåìåñòðå, íåîáõîäèìû ñîîòâåòñòâóþùèåó÷åáíûå ïîñîáèÿ.Íàñòîÿùèé ïðàêòèêóì ñîçäàí íà îñíîâå îïûòà ðàáîòû àâ-òîðîâ ñ ïåðâîêóðñíèêàìè â �îìåëüñêîì ãîñóäàðñòâåííîì óíè-âåðñèòåòå èì. Ô. Ñêîðèíû íà÷èíàÿ ñ 1980-õ ãã. Â 1991�1992 ãã.àâòîðàìè áûëè èçäàíû ëàáîðàòîðíûå ðàáîòû è òåêñòû ëåêöèéïî êóðñó ¾Àëãåáðà è òåîðèÿ ÷èñåë¿ [3℄, [12℄, [13℄, îõâàòûâàþ-ùèå òå ðàçäåëû äàííîãî êóðñà, êîòîðûå ñòóäåíòàìè ìàòåìà-òè÷åñêîãî �àêóëüòåòà òðàäèöèîííî èçó÷àþòñÿ â 1-ì ñåìåñòðå.Â òå÷åíèå íåñêîëüêèõ ëåò ýòè ïîñîáèÿ íåîäíîêðàòíî ïåðåðàáà-òûâàëèñü è äîïîëíÿëèñü, ïîñëå ÷åãî îíè áûëè âçÿòû çà îñíîâóïðè ñîñòàâëåíèè íàñòîÿùåãî ïðàêòèêóìà.Âåñü èçó÷àåìûé ìàòåðèàë ðàçáèò íà 10 ãëàâ. Êàæäàÿ ãëàâàïîñâÿùåíà îïðåäåëåííîé òåìå êóðñà ¾Àëãåáðà è òåîðèÿ ÷èñåë¿.Èçëàãàþòñÿ è èëëþñòðèðóþòñÿ íà ïðèìåðàõ ñîîòâåòñòâóþùèåìàòåìàòè÷åñêèå ïîíÿòèÿ, �îðìóëèðóþòñÿ êëþ÷åâûå ñâîéñòâàè òåîðåìû, ïðèâîäÿòñÿ îáðàçöû ðåøåíèÿ òèïîâûõ çàäà÷. Ýòîâñå âìåñòå ñîñòàâëÿåò ÿäðî äàííîãî ðàçäåëà êóðñà, çíàíèå êî-òîðîãî äîëæíî îáåñïå÷èòü ñòóäåíòó-ïåðâîêóðñíèêó ñàìîñòîÿ-òåëüíîå âûïîëíåíèå èíäèâèäóàëüíîãî çàäàíèÿ.Â ïðàêòèêóìå ïî êàæäîé òåìå ïðåäëîæåíû 15 âàðèàíòîâèíäèâèäóàëüíûõ çàäàíèé, ÷òî ñïîñîáñòâóåò àêòèâèçàöèè ñàìî-ñòîÿòåëüíîé ðàáîòû âñåõ ñòóäåíòîâ. Ïðèâåäåíû òàêæå íåêî-òîðûå äîïîëíèòåëüíûå çàäà÷è, ïîçâîëÿþùèå êîíòðîëèðîâàòüãëóáèíó ïîíèìàíèÿ èçó÷åííîãî ìàòåðèàëà è ðàçâèâàòü òâîð÷å-ñêîå ìûøëåíèå îáó÷àþùèõñÿ.Íàñòîÿùèé ïðàêòèêóì ïðåäíàçíà÷åí ïðåæäå âñåãîñòóäåíòàì-ìàòåìàòèêàì. Ïîñêîëüêó ìàòåðèàë êóðñà ¾Àë-ãåáðà è òåîðèÿ ÷èñåë¿ 1-ãî ñåìåñòðà ÿâëÿåòñÿ áàçîâûì äëÿâñåé âûñøåé ìàòåìàòèêè, òî äàííîå ó÷åáíîå ïîñîáèå ìîæåò3



áûòü ñ óñïåõîì ïðèìåíåíî ïðè èçó÷åíèè ñîîòâåòñòâóþùèõðàçäåëîâ êóðñà ¾Âûñøàÿ ìàòåìàòèêà¿ ñòóäåíòàìè äðóãèõíåìàòåìàòè÷åñêèõ ñïåöèàëüíîñòåé.Àâòîðû âûðàæàþò èñêðåííþþ áëàãîäàðíîñòü ÷ëåíó-êîð-ðåñïîíäåíòó ÍÀÍ Áåëàðóñè ïðî�åññîðó Ë.À.Øåìåòêîâó çàìíîãî÷èñëåííûå ïîëåçíûå ñîâåòû, ñïîñîáñòâóþùèå óëó÷øå-íèþ êà÷åñòâà èçëàãàåìîãî ìàòåðèàëà. Àâòîðû òàêæå áëàãî-äàðíû ðåöåíçåíòàì � êîëëåêòèâó êà�åäðû àëãåáðû è ìåòî-äèêè ïðåïîäàâàíèÿ ìàòåìàòèêè Âèòåáñêîãî ãîñóäàðñòâåííîãîóíèâåðñèòåòà èì. Ï.Ì.Ìàøåðîâà, âîçãëàâëÿåìîìó äîêòîðîì�èçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðî�åññîðîì Í.Ò.Âîðîáüåâûì,äîêòîðó �èçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðî�åññîðó êà�åäðûâûñøåé àëãåáðû Áåëîðóññêîãî ãîñóäàðñòâåííîãî óíèâåðñè-òåòà Â.Â.Áåíÿøó-Êðèâöó çà êîíñòðóêòèâíûå çàìå÷àíèÿ, èÄ.À.Õîäàíîâè÷ó � çà ïîìîùü â ïîäãîòîâêå ðóêîïèñè ê èçäà-íèþ. Àâòîðû



1. ÁÈÍÀ�ÍÛÅ ÎÒÍÎØÅÍÈßÈ ÏÅ�ÅÑÒÀÍÎÂÊÈ1.1. Áèíàðíûå îòíîøåíèÿÌíîæåñòâî óäîáíî çàäàâàòü, èñïîëüçóÿ çàïèñü X = {α | β}.Ýòà çàïèñü îçíà÷àåò, ÷òî ìíîæåñòâî X ñîñòîèò èç âñåõ ýëåìåí-òîâ α, äëÿ êîòîðûõ âûïîëíÿåòñÿ ñâîéñòâî β. Çà íåêîòîðûìèìíîæåñòâàìè çàêðåïëåíû ñòàíäàðòíûå îáîçíà÷åíèÿ:
N � ìíîæåñòâî âñåõ íàòóðàëüíûõ ÷èñåë;
Z � ìíîæåñòâî âñåõ öåëûõ ÷èñåë;
Q � ìíîæåñòâî âñåõ ðàöèîíàëüíûõ ÷èñåë;
R � ìíîæåñòâî âñåõ äåéñòâèòåëüíûõ ÷èñåë.Ïóñòü X è Y � ïðîèçâîëüíûå ìíîæåñòâà. Áóäåì ðàññìàòðè-âàòü óïîðÿäî÷åííûå ïàðû (x, y) ýëåìåíòîâ x ∈ X, y ∈ Y . Äâåïàðû (x1, y1) è (x2, y2), ãäå x1, x2 ∈ X, y1, y2 ∈ Y , ñ÷èòàþòñÿðàâíûìè, åñëè x1 = x2 è y1 = y2.Ìíîæåñòâî âñåõ óïîðÿäî÷åííûõ ïàð (x, y) íàçûâàåòñÿ äå-êàðòîâûì (ïðÿìûì) ïðîèçâåäåíèåì ìíîæåñòâ X è Y è îáî-çíà÷àåòñÿ ÷åðåç X × Y . Òàêèì îáðàçîì,

X × Y = {(x, y) | x ∈ X, y ∈ Y }.Ïðè X = Y ãîâîðÿò î äåêàðòîâîì êâàäðàòå ìíîæåñòâà X èïèøóò X2 âìåñòî X ×X.Ïîäìíîæåñòâî F äåêàðòîâà ïðîèçâåäåíèÿ X × Y íàçûâàåò-ñÿ áèíàðíûì îòíîøåíèåì ìåæäó X è Y . Ñîâîêóïíîñòü âñåõ
x ∈ X, äëÿ êîòîðûõ ñóùåñòâóåò òàêîé ýëåìåíò y ∈ Y , ÷òî
(x, y) ∈ F , íàçûâàåòñÿ îáëàñòüþ îïðåäåëåíèÿ áèíàðíîãî îò-íîøåíèÿ F . Îáëàñòüþ çíà÷åíèé áèíàðíîãî îòíîøåíèÿ F íà-çûâàåòñÿ ìíîæåñòâî âñåõ y ∈ Y , òàêèõ, ÷òî (x, y) ∈ F äëÿíåêîòîðîãî x ∈ X.Ïðèìåð 1.1. Âûïèøèòå âñå ïîäìíîæåñòâà äåêàðòîâà ïðî-èçâåäåíèÿ ìíîæåñòâ X = {0, 1} è Y = {1, 2}.

� ßñíî, ÷òî X×Y = {(0, 1), (0, 2), (1, 1), (1, 2)} � äåêàðòîâîïðîèçâåäåíèå X è Y . Âûïèøåì âñå åãî ïîäìíîæåñòâà:
F1 = ∅, F2 = {(0, 1)}, F3 = {(0, 2)}, F4 = {(1, 1)},
F5 = {(1, 2)}, F6 = {(0, 1), (0, 2)}, F7 = {(0, 1), (1, 1)},
F8 = {(0, 1), (1, 2)}, F9 = {(0, 2), (1, 1)}, F10 = {(0, 2), (1, 2)},5



1. ÁÈÍÀ�ÍÛÅ ÎÒÍÎØÅÍÈß È ÏÅ�ÅÑÒÀÍÎÂÊÈ
F11 = {(1, 1), (1, 2)}, F12 = {(0, 1), (0, 2), (1, 1)},
F13 = {(0, 1), (0, 2), (1, 2)}, F14 = {(0, 2), (1, 1), (1, 2)},
F15 = {(0, 1), (1, 1), (1, 2)},
F16 = X × Y = {(0, 1), (0, 2), (1, 1), (1, 2)}.Ëþáîå èç øåñòíàäöàòè ïîäìíîæåñòâ Fi, i = 1, . . . , 16, îïðå-äåëÿåò áèíàðíîå îòíîøåíèå ìåæäó X è Y . Íàéäèòå îáëàñòüîïðåäåëåíèÿ è îáëàñòü çíà÷åíèé êàæäîãî îòíîøåíèÿ. ⊠Ïóñòü F � áèíàðíîå îòíîøåíèå íà ìíîæåñòâå X, òî åñòü

F ⊆ X ×X, è x, y, z � ýëåìåíòû ìíîæåñòâà X. Îòíîøåíèå Fíàçûâàåòñÿ:ðå�ëåêñèâíûì, åñëè (x, x) ∈ F äëÿ âñåõ x ∈ X;ñèììåòðè÷íûì, åñëè èç óñëîâèÿ (x, y) ∈ F ñëåäóåò, ÷òî
(y, x) ∈ F ;àíòèñèììåòðè÷íûì, åñëè èç óñëîâèé (x, y) ∈ F è (y, x) ∈
∈ F ñëåäóåò, ÷òî x = y;òðàíçèòèâíûì, åñëè èç óñëîâèé (x, y) ∈ F è (y, z) ∈ Fñëåäóåò, ÷òî (x, z) ∈ F .Ïðèìåð 1.2. Êàêèìè ñâîéñòâàìè îáëàäàþò ñëåäóþùèå áè-íàðíûå îòíîøåíèÿ íà N:

F1 = {(x, y) | x è y âçàèìíî ïðîñòû};
F2 = {(x, y) | x äåëèò y};
F3 = {(x, y) | x = y2}?
� Ïîäìíîæåñòâî F1 äåêàðòîâà ïðîèçâåäåíèÿ N×N ñîñòîèòèç âñåõ ïàð (x, y) íàòóðàëüíûõ ÷èñåë, ó êîòîðûõ ïåðâîå ÷èñëîâçàèìíî ïðîñòî ñî âòîðûì. F1 íå áóäåò ðå�ëåêñèâíûì, òàê êàê,íàïðèìåð, (4, 4) /∈ F1. Åñëè (x, y) ∈ F1, òî x è y âçàèìíî ïðî-ñòû. Ïîýòîìó y è x âçàèìíî ïðîñòû, çíà÷èò (y, x) ∈ F1 è F1ñèììåòðè÷íî. Áèíàðíîå îòíîøåíèå F1 íå áóäåò òðàíçèòèâíûì.Äåéñòâèòåëüíî, (2, 3) ∈ F1, (3, 4) ∈ F1, íî (2, 4) /∈ F1.ßñíî, ÷òî F2 ðå�ëåêñèâíî è òðàíçèòèâíî. Íî F2 íå ÿâëÿåòñÿñèììåòðè÷íûì, ïîñêîëüêó (3, 6) ∈ F2, à (6, 3) /∈ F2.Îòíîøåíèå F3 íå áóäåò ðå�ëåêñèâíûì è ñèììåòðè÷íûì.Òàê êàê (2, 4) ∈ F3 è (4, 16) ∈ F3, íî (2, 16) /∈ F3, òî F3 íåáóäåò è òðàíçèòèâíûì. ⊠Ïóñòü F � áèíàðíîå îòíîøåíèå íà ìíîæåñòâå X, òî åñòü

F ⊆ X ×X. Âìåñòî (x, y) ∈ F óñëîâèìñÿ ïèñàòü xFy.Îòíîøåíèåì ýêâèâàëåíòíîñòè íàçûâàþò áèíàðíîå îòíî-6



1.1. Áèíàðíûå îòíîøåíèÿøåíèå, êîòîðîå ðå�ëåêñèâíî, ñèììåòðè÷íî è òðàíçèòèâíî. Îò-íîøåíèå ýêâèâàëåíòíîñòè óäîáíî îáîçíà÷àòü ñèìâîëîì ∼. Òà-êèì îáðàçîì, äëÿ îòíîøåíèÿ ýêâèâàëåíòíîñòè ∼ íà ìíîæåñòâå
X âûïîëíÿþòñÿ ñëåäóþùèå ñâîéñòâà:

x ∼ x äëÿ âñåõ x ∈ X (ðå�ëåêñèâíîñòü);åñëè x ∼ y, òî y ∼ x (ñèììåòðè÷íîñòü);åñëè x ∼ y è y ∼ z, òî x ∼ z (òðàíçèòèâíîñòü).Ïóñòü X � ìíîæåñòâî ñ îòíîøåíèåì ýêâèâàëåíòíîñòè ∼.Ïîäìíîæåñòâî cl(a) = {b ∈ X | b ∼ a} âñåõ ýëåìåíòîâ, íàõîäÿ-ùèõñÿ â áèíàðíîì îòíîøåíèè ∼ ñ ýëåìåíòîì a, íàçûâàþò êëàñ-ñîì ýêâèâàëåíòíîñòè. Êëàññ ýêâèâàëåíòíîñòè cl(a) îáîçíà÷à-þò òàêæå ÷åðåç a. Ñîâîêóïíîñòü âñåõ êëàññîâ ýêâèâàëåíòíîñòèîáîçíà÷àþò ÷åðåç X / ∼ è íàçûâàþò �àêòîðìíîæåñòâîì ìíî-æåñòâà X ïî ∼. Íàïîìíèì, ÷òî íåïåðåñåêàþùèìèñÿ íàçûâàþòäâà ìíîæåñòâà, ïåðåñå÷åíèå êîòîðûõ ïóñòî.Òåîðåìà 1.1. 1. Ìíîæåñòâî ñ îòíîøåíèåì ýêâèâàëåíò-íîñòè ÿâëÿåòñÿ îáúåäèíåíèåì ïîïàðíî íåïåðåñåêàþùèõñÿêëàññîâ ýêâèâàëåíòíîñòè.
2. Ïóñòü ìíîæåñòâî X ÿâëÿåòñÿ îáúåäèíåíèåì ïîïàðíîíåïåðåñåêàþùèõñÿ ïîäìíîæåñòâ Xα, ãäå α ïðîáåãàåò íåêîòî-ðîå ìíîæåñòâî èíäåêñîâ I. Òîãäà ñóùåñòâóåò îòíîøåíèå ýê-âèâàëåíòíîñòè íà ìíîæåñòâå X, äëÿ êîòîðîãî êëàññû ýêâè-âàëåíòíîñòè ñîâïàäàþò ñ Xα, α ∈ I.
3. Çàäàíèå îòíîøåíèÿ ýêâèâàëåíòíîñòè íà ìíîæåñòâå

X ðàâíîñèëüíî ïðåäñòàâëåíèþ X â âèäå îáúåäèíåíèÿ ïîïàðíîíåïåðåñåêàþùèõñÿ ïîäìíîæåñòâ.Ïðèìåð 1.3. Çà�èêñèðóåì íàòóðàëüíîå ÷èñëî k. Ââåäåìáèíàðíîå îòíîøåíèå ∼ íà Z, ñ÷èòàÿ x ∼ y òîãäà è òîëüêî òî-ãäà, êîãäà ðàâíû îñòàòêè ïðè äåëåíèè x è y íà k. Îòíîøåíèå
∼ áóäåò îòíîøåíèåì ýêâèâàëåíòíîñòè. Êëàññ ýêâèâàëåíòíîñòè
cl(x) = x ñîñòîèò èç âñåõ öåëûõ ÷èñåë, êîòîðûå ïðè äåëåíèèíà k èìåþò îäèí è òîò æå îñòàòîê. Îñòàòêè ìîãóò ïðèíèìàòüçíà÷åíèÿ 0, 1, . . . , k − 1. Ïîýòîìó �àêòîðìíîæåñòâî ñîñòîèò èç
k ýëåìåíòîâ: Z / ∼= {0, 1, . . . , k − 1}. ⊠Ïîðÿäêîì íà ìíîæåñòâå íàçûâàþò áèíàðíîå îòíîøåíèå,êîòîðîå ðå�ëåêñèâíî, àíòèñèììåòðè÷íî è òðàíçèòèâíî. Ïîðÿ-äîê óäîáíî îáîçíà÷àòü ñèìâîëîì 6. Åñëè x 6 y è x 6= y, òî7



1. ÁÈÍÀ�ÍÛÅ ÎÒÍÎØÅÍÈß È ÏÅ�ÅÑÒÀÍÎÂÊÈïèøóò x < y. Âìåñòî x 6 y ïèøóò òàêæå y > x. Èòàê, äëÿìíîæåñòâà X ñ ïîðÿäêîì 6 âûïîëíÿþòñÿ ñëåäóþùèå ñâîéñòâà:
x 6 x äëÿ âñåõ x ∈ X (ðå�ëåêñèâíîñòü);åñëè x 6 y è y 6 x, òî x = y (àíòèñèììåòðè÷íîñòü);åñëè x 6 y è y 6 z, òî x 6 z (òðàíçèòèâíîñòü).Ìíîæåñòâî X ñ ïîðÿäêîì 6 íàçûâàþò ÷àñòè÷íî óïîðÿäî-÷åííûì. Ýëåìåíòû x è y íàçûâàþò ñðàâíèìûìè, åñëè ëèáî x 6

6 y, ëèáî y 6 x. Åñëè äëÿ ëþáîé ïàðû ýëåìåíòîâ x è y èç Xëèáî x 6 y, ëèáî y 6 x, òîX íàçûâàþò ëèíåéíî óïîðÿäî÷åííûììíîæåñòâîì (èëè öåïüþ).Íàèáîëüøèì ýëåìåíòîì ÷àñòè÷íî óïîðÿäî÷åííîãî ìíîæå-ñòâà X íàçûâàåòñÿ ýëåìåíò n ∈ X òàêîé, ÷òî x 6 n äëÿ âñåõ
x ∈ X, à ìàêñèìàëüíûì � ýëåìåíò m ∈ X òàêîé, ÷òî èç óñëî-âèÿ m 6 y äëÿ íåêîòîðîãî y ∈ X ñëåäóåò, ÷òî m = y. Íàèáîëü-øèé ýëåìåíò âñåãäà ìàêñèìàëåí, ïðè÷åì íàèáîëüøèé ýëåìåíòñðàâíèì ñ êàæäûì ýëåìåíòîì èç X. Ìàêñèìàëüíûé ýëåìåíòìîæåò íå áûòü ñðàâíèìûì ñ íåêîòîðûìè ýëåìåíòàìè èç X, â÷àñòíîñòè, ìàêñèìàëüíûé ýëåìåíò ìîæåò íå áûòü íàèáîëüøèì.Ìàêñèìàëüíûõ ýëåìåíòîâ, åñëè îíè ñóùåñòâóþò, ìîæåò áûòüíåñêîëüêî. Íàèáîëüøèé ýëåìåíò, åñëè îí ñóùåñòâóåò, îïðåäå-ëåí îäíîçíà÷íî.Ïîäîáíûì îáðàçîì ââîäÿòñÿ íàèìåíüøèé ýëåìåíò è ìèíè-ìàëüíûå ýëåìåíòû.Ïðèìåð 1.4. Âî ìíîæåñòâå Z öåëûõ ÷èñåë ñ îáû÷íûì îòíî-øåíèåì ìåíüøå èëè ðàâíî 6 íåò ìèíèìàëüíûõ è ìàêñèìàëü-íûõ ýëåìåíòîâ. Â N ñ îòíîøåíèåì 6 åñòü ìèíèìàëüíûé ýëå-ìåíò 1, íî íåò ìàêñèìàëüíûõ ýëåìåíòîâ. ⊠Ïðèìåð 1.5. Ïóñòü X � ïðîèçâîëüíîå ìíîæåñòâî è S(X) �ñîâîêóïíîñòü âñåõ ïîäìíîæåñòâ èç X. Çàäàäèì áèíàðíîå îòíî-øåíèå B íà S(X), ñ÷èòàÿ X1BX2 òîãäà è òîëüêî òîãäà, êîãäà
X1 ⊆ X2. Ýòî îòíîøåíèå B ðå�ëåêñèâíî, àíòèñèììåòðè÷íî èòðàíçèòèâíî. Çíà÷èò, S(X) � ÷àñòè÷íî óïîðÿäî÷åííîå ìíîæå-ñòâî. X áóäåò íàèáîëüøèì, à ∅ � íàèìåíüøèì ýëåìåíòîì âS(X). Åñëè x, y ∈ X,x 6= y, òî îäíîýëåìåíòíûå ìíîæåñòâà {x}è {y} ïðèíàäëåæàò S(X). Êðîìå òîãî, {x} è {y}, à òàêæå {y}è {x} íå ñðàâíèìû. Ïîýòîìó S(X) íå áóäåò ëèíåéíî óïîðÿäî-÷åííûì ìíîæåñòâîì. ⊠8



1.1. Áèíàðíûå îòíîøåíèÿÏóñòü X � ÷àñòè÷íî óïîðÿäî÷åííîå ìíîæåñòâî è Y � ïîä-ìíîæåñòâî ìíîæåñòâà X. Ýëåìåíò x ∈ X íàçûâàåòñÿ âåðõíåéãðàíüþ ïîäìíîæåñòâà Y , åñëè y 6 x äëÿ âñåõ y ∈ Y . Åñëèýëåìåíò x ÿâëÿåòñÿ âåðõíåé ãðàíüþ ïîäìíîæåñòâà Y è x 6 zäëÿ âñåõ âåðõíèõ ãðàíåé z ïîäìíîæåñòâà Y , òî x íàçûâàåòñÿòî÷íîé âåðõíåé ãðàíüþ ïîäìíîæåñòâà Y .Åñëè â ýòèõ îïðåäåëåíèÿõ ïîìåíÿòü 6 íà >, òî ïîëó÷èìîïðåäåëåíèå íèæíåé ãðàíè è òî÷íîé íèæíåé ãðàíè.�åøåòêîé íàçûâàþò ÷àñòè÷íî óïîðÿäî÷åííîå ìíîæåñòâî,â êîòîðîì ëþáîå ïîäìíîæåñòâî èç äâóõ ýëåìåíòîâ èìååò òî÷-íóþ íèæíþþ è òî÷íóþ âåðõíþþ ãðàíè. Òî÷íàÿ íèæíÿÿ ãðàíüäâóõýëåìåíòíîãî ìíîæåñòâà {x, y} îáîçíà÷àåòñÿ ÷åðåç x ∧ y, àòî÷íàÿ âåðõíÿÿ ãðàíü � ÷åðåç x ∨ y.�åøåòêà L íàçûâàåòñÿ ïîëíîé, åñëè ëþáîå ïîäìíîæåñòâî
X ⊆ L èìååò òî÷íóþ âåðõíþþ è òî÷íóþ íèæíþþ ãðàíè. Î÷å-âèäíî, ÷òî ëþáàÿ ïîëíàÿ ðåøåòêà ñîäåðæèò íàèáîëüøèé è íàè-ìåíüøèé ýëåìåíòû.Ïîäìíîæåñòâî X ðåøåòêè L íàçûâàåòñÿ ïîäðåøåòêîé, åñëè
x ∧ y ∈ X è x ∨ y ∈ X äëÿ âñåõ x, y ∈ X. Ïóñòîå ïîäìíîæåñòâîè ëþáîå îäíîýëåìåíòíîå ïîäìíîæåñòâî áóäóò ïîäðåøåòêàìè.Íåïîñðåäñòâåííî èç îïðåäåëåíèÿ ðåøåòêè âûòåêàþò ñëåäó-þùèå ñâîéñòâà, êîòîðûå ñ�îðìóëèðóåì â âèäå ëåììû.Ëåììà 1.2. Äëÿ ëþáûõ ýëåìåíòîâ x, y, z ðåøåòêè L âû-ïîëíÿþòñÿ ñëåäóþùèå óòâåðæäåíèÿ:

1) x ∧ x = x, x ∨ x = x (èäåìïîòåíòíîñòü);
2) x ∧ y = y ∧ x, x ∨ y = y ∨ x (êîììóòàòèâíîñòü);
3) (x ∧ y) ∧ z = x ∧ (y ∧ z), (x ∨ y) ∨ z = x ∨ (y ∨ z) (àññî-öèàòèâíîñòü);
4) x ∧ (x ∨ y) = x ∨ (x ∧ y) = x (ïîãëîùåíèå);
5) x 6 y òîãäà è òîëüêî òîãäà, êîãäà x ∧ y = x è x ∨ y = y(ñîâìåñòèìîñòü).Ïðèìåð 1.6. Íà ìíîæåñòâå N íàòóðàëüíûõ ÷èñåë ââåäåìáèíàðíîå îòíîøåíèå 6, ñ÷èòàÿ a 6 b â òî÷íîñòè òîãäà, êî-ãäà a äåëèò b. Ìíîæåñòâî N ñòàíîâèòñÿ ðåøåòêîé, â êîòîðîé

a ∧ b = ÍÎÄ(a, b) � íàèáîëüøèé îáùèé äåëèòåëü, à a ∨ b =
= ÍÎÊ(a, b) � íàèìåíüøåå îáùåå êðàòíîå. Â ýòîé ðåøåòêå íàè-ìåíüøèì ýëåìåíòîì áóäåò 1, à íàèáîëüøåãî ýëåìåíòà íåò. ⊠9



1. ÁÈÍÀ�ÍÛÅ ÎÒÍÎØÅÍÈß È ÏÅ�ÅÑÒÀÍÎÂÊÈ1.2. ÎòîáðàæåíèÿÏóñòü äàíû äâà ìíîæåñòâà X è Y . Îòîáðàæåíèåì ìíî-æåñòâà X âî ìíîæåñòâî Y íàçûâàåòñÿ áèíàðíîå îòíîøåíèå ϕìåæäó X è Y , îáëàäàþùåå ñëåäóþùèì ñâîéñòâîì: äëÿ êàæäîãî
x ∈ X ñóùåñòâóåò åäèíñòâåííûé y ∈ Y , òàêîé, ÷òî xϕy. Äðó-ãèìè ñëîâàìè, îòîáðàæåíèå ϕ ìíîæåñòâà X âî ìíîæåñòâî Yñîïîñòàâëÿåò êàæäîìó ýëåìåíòó x ∈ X åäèíñòâåííûé ýëåìåíò
y ∈ Y . Îòîáðàæåíèÿ çàïèñûâàþò òàê:

ϕ : X → Y èëè X ϕ−→ Y.Åñëè ïðè îòîáðàæåíèè ϕ : X → Y ýëåìåíò x ∈ X ïåðåõîäèòâ ýëåìåíò y ∈ Y , òî ïèøóò
ϕ : x 7→ y èëè x ϕ7−→ y,à ýëåìåíò y îáîçíà÷àþò ÷åðåç ϕ(x) è íàçûâàþò îáðàçîì ýëå-ìåíòà x ïðè îòîáðàæåíèè ϕ.Îòîáðàæåíèÿ íàçûâàþò òàêæå �óíêöèÿìè.Èòàê, ÷òîáû çàäàòü îòîáðàæåíèå ϕ : X → Y , íàäî çàäàòüäâà ìíîæåñòâà X è Y è ïðàâèëî ϕ, ïî êîòîðîìó êàæäîìó ýëå-ìåíòó ìíîæåñòâà X ñòàâèòñÿ â ñîîòâåòñòâèå åäèíñòâåííûé ýëå-ìåíò ìíîæåñòâà Y .Äâà îòîáðàæåíèÿ ϕ1 : X1 → Y1 è ϕ2 : X2 → Y2 ñ÷èòàþòñÿðàâíûìè, åñëè X1 = X2, Y1 = Y2 è ϕ1(x) = ϕ2(x) äëÿ âñåõ

x ∈ X1. Äðóãèìè ñëîâàìè, äâà îòîáðàæåíèÿ ðàâíû, åñëè îíèäåéñòâóþò íà îäíèõ è òåõ æå ìíîæåñòâàõ, è èõ äåéñòâèå íàýëåìåíòàõ ñîâïàäàåò.Ïóñòü ϕ : X → Y � îòîáðàæåíèå ìíîæåñòâà X âî ìíîæå-ñòâî Y . Åñëè X0 ⊆ X, òî ImX0 = {ϕ(x) | x ∈ X0} � îáðàçìíîæåñòâà X0 ïðè îòîáðàæåíèè ϕ, à Imϕ = ImX � îáðàçîòîáðàæåíèÿ ϕ.Îòîáðàæåíèå ϕ : X → X íàçûâàåòñÿ ïðåîáðàçîâàíèåì ìíî-æåñòâà X. Òîæäåñòâåííûì ïðåîáðàçîâàíèåì ìíîæåñòâà X íà-çûâàåòñÿ îòîáðàæåíèå εX : X → X, ïåðåâîäÿùåå êàæäûé ýëå-ìåíò x ∈ X â ñåáÿ, òî åñòü εX(x) = x äëÿ âñåõ x ∈ X.Îòîáðàæåíèå ϕ : X → Y íàçûâàåòñÿ:èíúåêòèâíûì èëè èíúåêöèåé, åñëè ϕ(x1) 6= ϕ(x2) äëÿ ëþ-áûõ x1, x2 ∈ X, x1 6= x2;10



1.2. Îòîáðàæåíèÿñþðúåêòèâíûì èëè ñþðúåêöèåé, åñëè Imϕ = Y ;áèåêòèâíûì èëè áèåêöèåé, åñëè ϕ îäíîâðåìåííî èíúåêòèâ-íî è ñþðúåêòèâíî.Ïðè èíúåêòèâíîì îòîáðàæåíèè ðàçëè÷íûå ýëåìåíòû ìíî-æåñòâà X ïåðåõîäÿò â ðàçëè÷íûå ýëåìåíòû ìíîæåñòâà Y . �à-âåíñòâî Imϕ = Y îçíà÷àåò, ÷òî ïðè ñþðúåêòèâíîì îòîáðàæå-íèè êàæäûé ýëåìåíò ìíîæåñòâà Y ÿâëÿåòñÿ îáðàçîì íåêîòîðî-ãî ýëåìåíòà ìíîæåñòâà X. Ïîýòîìó ñþðúåêòèâíîå îòîáðàæåíèåíàçûâàþò îòîáðàæåíèåì ìíîæåñòâà X íà ìíîæåñòâî Y .Áèåêòèâíîå îòîáðàæåíèå íàçûâàþò òàêæå âçàèìíî îäíî-çíà÷íûì îòîáðàæåíèåì ìíîæåñòâà X íà ìíîæåñòâî Y . Ïîýòî-ìó, åñëè ϕ : X → Y � âçàèìíî îäíîçíà÷íîå îòîáðàæåíèå ìíî-æåñòâà X íà ìíîæåñòâî Y , òî:ðàçëè÷íûå ýëåìåíòû ìíîæåñòâà X ïåðåõîäÿò â ðàçëè÷-íûå ýëåìåíòû ìíîæåñòâà Y ;êàæäûé ýëåìåíò ìíîæåñòâà Y ÿâëÿåòñÿ îáðàçîì íåêî-òîðîãî ýëåìåíòà ìíîæåñòâà X.Îòñþäà ëåãêî ïîëó÷èòü, ÷òî ïðè âçàèìíî îäíîçíà÷íîì îòî-áðàæåíèè êàæäûé ýëåìåíò ìíîæåñòâà Y ÿâëÿåòñÿ îáðàçîìåäèíñòâåííîãî ýëåìåíòà ìíîæåñòâà X.Ïðèìåð 1.7. Çà�èêñèðóåì íàòóðàëüíîå ÷èñëî k. Çàäàäèìîòîáðàæåíèÿ ϕ : N → N è ψ : N → N, ïîëàãàÿ ϕ(x) = k è
ψ(x) =

{

k − x, åñëè x < k,
k + x, åñëè x > k,äëÿ êàæäîãî x ∈ N.Î÷åâèäíî, Imϕ = {k}, ïðè÷åì îòîáðàæåíèå ϕ íå ÿâëÿåòñÿèíúåêòèâíûì è ñþðúåêòèâíûì. Òàê êàê

ψ(1) = k − 1, ψ(2) = k − 2, . . . , ψ(k − 1) = 1,

ψ(k) = 2k, ψ(k + 1) = 2k + 1, . . . ,òî Imψ = N \ {k, k + 1, . . . , 2k − 1} è ψ íå ñþðúåêòèâíî. Íî ψèíúåêòèâíî. ⊠Ïóñòü A è B � ìíîæåñòâà. Åñëè ñóùåñòâóåò áèåêöèÿ ìíî-æåñòâà A íà ìíîæåñòâî B, òî A è B íàçûâàþò ðàâíîìîùíûìèìíîæåñòâàìè. Ìíîæåñòâî A íàçûâàþò êîíå÷íûì, åñëè îíî ëè-áî ïóñòî, ëèáî ðàâíîìîùíî ìíîæåñòâó {1, 2, . . . , n}, äëÿ íåêî-òîðîãî n ∈ N. Â ýòîì ñëó÷àå n � ÷èñëî ýëåìåíòîâ ìíîæåñòâà11



1. ÁÈÍÀ�ÍÛÅ ÎÒÍÎØÅÍÈß È ÏÅ�ÅÑÒÀÍÎÂÊÈ
A, ÷òî çàïèñûâàåòñÿ òàê: |A| = n. Äëÿ ïóñòîãî ìíîæåñòâà ∅ïîëàãàþò |∅| = 0. Çàïèñü |A| < ∞ îçíà÷àåò, ÷òî A � êîíå÷íîåìíîæåñòâî.Òåîðåìà 1.3. Ïóñòü A è B � êîíå÷íûå ìíîæåñòâà è
|A| = |B|. Òîãäà äëÿ ëþáîãî îòîáðàæåíèÿ ϕ : A → B ýêâè-âàëåíòíû ñëåäóþùèå óòâåðæäåíèÿ:

1) ϕ � èíúåêöèÿ; 2) ϕ � ñþðúåêöèÿ; 3) ϕ � áèåêöèÿ.�àññìîòðèì ïîíÿòèå óìíîæåíèÿ îòîáðàæåíèé. Ïóñòü äàíûäâà îòîáðàæåíèÿ: ϕ : X → Y è ψ : U → V . Ïðåäïîëîæèì, ÷òî
Y ⊆ U . Òàê êàê ϕ(x) ∈ Y è Y ⊆ U , òî ñóùåñòâóåò îáðàç ψ(ϕ(x))ýëåìåíòà ϕ(x) ïðè îòîáðàæåíèè ψ, ïðè÷åì ψ(ϕ(x)) ∈ V . Òàêèìîáðàçîì, ìîæíî îïðåäåëèòü îòîáðàæåíèå ψϕ : x 7→ ψ(ϕ(x))ìíîæåñòâà X âî ìíîæåñòâî V , êîòîðîå íàçûâàåòñÿ ïðîèçâåäå-íèåì îòîáðàæåíèé ϕ è ψ. Èòàê, ïðîèçâåäåíèå îòîáðàæåíèé
ϕ : X → Y è ψ : U → V , ãäå Y ⊆ U , � ýòî òàêîå îòîáðàæåíèå
ψϕ : X → V , ÷òî ψϕ(x) = ψ(ϕ(x)) äëÿ âñåõ x ∈ X. Îáðà-òèì âíèìàíèå íà òî, ÷òî îòîáðàæåíèÿ ïåðåìíîæàþòñÿ ñïðàâàíàëåâî.Ïðèìåð 1.8. Ïóñòü ϕ(x) = k è

ψ(x) =

{

k − x, åñëè x < k,
k + x, åñëè x > k,äëÿ êàæäîãî x ∈ N. Òîãäà ψϕ(x) = ψ(ϕ(x)) = ψ(k) = 2k äëÿâñåõ x ∈ N, òî åñòü ψϕ : N → N � îòîáðàæåíèå, êîòîðîå êàæäûéýëåìåíò x ∈ N ïåðåâîäèò â 2k.�àññìîòðèì ïðîèçâåäåíèå ϕψ. Òàê êàê ϕψ(x) = ϕ(ψ(x)) =

= k = ϕ(x), òî ϕψ : N → N � îòîáðàæåíèå, êîòîðîå ñîâïàäàåòñ ϕ, òî åñòü ϕψ = ϕ. Â ÷àñòíîñòè, ψϕ 6= ϕψ è óìíîæåíèå îòî-áðàæåíèé íåêîììóòàòèâíî. ⊠Òåîðåìà 1.4. Óìíîæåíèå îòîáðàæåíèé ïîä÷èíÿåòñÿ çà-êîíó àññîöèàòèâíîñòè, òî åñòü åñëè ϕ : X → Y , χ : Y → U è
ψ : U → V � òðè îòîáðàæåíèÿ, òî ψ(χϕ) = (ψχ)ϕ.Ââåäåì òåïåðü ïîíÿòèå îáðàòíîãî îòîáðàæåíèÿ. Ïóñòü
ϕ : X → Y � îòîáðàæåíèå ìíîæåñòâà X â Y , à εX è εY �òîæäåñòâåííûå ïðåîáðàçîâàíèÿ ìíîæåñòâ X è Y . Ëåãêî ïðîâå-ðèòü, ÷òî ϕεX = ϕ è εY ϕ = ϕ.Åñòåñòâåííûé èíòåðåñ ïðåäñòàâëÿþò îòîáðàæåíèÿ, ïðîèç-12



1.2. Îòîáðàæåíèÿâåäåíèå êîòîðûõ ÿâëÿåòñÿ òîæäåñòâåííûì ïðåîáðàçîâàíèåì.Ëåììà 1.5. Åñëè ϕ : X → Y è ψ : Y → X � îòîáðàæåíèÿ,äëÿ êîòîðûõ ψϕ = εX , òî ϕ èíúåêòèâíî, à ψ � ñþðúåêòèâíî.Îòîáðàæåíèå ϕ : X → Y íàçûâàåòñÿ îáðàòèìûì, åñëè ñó-ùåñòâóåò òàêîå îòîáðàæåíèå ψ : Y → X, ÷òî ψϕ = εX , à ϕψ =
= εY . Â ýòîì ñëó÷àå îòîáðàæåíèå ψ íàçûâàþò îáðàòíûì êîòîáðàæåíèþ ϕ è îáîçíà÷àþò ÷åðåç ϕ−1.Ëåììà 1.6. Îáðàòèìîå îòîáðàæåíèå îáëàäàåò åäèí-ñòâåííûì îáðàòíûì îòîáðàæåíèåì.Òåîðåìà 1.7. 1. Îòîáðàæåíèå îáðàòèìî òîãäà è òîëüêîòîãäà, êîãäà îíî áèåêòèâíî.

2. Åñëè îòîáðàæåíèå áèåêòèâíî, òî îáðàòíîå ê íåìó îòî-áðàæåíèå òàêæå áèåêòèâíî.Çàìåòèì, ÷òî åñëè ϕ : X → Y � áèåêòèâíîå îòîáðàæåíèå, òîîáðàòíîå îòîáðàæåíèå ϕ−1 : Y → X äåéñòâóåò òàê: ϕ−1 : y 7→ xòîãäà è òîëüêî òîãäà, êîãäà ϕ : x 7→ y.Òåîðåìà 1.8. Åñëè ϕ : X → Y , ψ : Y → U � áèåêòèâ-íûå îòîáðàæåíèÿ, òî ïðîèçâåäåíèå ψϕ òàêæå áèåêòèâíî è
(ψϕ)−1 = ϕ−1ψ−1.Ïðèìåð 1.9. Êàæäîå èç îòîáðàæåíèé

f1(x) = x, f2(x) = −x, f3(x) =
1

x
, f4(x) = −1

xÿâëÿåòñÿ áèåêòèâíûì ïðåîáðàçîâàíèåì ìíîæåñòâà
R∗ = R \ {0}. Ñîñòàâèì òàáëèöó óìíîæåíèÿ ýòèõ îòîáðà-æåíèé.

f1 f2 f3 f4

f1 f1 f2 f3 f4

f2 f2 f1 f4 f3

f3 f3 f4 f1 f2

f4 f4 f3 f2 f1Ïðîèçâåäåíèå fifj ñòàâèòñÿ íà ïåðåñå÷åíèè ñòðîêè fi è ñòîëáöà
fj. Íàïðèìåð,

f2f3 : x
f37→ 1

x

f27→ −1

x
, ïîýòîìó f2f3 = f4.Èç òàáëèöû âèäíî, ÷òî óìíîæåíèå êîììóòàòèâíî è f1 ÿâ-ëÿåòñÿ òîæäåñòâåííûì ïðåîáðàçîâàíèåì. Òàê êàê f−1

i = fi, òî13



1. ÁÈÍÀ�ÍÛÅ ÎÒÍÎØÅÍÈß È ÏÅ�ÅÑÒÀÍÎÂÊÈêàæäîå ïðåîáðàçîâàíèå ñîâïàäàåò ñî ñâîèì îáðàòíûì ïðåîáðà-çîâàíèåì. ⊠À��èííûì ïðåîáðàçîâàíèåì ïðÿìîé íàçûâàåòñÿ îòîáðàæå-íèå ϕa,b : x 7→ ax + b, a, b ∈ R, a 6= 0 ìíîæåñòâà R â R.Ñîâîêóïíîñòü âñåõ à��èííûõ ïðåîáðàçîâàíèé ïðÿìîé îáîçíà-÷àåòñÿ ÷åðåç A1(R). Â ñîîòâåòñòâèè ñ ïðàâèëîì óìíîæåíèÿ îòî-áðàæåíèé à��èííûå ïðåîáðàçîâàíèÿ ïðÿìîé ïåðåìíîæàþòñÿòàê: ϕa,bϕc,d : x 7→ cx + d 7→ a(cx + d) + b = acx + (ad + b)è ϕa,bϕc,d = ϕac,ad+b. Â ÷àñòíîñòè, óìíîæåíèå à��èííûõ ïðå-îáðàçîâàíèé íåêîììóòàòèâíî. Òîæäåñòâåííûì áóäåò ïðåîáðà-çîâàíèå ϕ1,0, à îáðàòíûì äëÿ ϕa,b áóäåò ϕa−1,−a−1b. Íåñëîæíîïðîâåðèòü, ÷òî ïðè a < b, c < d à��èííîå ïðåîáðàçîâàíèå
x 7→ d− c

b− a
(x− a) + cîñóùåñòâëÿåò áèåêòèâíîå îòîáðàæåíèå îòðåçêà [a, b] ïðÿìîé íàîòðåçîê [c, d]. 1.3. ÏåðåñòàíîâêèÏóñòü X = {1, 2, . . . , n}. Âçàèìíî îäíîçíà÷íîå îòîáðàæå-íèå ìíîæåñòâà X íà ñåáÿ íàçûâàåòñÿ ïåðåñòàíîâêîé ñòåïåíè

n. Ñîâîêóïíîñòü âñåõ ïåðåñòàíîâîê ñòåïåíè n îáîçíà÷àþò ÷å-ðåç Sn. Ïåðåñòàíîâêó τ ∈ Sn óäîáíî èçîáðàæàòü äâóñòðî÷íîéòàáëèöåé, ïîëíîñòüþ óêàçûâàÿ îáðàçû âñåõ ýëåìåíòîâ:
τ =

(
1 2 . . . n

τ(1) τ(2) . . . τ(n)

) èëè τ =

(
1 2 . . . n
a1 a2 . . . an

)

,ãäå {a1, a2, . . . , an} = X, τ : 1 7→ a1, . . . , n 7→ an.Òîæäåñòâåííîå ïðåîáðàçîâàíèå εX ÿâëÿåòñÿ âçàèìíî îäíî-çíà÷íûì îòîáðàæåíèåì, è ïîýòîìó εX ∈ Sn. Î÷åâèäíî, ÷òî
ε = εX =

(
1 2 . . . n
1 2 . . . n

)

.Ïðîèçâåäåíèå δτ äâóõ ïåðåñòàíîâîê τ è δ íàõîäèòñÿ êàêïðîèçâåäåíèå îòîáðàæåíèé: δτ(k) = δ(τ(k)), k = 1, 2, . . . , n.Ïðèìåð 1.10. Ïåðåñòàíîâêè
δ =

(
1 2 3 4
3 4 2 1

)

∈ S4, τ =

(
1 2 3 4
3 4 1 2

)

∈ S414



1.3. Ïåðåñòàíîâêèïåðåìíîæàþòñÿ òàê:
δτ =

(
1 2 3 4
3 4 2 1

)(
1 2 3 4
3 4 1 2

)

=









1 2 3 4
↓ ↓ ↓ ↓

3 4 1 2
↓ ↓ ↓ ↓

2 1 3 4









=

(
1 2 3 4
2 1 3 4

)

,

τδ =

(
1 2 3 4
3 4 1 2

)(
1 2 3 4
3 4 2 1

)

=









1 2 3 4
↓ ↓ ↓ ↓

3 4 2 1
↓ ↓ ↓ ↓

1 2 4 3









=

(
1 2 3 4
1 2 4 3

)

.Â ÷àñòíîñòè, δτ 6= τδ è óìíîæåíèå ïåðåñòàíîâîê íåêîììó-òàòèâíî. ⊠Åñëè n � íàòóðàëüíîå ÷èñëî, òî ÷åðåç n! (÷èòàåòñÿ ¾ýí �àê-òîðèàë¿) îáîçíà÷àåòñÿ ïðîèçâåäåíèå 1 · 2 · 3 · . . . ·n. Êðîìå òîãî,ïîëàãàþò 0! = 1.Òåîðåìà 1.9. 1. Ïðîèçâåäåíèå äâóõ ïåðåñòàíîâîê âíîâüåñòü ïåðåñòàíîâêà, òî åñòü τδ ∈ Sn äëÿ âñåõ τ ∈ Sn è δ ∈
∈ Sn.

2. Óìíîæåíèå ïåðåñòàíîâîê àññîöèàòèâíî, òî åñòü
(χτ)δ = χ(τδ) äëÿ âñåõ χ, τ, δ ∈ Sn.

3. Ñóùåñòâóåò òîæäåñòâåííàÿ ïåðåñòàíîâêà, òî åñòüòàêàÿ ïåðåñòàíîâêà ε ∈ Sn, ÷òî τε = ετ = τ äëÿ âñåõ τ ∈
∈ Sn.

4. Êàæäàÿ ïåðåñòàíîâêà îáëàäàåò îáðàòíîé ïåðåñòàíîâ-êîé, òî åñòü äëÿ ëþáîé ïåðåñòàíîâêè τ ∈ Sn ñóùåñòâóåò òà-êàÿ ïåðåñòàíîâêà τ−1 ∈ Sn, ÷òî ττ−1 = τ−1τ = ε.
5. |Sn| = n!.Çàìåòèì, ÷òî îáðàòíóþ ïåðåñòàíîâêó τ−1 ïîëó÷èì, ïåðåñòà-âèâ â ïåðåñòàíîâêå τ ñòðîêè ìåñòàìè. Íàïðèìåð:

(
1 2 3 4
3 4 2 1

)−1

=

(
3 4 2 1
1 2 3 4

)

=

(
1 2 3 4
4 3 1 2

)

.Ïåðåñòàíîâêà
τ =

(
a1 a2 . . . ak−1 ak ak+1 . . . an

a2 a3 . . . ak a1 ak+1 . . . an

)íàçûâàåòñÿ öèêëîì äëèíû k è êðàòêî çàïèñûâàåòñÿ òàê: τ =15



1. ÁÈÍÀ�ÍÛÅ ÎÒÍÎØÅÍÈß È ÏÅ�ÅÑÒÀÍÎÂÊÈ
= (a1a2 . . . ak). Â ýòîì ñëó÷àå

a1
τ7→ a2

τ7→ a3
τ7→ . . .

τ7→ ak
τ7→ a1,îñòàëüíûå ñèìâîëû ïåðåñòàíîâêà τ ïåðåâîäèò â ñåáÿ.Öèêëû áåç îáùèõ ñèìâîëîâ íàçûâàþòñÿ íåçàâèñèìûìè.Ïðîèçâîëüíóþ ïåðåñòàíîâêó τ ìîæíî çàïèñàòü â âèäå ïðî-èçâåäåíèÿ íåçàâèñèìûõ öèêëîâ. Äëÿ ýòîãî áåðåì ïðîèçâîëüíûéñèìâîë a1 ∈ X è íàõîäèì τ(a1) = a2. Åñëè a2 = a1, òî ïîëó÷àåìöèêë (a1) äëèíû 1. Åñëè a2 6= a1, òî áåðåì τ(a2) = a3. Òàê êàê

τ � èíúåêöèÿ è τ(a1) = a2, òî a3 = τ(a2) 6= a2. Åñëè a3 = a1,òî èìååì öèêë (a1a2). Ïðè a3 6= a1 íàõîäèì a4 = τ(a3). Åñëè
a4 ∈ {a1, a2, a3}, òî èíúåêòèâíîñòü τ ïðèâîäèò ê òîìó, ÷òî a4 =
= a1. Ïîëó÷àåì öèêë (a1a2a3) è ò. ä. Ïåðåáèðàÿ âñå ñèìâîëû èç
X, ïîëó÷àåì çàïèñü ïåðåñòàíîâêè â âèäå ïðîèçâåäåíèÿ íåçàâè-ñèìûõ öèêëîâ. Î÷åâèäíî, òàêîå ðàçëîæåíèå åäèíñòâåííî.Ïîñêîëüêó íåçàâèñèìûå öèêëû íå èìåþò îáùèõ ñèìâîëîâ,òî îíè ÿâëÿþòñÿ êîììóòèðóþùèìè ïåðåñòàíîâêàìè. Öèêëûñ îáùèìè ñèìâîëàìè íå êîììóòèðóþò. Íàïðèìåð, (12)(13) =
= (132), à (13)(12) = (123).Öèêë äëèíû 2 íàçûâàåòñÿ òðàíñïîçèöèåé. Òðàíñïîçèöèÿ
(ij) âñå ýëåìåíòû, îòëè÷íûå îò i è j, ïåðåâîäèò â ñåáÿ, òî åñòü

(ij) =

(
1 2 . . . i− 1 i i+ 1 . . . j − 1 j j + 1 . . . n
1 2 . . . i− 1 j i+ 1 . . . j − 1 i j + 1 . . . n

)

.Òåîðåìà 1.10. 1. Êàæäûé öèêë äëèíû k ìîæíî çàïèñàòüâ âèäå ïðîèçâåäåíèÿ k − 1 òðàíñïîçèöèé:
(a1a2 . . . ak) = (a1ak)(a1ak−1) . . . (a1a2).

2. Âñÿêóþ ïåðåñòàíîâêó τ ∈ Sn ìîæíî çàïèñàòü â âèäåïðîèçâåäåíèÿ n− c òðàíñïîçèöèé, ãäå c � ÷èñëî íåçàâèñèìûõöèêëîâ ïåðåñòàíîâêè τ .Ïðèìåð 1.11. Çàïèøèòå â âèäå ïðîèçâåäåíèÿ íåçàâèñèìûõöèêëîâ ïåðåñòàíîâêó
(

1 2 3 4 5 6
5 1 3 6 2 4

)

.

� Ïåðåñòàíîâêà ïåðåâîäèò 1 7→ 5 7→ 2 7→ 1, 4 7→ 6 7→ 4,
3 7→ 3, ïîýòîìó (1 2 3 4 5 6

5 1 3 6 2 4

)

= (152)(3)(46).16



1.3. ÏåðåñòàíîâêèÎ ò â å ò: (1 2 3 4 5 6
5 1 3 6 2 4

)

= (152)(3)(46). ⊠Ïðèìåð 1.12. Çàïèøèòå â âèäå òàáëèöû ïåðåñòàíîâêó
(135)(2)(467).

� Ïåðåñòàíîâêà ïåðåâîäèò 1 7→ 3 7→ 5 7→ 1, 4 7→ 6 7→ 7 7→ 4,
2 7→ 2, ïîýòîìó (135)(2)(467) =

(
1 2 3 4 5 6 7
3 2 5 6 1 7 4

).Î ò â å ò: (135)(2)(467) =

(
1 2 3 4 5 6 7
3 2 5 6 1 7 4

). ⊠Ïðèìåð 1.13. Âû÷èñëèòå β−1, βτ , τ−2 äëÿ ïåðåñòàíîâîê
β = (132)(45), τ = (21)(354)(143).

� ×òîáû ïîëó÷èòü β−1, çàïèøåì öèêëû â β â îáðàòíîì ïî-ðÿäêå. Â èòîãå ïîëó÷èì: β−1 = (54)(231) = (123)(45). Íàéäåì:
βτ = (132)(45)(21)(354)(143) =

1
↓
4
↓
3
↓
2

2
↓
1
↓
3

3
↓
1
↓
2
↓
1

4
↓
3
↓
5
↓
4

5
↓
4
↓
5

= (123)(4)(5). Äàëåå
τ−2 = (τ−1)2 = ((341)(453)(12))2 = (341)(453)(12) ×

× (341)(453)(12) =

1
↓
2
↓
1
↓
3

2
↓
1
↓
3
↓
4
↓
1

3
↓
4
↓
1
↓
2

4
↓
5
↓
3
↓
4

5
↓
3
↓
4
↓
5

= (132)(4)(5).
Öèêëû åäèíè÷íîé äëèíû â çàïèñè ïåðåñòàíîâêè ìîæíîîïóñêàòü.Î ò â å ò: β−1 = (123)(45), βτ = (123), τ−2 = (132). ⊠17



1. ÁÈÍÀ�ÍÛÅ ÎÒÍÎØÅÍÈß È ÏÅ�ÅÑÒÀÍÎÂÊÈÏðèìåð 1.14. Íàéäèòå ïåðåñòàíîâêó α èç ðàâåíñòâà
(135)(23)α =

(
1 2 3 4 5
4 2 1 3 5

)

.

� Ïåðåñòàíîâêà (135)(23) ÿâëÿåòñÿ ïðîèçâåäåíèåì çàâèñè-ìûõ öèêëîâ. Ïåðåìíîæèì ýòè öèêëû è ïðåäñòàâèì â òàáëè÷íîéçàïèñè:
(135)(23) =

1
↓
3

2
↓
3
↓
5

3
↓
2

4
↓
4

5
↓
1

=

(
1 2 3 4 5
3 5 2 4 1

)

.Èòàê, (1 2 3 4 5
3 5 2 4 1

)

α =

(
1 2 3 4 5
4 2 1 3 5

). Òîãäà
(

1 2 3 4 5
3 5 2 4 1

)−1(
1 2 3 4 5
3 5 2 4 1

)

α =

(
1 2 3 4 5
3 5 2 4 1

)−1(
1 2 3 4 5
4 2 1 3 5

)

,

α =

(
1 2 3 4 5
5 3 1 4 2

)(
1 2 3 4 5
4 2 1 3 5

)

=

(
1 2 3 4 5
4 3 5 1 2

)

.Î ò â å ò: α =

(
1 2 3 4 5
4 3 5 1 2

). ⊠Ïðèìåð 1.15. �àçëîæèòå â ïðîèçâåäåíèå òðàíñïîçèöèé ïå-ðåñòàíîâêó
τ =

(
1 2 3 4 5 6 7 8
6 1 4 8 5 7 2 3

)

.

� Çàïèøåì τ â âèäå ïðîèçâåäåíèÿ íåçàâèñèìûõ öèêëîâ,à çàòåì êàæäûé öèêë ïðåäñòàâèì êàê ïðîèçâåäåíèå òðàíñïî-çèöèé. Â èòîãå ïîëó÷èì: τ =

(
1 2 3 4 5 6 7 8
6 1 4 8 5 7 2 3

)

= (1672)(348) =

= (12)(17)(16)(38)(34).Î ò â å ò: τ = (12)(17)(16)(38)(34). ⊠Íàì ïîíàäîáèòñÿ �óíêöèÿ y = signx (signum � çíàê), êî-òîðàÿ îòîáðàæàåò R íà ìíîæåñòâî {−1, 1} ñëåäóþùèì îáðàçîì
x 7→ signx =

{

−1, åñëè x < 0,
1, åñëè x > 0.18



1.3. ÏåðåñòàíîâêèÎ÷åâèäíî, ÷òî sign(xy) = (signx)(signy) ïðè x 6= 0 6= y, òîåñòü çíàê ïðîèçâåäåíèÿ äâóõ äåéñòâèòåëüíûõ ÷èñåë, îòëè÷íûõîò íóëÿ, ðàâåí ïðîèçâåäåíèþ çíàêîâ ýòèõ ÷èñåë.Ââåäåì îòîáðàæåíèå sgn : Sn → {−1, 1}, ñ÷èòàÿsgnτ =
∏

i6=k
{i,k}⊆X

sign i− k

τ(i) − τ(k)
, (1.1)ãäå τ ∈ Sn, X = {1, 2, . . . , n}. Ïîñêîëüêó τ � áèåêöèÿ, òî τ(i) 6=

6= τ(k) ïðè i 6= k, è çíàìåíàòåëü êàæäîé äðîáè îòëè÷åí îòíóëÿ. Ïðîèçâåäåíèå âû÷èñëÿåòñÿ ïî âñåì ïàðàì {i, k} = {k, i}ðàçëè÷íûõ íàòóðàëüíûõ ÷èñåë, çíà÷èò, êàæäàÿ äðîáü îòëè÷íàîò íóëÿ è sgnτ ∈ {−1, 1}. Äðîáü
i− k

τ(i) − τ(k)
=

k − i

τ(k) − τ(i)âñòðå÷àåòñÿ ïî îäíîìó ðàçó äëÿ êàæäîé ïàðû {i, k}. Ïîýòîìóìîæíî çíàê ïðîèçâåäåíèÿ âû÷èñëèòü òîëüêî ïî ïàðàì {i, k}, óêîòîðûõ i > k. Â ýòîì ñëó÷àåsign i− k

τ(i) − τ(k)
= sign(τ(i) − τ(k))è �îðìóëà (1.1) ïðèìåò âèä:sgnτ =

∏

16k<i6n

sign(τ(i) − τ(k)). (1.2)Ïåðåñòàíîâêó τ íàçîâåì ÷åòíîé, åñëè sgnτ = 1, è íå÷åòíîé,åñëè sgnτ = −1.Òåîðåìà 1.11. 1. Òîæäåñòâåííàÿ ïåðåñòàíîâêà ε ÿâëÿåò-ñÿ ÷åòíîé.
2. Òðàíñïîçèöèÿ (12) ÿâëÿåòñÿ íå÷åòíîé ïåðåñòàíîâêîé.
3. Çíàê ïðîèçâåäåíèÿ ïåðåñòàíîâîê ðàâåí ïðîèçâåäåíèþçíàêîâ ñîìíîæèòåëåé.Ñëåäñòâèå. 1. Ïðîèçâåäåíèå äâóõ ÷åòíûõ èëè äâóõ íå÷åò-íûõ ïåðåñòàíîâîê åñòü ÷åòíàÿ ïåðåñòàíîâêà.
2. Ïðîèçâåäåíèå ÷åòíîé è íå÷åòíîé ïåðåñòàíîâîê åñòüíå÷åòíàÿ ïåðåñòàíîâêà.
3. Ïåðåñòàíîâêà èìååò òó æå ÷åòíîñòü, ÷òî è åé îáðàò-íàÿ.
4. Òðàíñïîçèöèÿ ÿâëÿåòñÿ íå÷åòíîé ïåðåñòàíîâêîé. 19



1. ÁÈÍÀ�ÍÛÅ ÎÒÍÎØÅÍÈß È ÏÅ�ÅÑÒÀÍÎÂÊÈÒåîðåìà 1.12. Åñëè τ ∈ Sn è c � ÷èñëî íåçàâèñèìûõ öè-êëîâ, â ïðîèçâåäåíèå êîòîðûõ ðàçëàãàåòñÿ ïåðåñòàíîâêà τ , òîsgnτ = (−1)n−c.Ïðèìåð 1.16. Äàíû ïåðåñòàíîâêè
α =

(
1 2 3 4 5 6
2 1 5 3 4 6

)

, β = (1254) ∈ S6.1. Âû÷èñëèòå α−1, β−2, αβ.2. �àçëîæèòå αβ â ïðîèçâåäåíèå íåçàâèñèìûõ öèêëîâ.3. �àçëîæèòå α â ïðîèçâåäåíèå òðàíñïîçèöèé.4. Âû÷èñëèòå çíàê ïåðåñòàíîâêè (αβ)2αβ−1.
� 1. Äëÿ íàõîæäåíèÿ îáðàòíîé ïåðåñòàíîâêè α−1 îïðåäå-ëÿåì, âî ÷òî ïåðåõîäÿò 1, 2, . . . , 6 èç íèæíåé ñòðîêè â âåðõíþþ:

1 → 2, 2 → 1, 3 → 4, 4 → 5, 5 → 3, 6 → 6. Ñëåäîâàòåëüíî,
α−1 =

(
1 2 3 4 5 6
2 1 5 3 4 6

)−1

=

(
1 2 3 4 5 6
2 1 4 5 3 6

)

.Òàê êàê β ∈ S6, òî
β = (1254) = (1254)(3)(6) =

(
1 2 3 4 5 6
2 5 3 1 4 6

)

.Ïîýòîìó
β−2 = β−1β−1 =

(
1 2 3 4 5 6
2 5 3 1 4 6

)−1(
1 2 3 4 5 6
2 5 3 1 4 6

)−1

=

=

(
1 2 3 4 5 6
4 1 3 5 2 6

)(
1 2 3 4 5 6
4 1 3 5 2 6

)

=

(
1 2 3 4 5 6
5 4 3 2 1 6

)

.Ïîäðîáíî ïðàâèëî óìíîæåíèÿ ïåðåñòàíîâîê ïðîèëëþñòðèðóåìíà ïðèìåðå ïðîèçâåäåíèÿ αβ:
αβ =

(
1 2 3 4 5 6
2 1 5 3 4 6

)(
1 2 3 4 5 6
2 5 3 1 4 6

)

=

1
↓
2
↓
1

2
↓
5
↓
4

3
↓
3
↓
5

4
↓
1
↓
2

5
↓
4
↓
3

6
↓
6
↓
6

=

(
1 2 3 4 5 6
1 4 5 2 3 6

)

.2. Ïåðåñòàíîâêà αβ ïåðåâîäèò 1 → 1, 2 → 4 → 2, 6 → 6,
3 → 5 → 3, ïîýòîìó

αβ =

(
1 2 3 4 5 6
1 4 5 2 3 6

)

= (1)(24)(35)(6)20



1.3. Ïåðåñòàíîâêèåñòü ðàçëîæåíèå ïåðåñòàíîâêè αβ â ïðîèçâåäåíèå íåçàâèñèìûõöèêëîâ.3. ×òîáû çàïèñàòü ðàçëîæåíèå ïåðåñòàíîâêè α â ïðîèçâå-äåíèå òðàíñïîçèöèé, çàïèøåì åå ñíà÷àëà â âèäå ïðîèçâåäåíèÿíåçàâèñèìûõ öèêëîâ:
α =

(
1 2 3 4 5 6
2 1 5 3 4 6

)

= (12)(354)(6).Êàæäûé öèêë äëèíû áîëüøå 2 ðàçëîæèì â ïðîèçâåäåíèåòðàíñïîçèöèé ïî ïðàâèëó
(a1a2 . . . ak−1ak) = (a1ak)(a1ak−1) . . . (a1a2).Ïîëó÷èì α = (12)(34)(35) � èñêîìîå ðàçëîæåíèå.4. Çíàê ïåðåñòàíîâêè τ âû÷èñëÿåòñÿ ïî �îðìóëåsgnτ = (−1)n−c,ãäå n � ñòåïåíü ïåðåñòàíîâêè, c � ÷èñëî íåçàâèñèìûõ öèêëîâ.Òàê êàê α = (12)(354)(6), òî sgnα = (−1)6−3 = −1, òî åñòü ïå-ðåñòàíîâêà α íå÷åòíàÿ. Àíàëîãè÷íî, β = (1254)(3)(6) è sgnβ =

= (−1)6−3 = −1. Ïîýòîìó sgn((αβ)2αβ−1) = sgn(αβαβαβ−1) =
= sgnα · sgnβ · sgnα · sgnβ · sgnα · sgnβ−1 = (−1)6 = 1.Î ò â å ò: 1. α−1 =

(
1 2 3 4 5 6
2 1 4 5 3 6

), β−2 =

(
1 2 3 4 5 6
5 4 3 2 1 6

),
αβ =

(
1 2 3 4 5 6
1 4 5 2 3 6

). 2. αβ = (1)(24)(35)(6).3. α = (12)(34)(35). 4. sgn((αβ)2αβ−1) = 1. ⊠Ïðèìåð 1.17. Ïðè êàêèõ çíà÷åíèÿõ i, j, k íå÷åòíîé áóäåòïåðåñòàíîâêà
α =

(
2 5 k 3 6 1
i j 3 5 1 4

)

?

� Çàìåòèì, ÷òî â êàæäîé ñòðîêå ïåðåñòàíîâêè α âñå öè�-ðû äîëæíû áûòü ðàçëè÷íûìè. Ïîýòîìó k = 4, à äëÿ i è jâîçìîæíû äâà ñëó÷àÿ.1. i = 2, j = 6. Òîãäà
α =

(
2 5 4 3 6 1
2 6 3 5 1 4

)

= (2)(56143) è sgnα = (−1)6−2 = 1.2. i = 6, j = 2. Òîãäà 21



1. ÁÈÍÀ�ÍÛÅ ÎÒÍÎØÅÍÈß È ÏÅ�ÅÑÒÀÍÎÂÊÈ
α =

(
2 5 4 3 6 1
6 2 3 5 1 4

)

= (261435) è sgnα = (−1)6−1 = −1.Î ò â å ò: i = 6, j = 2, k = 4. ⊠Ëåììà 1.13. Çà�èêñèðóåì ïåðåñòàíîâêó π ∈ Sn. Êàæäîåèç îòîáðàæåíèé α : τ 7→ τ−1, β : τ 7→ τπ, γ : τ 7→ πτ ÿâëÿåòñÿáèåêöèåé ìíîæåñòâà Sn. Ïîýòîìó
Sn = {τ−1 | τ ∈ Sn} = {τπ | τ ∈ Sn} = {πτ | τ ∈ Sn}.Ñîâîêóïíîñòü âñåõ ÷åòíûõ ïåðåñòàíîâîê ñòåïåíè n îáîçíà-÷èì ÷åðåç An.Òåîðåìà 1.14. Ñîâîêóïíîñòü An âñåõ ÷åòíûõ ïåðåñòàíî-âîê ñòåïåíè n > 2 îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:

1) åñëè τ è δ ∈ An, òî τδ ∈ An;
2) òîæäåñòâåííàÿ ïåðåñòàíîâêà ε ÷åòíàÿ, òî åñòü ε ∈

∈ An;
3) åñëè τ ∈ An, òî τ−1 ∈ An;
4) |An| = n!/2.Ïðèìåð 1.18. Ïåðå÷èñëèòå âñå ýëåìåíòû èç Sn è An ïðè

n 6 3.
� Î÷åâèäíî, S1 = {ε}, A1 = {ε}. ßñíî òàêæå, ÷òî

S2 =

{(
1 2
2 1

)

,

(
1 2
1 2

)}

= {(12), ε}, A2 = {ε}.Ïóñòü n = 3, X = {1, 2, 3}. Âûïèøåì âñå ïåðåñòàíîâêè ìíî-æåñòâà X è ðàçëîæèì èõ â ïðîèçâåäåíèå íåçàâèñèìûõ öèêëîâ.
ε = (1)(2)(3),

(
1 2 3
1 3 2

)

= (1)(23),

(
1 2 3
3 2 1

)

= (13)(2),

(
1 2 3
2 1 3

)

= (12)(3),

(
1 2 3
2 3 1

)

= (123),

(
1 2 3
3 1 2

)

= (132).Èòàê, S3 = {ε, (12), (13), (23), (123), (132)}, A3 = {ε, (123), (132)}.Ñîñòàâèì òàáëèöû óìíîæåíèÿ äëÿ S3 è A3. Íà ïåðåñå÷åíèè¾ñòðîêè¿ δ è ¾ñòîëáöà¿ τ ñòàâèì ïðîèçâåäåíèå δτ .22



1.4. Èíäèâèäóàëüíûå çàäàíèÿ
S3 ε (12) (13) (23) (123) (132)
ε ε (12) (13) (23) (123) (132)(12) (12) ε (132) (123) (23) (13)(13) (13) (123) ε (132) (12) (23)(23) (23) (132) (123) ε (13) (12)(123) (123) (13) (23) (12) (132) ε(132) (132) (23) (12) (13) ε (123)

A3 ε (123) (132)
ε ε (123) (132)(123) (123) (132) ε(132) (132) ε (123)Àíàëîãè÷íî ìîæíî áûëî áû ïîñòóïèòü è ñ S4. Íî |S4| = 24è ïðè ñîñòàâëåíèè òàáëèöû óìíîæåíèÿ äëÿ S4 ïðèøëîñü áûçàïîëíèòü 24 · 24 = 576 êëåòîê. ⊠1.4. Èíäèâèäóàëüíûå çàäàíèÿ1. Äàíû ïåðåñòàíîâêè α è β, ïðèíàäëåæàùèå S9. Âû÷èñëèòå

α−1, αβ, βα, (αβ)2, (βα)−1, β−2.
1. 1. α =

(
1 2 3 4 5 6 7 8 9
2 8 1 3 5 7 6 4 9

), β =

(
1 2 3 4 5 6 7 8 9
7 4 2 1 8 5 3 9 6

).
1. 2. α =

(
1 2 3 4 5 6 7 8 9
3 8 7 6 5 4 2 9 1

), β =

(
1 2 3 4 5 6 7 8 9
6 1 7 3 5 8 4 9 2

).
1. 3. α =

(
1 2 3 4 5 6 7 8 9
4 3 2 7 1 6 5 9 8

), β =

(
1 2 3 4 5 6 7 8 9
9 4 2 3 7 1 6 5 8

).
1. 4. α =

(
1 2 3 4 5 6 7 8 9
5 7 1 4 6 8 2 9 3

), β =

(
1 2 3 4 5 6 7 8 9
3 4 9 2 1 6 8 5 7

).
1. 5. α =

(
1 2 3 4 5 6 7 8 9
2 8 1 6 3 7 4 9 5

), β =

(
1 2 3 4 5 6 7 8 9
5 3 2 1 4 8 9 7 6

).
1. 6. α =

(
1 2 3 4 5 6 7 8 9
6 9 3 2 7 5 1 8 4

), β =

(
1 2 3 4 5 6 7 8 9
7 6 1 8 4 2 9 5 3

).
1. 7. α =

(
1 2 3 4 5 6 7 8 9
7 1 5 2 3 6 8 4 9

), β =

(
1 2 3 4 5 6 7 8 9
9 7 1 2 3 5 4 6 8

). 23



1. ÁÈÍÀ�ÍÛÅ ÎÒÍÎØÅÍÈß È ÏÅ�ÅÑÒÀÍÎÂÊÈ
1. 8. α =

(
1 2 3 4 5 6 7 8 9
8 5 7 3 6 1 9 2 4

), β =

(
1 2 3 4 5 6 7 8 9
4 8 2 5 1 7 6 9 3

).
1. 9. α =

(
1 2 3 4 5 6 7 8 9
6 2 8 1 3 7 4 9 5

), β =

(
1 2 3 4 5 6 7 8 9
9 5 1 2 4 8 7 6 3

).
1. 10. α =

(
1 2 3 4 5 6 7 8 9
6 4 1 5 7 8 9 2 3

), β =

(
1 2 3 4 5 6 7 8 9
7 9 1 6 3 5 4 8 2

).
1. 11. α =

(
1 2 3 4 5 6 7 8 9
3 4 2 9 6 7 1 5 8

), β =

(
1 2 3 4 5 6 7 8 9
7 3 6 5 4 1 2 9 8

).
1. 12. α =

(
1 2 3 4 5 6 7 8 9
9 7 5 8 3 2 1 6 4

), β =

(
1 2 3 4 5 6 7 8 9
3 2 4 7 6 1 5 9 8

).
1. 13. α =

(
1 2 3 4 5 6 7 8 9
4 1 3 7 6 5 2 9 8

), β =

(
1 2 3 4 5 6 7 8 9
6 4 9 1 3 7 5 8 2

).
1. 14. α =

(
1 2 3 4 5 6 7 8 9
4 3 8 2 9 5 7 1 6

), β =

(
1 2 3 4 5 6 7 8 9
7 1 9 5 4 2 6 8 3

).
1. 15. α =

(
1 2 3 4 5 6 7 8 9
5 7 4 2 1 6 3 9 8

), β =

(
1 2 3 4 5 6 7 8 9
9 1 6 3 7 4 5 2 8

).2. Çàïèøèòå ïåðåñòàíîâêè α è β èç çàäàíèÿ 1 â âèäå ïðîèç-âåäåíèÿ íåçàâèñèìûõ öèêëîâ è â âèäå ïðîèçâåäåíèÿ òðàíñïî-çèöèé. Íàéäèòå ÷åòíîñòü ýòèõ ïåðåñòàíîâîê.3. Äàíû ïåðåñòàíîâêè σ è τ , ïðèíàäëåæàùèå S8. Çàïèøè-òå ïåðåñòàíîâêè σ è τ â âèäå òàáëèöû. Âû÷èñëèòå σ−1, τ−1,
στ , τσ, íå ïðèáåãàÿ ê òàáëè÷íîé çàïèñè. Îïðåäåëèòå ÷åòíîñòüïåðåñòàíîâîê σ2τ , (τσ)2τ(τσ)−1.

3. 1. σ = (143)(25)(678), τ = (214)(345)(56)(13).
3. 2. σ = (13245)(15)(2468), τ = (137)(65)(84).
3. 3. σ = (235)(147)(68), τ = (3567)(15)(364).
3. 4. σ = (31)(14)(25681), τ = (357)(68)(18).
3. 5. σ = (12356)(478), τ = (1356)(627)(145).
3. 6. σ = (32)(257)(4316), τ = (431)(2687).
3. 7. σ = (146)(245)(36), τ = (3564)(127).
3. 8. σ = (125)(438)(67), τ = (143)(3526)(125).
3. 9. σ = (26)(6371)(145), τ = (25)(437)(68).
3. 10. σ = (138)(27)(64), τ = (2584)(142)(658).
3. 11. σ = (12)(25)(5437)(13), τ = (14)(357)(62).
3. 12. σ = (156)(4382), τ = (172)(28)(7814).24



1.4. Èíäèâèäóàëüíûå çàäàíèÿ
3. 13. σ = (4513)(278), τ = (1354)(324)(672).
3. 14. σ = (157)(645)(213), τ = (124)(387)(65).
3. 15. σ = (263)(17)(85), τ = (145)(3467)(562).4. Ïðè êàêèõ çíà÷åíèÿõ i, j, k ïåðåñòàíîâêà γ ÷åòíàÿ? Ïðèêàêèõ çíà÷åíèÿõ i, j, k ïåðåñòàíîâêà χ íå÷åòíàÿ?
4. 1. γ =

(
1 2 3 4 5 6
i 3 j 1 6 k

), χ =

(
2 i 4 3 k 1 7
1 5 3 j 4 2 6

).
4. 2. γ =

(
1 2 3 4 5 6 7
3 i 1 j k 4 2

), χ =

(
i 3 4 5 j 6 1
7 1 k 4 3 2 5

).
4. 3. γ =

(
1 2 3 4 5 6 7
j k 1 3 i 7 5

), χ =

(
1 3 7 i k 2 4
j 2 7 6 5 1 4

).
4. 4. γ =

(
1 2 3 4 5 6 7
i 7 5 3 j k 4

), χ =

(
2 i j 6 4 1
k 1 4 3 2 5

).
4. 5. γ =

(
1 2 3 4 5 6 7
k i 1 7 j 5 4

), χ =

(
3 k 4 i 1 6 7
1 4 2 5 6 7 j

).
4. 6. γ =

(
1 2 3 4 5 6 7
2 i 4 3 j k 1

), χ =

(
1 k j 2 4 7 5
i 1 7 6 4 2 5

).
4. 7. γ =

(
1 2 3 4 5 6 7
7 i 2 j 1 4 k

), χ =

(
5 i 2 k 3 1
1 j 4 2 5 6

).
4. 8. γ =

(
1 2 3 4 5 6 7
i 3 j k 2 1 4

), χ =

(
6 2 k 1 i 3
j 1 4 5 2 3

).
4. 9. γ =

(
1 2 3 4 5 6 7
j 3 1 i k 2 4

), χ =

(
5 k j 1 4 3
i 1 5 6 2 4

).
4. 10. γ =

(
1 2 3 4 5 6 7
3 i j 2 k 1 6

), χ =

(
5 k 4 i 1 2
1 j 3 2 6 4

).
4. 11. γ =

(
1 2 3 4 5 6 7
i 2 1 j 4 5 k

), χ =

(
6 2 j k 1 3 7
i 5 4 3 7 1 2

).
4. 12. γ =

(
1 2 3 4 5 6
i 3 j k 4 1

), χ =

(
4 2 i k 1 7 6
j 1 4 5 3 7 2

).
4. 13. γ =

(
1 2 3 4 5 6 7
i 1 k 7 6 j 4

), χ =

(
5 i j 1 3 2
k 2 1 4 3 6

).
4. 14. γ =

(
1 2 3 4 5 6 7
2 i 1 3 k j 6

), χ =

(
6 i k 1 2 7 4
1 j 3 5 4 2 6

). 25



1. ÁÈÍÀ�ÍÛÅ ÎÒÍÎØÅÍÈß È ÏÅ�ÅÑÒÀÍÎÂÊÈ
4. 15. γ =

(
1 2 3 4 5 6 7
6 j i 1 k 4 3

), χ =

(
4 3 i k 1 5
j 1 2 5 4 3

).5. Íàéäèòå ïåðåñòàíîâêó τ èç ðàâåíñòâà ατβ = α−1, ãäå α,
β � ïåðåñòàíîâêè èç çàäàíèÿ 1.6. Íàéäèòå ïåðåñòàíîâêó γ èç ðàâåíñòâà στ−1γ = σ−1τ , ãäå
τ , σ � ïåðåñòàíîâêè èç çàäàíèÿ 3.1.5. Äîïîëíèòåëüíûå çàäà÷è1. Ñêîëüêî ñóùåñòâóåò îòîáðàæåíèé ìíîæåñòâà A =
= {a, b, c, d} â ñåáÿ, èìåþùèõ íåïîäâèæíûå òî÷êè?2. Ñêîëüêî ñóùåñòâóåò ÷àñòè÷íî óïîðÿäî÷åííûõ ìíîæåñòâèç n 6 4 ýëåìåíòîâ?3. Ñêîëüêî ñóùåñòâóåò ëèíåéíî óïîðÿäî÷åííûõ ìíîæåñòâèç n 6 4 ýëåìåíòîâ?4. Êàêèìè ñâîéñòâàìè îáëàäàåò áèíàðíîå îòíîøåíèå F ⊆
⊆ R × R, îïðåäåëåííîå ñëåäóþùèì îáðàçîì: (a, b) ∈ F òîãäà èòîëüêî òîãäà, êîãäà

a

a2 + 1
6

b

b2 + 1
?5. Ïðèâåäèòå ïðèìåðû áèíàðíûõ îòíîøåíèé, êîòîðûå èçòðåõ ñâîéñòâ (ðå�ëåêñèâíîñòü, ñèììåòðè÷íîñòü, òðàíçèòèâ-íîñòü) îáëàäàëè áû òîëüêî äâóìÿ.6. Íàéäèòå âñå îòíîøåíèÿ ýêâèâàëåíòíîñòè íà òðåõýëåìåíò-íîì ìíîæåñòâå è íà ÷åòûðåõýëåìåíòíîì ìíîæåñòâå.7. Ñêîëüêî ìîæíî ñîñòàâèòü ðàçíûõ øåñòèçíà÷íûõ ÷èñåëèç öè�ð 0, 1, 2, 3, 4, 7, 9?8. Ïóñòü T � ìíîæåñòâî âñåõ ïðîñòûõ òðåõçíà÷íûõ ÷èñåë, à

S � ìíîæåñòâî âñåõ öè�ð. Îòîáðàæåíèå γi, i = 1, 2, 3, êàæäîìóòðåõçíà÷íîìó ÷èñëó ñòàâèò â ñîîòâåòñòâèå åãî i-þ öè�ðó. Áóäåòëè γi èíúåêöèåé, ñþðúåêöèåé è áèåêöèåé?9. Ïóñòü T1 � ìíîæåñòâî âñåõ ïðÿìîóãîëüíûõ, T2 � ðàâ-íîñòîðîííèõ òðåóãîëüíèêîâ, à R+ � ìíîæåñòâî âñåõ ïîëîæè-òåëüíûõ ÷èñåë. Îòîáðàæåíèå σi : Ti → R+, i = 1, 2, êàæäîìóòðåóãîëüíèêó ñòàâèò â ñîîòâåòñòâèå åãî ïëîùàäü. ßâëÿåòñÿ ëèîòîáðàæåíèå σi, i = 1, 2, èíúåêöèåé, ñþðúåêöèåé, áèåêöèåé?10. ÏóñòüKi, i = 1, 2, � ìíîæåñòâî âñåõ ïàðàëëåëåïèïåäîâ è26



1.5. Äîïîëíèòåëüíûå çàäà÷èêóáîâ ñîîòâåòñòâåííî, à R+ � ìíîæåñòâî âñåõ ïîëîæèòåëüíûõ÷èñåë. Îòîáðàæåíèå σi : Ki → R+, i = 1, 2, êàæäîìó ïàðàëëå-ëåïèïåäó èëè êóáó ñòàâèò â ñîîòâåòñòâèå åãî îáúåì. ßâëÿåòñÿëè îòîáðàæåíèå σi èíúåêöèåé, ñþðúåêöèåé, áèåêöèåé?11. Íàéäèòå ïðîèçâåäåíèÿ fϕ, ϕf , f2, ϕ2 ïðåîáðàçîâàíèéìíîæåñòâà R. Êàêèå èç ýòèõ ïðåîáðàçîâàíèé îáðàòèìû? Äëÿîáðàòèìûõ ïðåîáðàçîâàíèé óêàæèòå îáðàòíûå.
11. 1. f(x) = 4x, ϕ(x) = 5x.
11. 2. f(x) = 3x+ 1, ϕ(x) = 2x+ 3.
11. 3. f(x) = (3x+ 1)/(x2 + 1), ϕ(x) = (2x+ 3)/(x2 + 2).
11. 4. f(x) = x3, ϕ(x) = cos x.
11. 5. f(x) = ln(|x| + 1), ϕ(x) = x2 + 1.12. Ìîæíî ëè êàæäóþ ÷åòíóþ ïåðåñòàíîâêó ñòåïåíè n > 2ïðåäñòàâèòü â âèäå ïðîèçâåäåíèÿ öèêëîâ äëèíû 3?13. Äîêàæèòå, ÷òî êàæäóþ ïåðåñòàíîâêó èç Sn ìîæíî ïðåä-ñòàâèòü â âèäå ïðîèçâåäåíèÿ òðàíñïîçèöèé âèäà

(12), (13), . . . , (1n).14. Äîêàæèòå, ÷òî τm = ε, m ∈ N, òîãäà è òîëüêî òîãäà,êîãäà m äåëèòñÿ íà äëèíó êàæäîãî íåçàâèñèìîãî öèêëà èç ðàç-ëîæåíèÿ ïåðåñòàíîâêè τ .15. Âû÷èñëèòå τn äëÿ âñåõ τ ∈ Sn è âñåõ íàòóðàëüíûõ n 6 5.16. Âû÷èñëèòå
(

1 2 3 4 5 6 7 8 9 10
3 5 4 1 7 10 2 6 9 8

)100

,

(
1 2 3 4 5 6 7 8 9 10
3 5 4 6 9 7 1 10 8 2

)150

.17. Äëÿ �èêñèðîâàííîé ïåðåñòàíîâêè ϕ ∈ S4 íàéäèòå âñåïåðåñòàíîâêè τ ∈ S4, óäîâëåòâîðÿþùèå óñëîâèþ τϕ = ϕτ .
17. 1. ϕ =

(
1 2 3 4
2 3 1 4

). 17. 2. ϕ =

(
1 2 3 4
2 1 4 3

).
17. 3. ϕ =

(
1 2 3 4
3 4 1 2

). 17. 4. ϕ =

(
1 2 3 4
4 3 2 1

).
17. 5. ϕ =

(
1 2 3 4
1 3 4 2

).



2. ��ÓÏÏÛ, ÊÎËÜÖÀ, ÏÎËß2.1. �ðóïïûÁèíàðíîé àëãåáðàè÷åñêîé îïåðàöèåé íà ìíîæåñòâå X íàçû-âàþò îòîáðàæåíèå äåêàðòîâà êâàäðàòà X×X âX. Åñëè ϕ : X×
× X → X � áèíàðíàÿ îïåðàöèÿ íà X, òî êàæäîé óïîðÿäî-÷åííîé ïàðå (a, b) ýëåìåíòîâ èç X ñîîòâåòñòâóåò îäíîçíà÷íîîïðåäåëåííûé ýëåìåíò c = ϕ(a, b). Áèíàðíóþ îïåðàöèþ íà Xîáîçíà÷àþò îäíèì èç ñëåäóþùèõ ñèìâîëîâ: +, ·, ⊕, ◦, ⊗, ∗ èò. ä. Åñëè âìåñòî ϕ óñëîâèìñÿ ïèñàòü ◦, òî âìåñòî c = ϕ(a, b)ñëåäóåò ïèñàòü c = a ◦ b.Íàèáîëåå ÷àñòî èñïîëüçóþòñÿ äâå �îðìû çàïèñè îïåðàöèè:àääèòèâíàÿ è ìóëüòèïëèêàòèâíàÿ. Ïðè àääèòèâíîé �îðìå çà-ïèñè îïåðàöèþ íàçûâàþò ñëîæåíèåì è âìåñòî c = a ◦ b ïèøóò
c = a + b. Ïðè ìóëüòèïëèêàòèâíîé �îðìå çàïèñè îïåðàöèþíàçûâàþò óìíîæåíèåì è âìåñòî c = a ◦ b ïèøóò c = a · b èëè
c = ab. Â äàëüíåéøåì ïðè èçëîæåíèè òåîðèè áóäåì èñïîëüçî-âàòü ìóëüòèïëèêàòèâíóþ �îðìó çàïèñè.Ïóñòü íà ìíîæåñòâå X îïðåäåëåíà áèíàðíàÿ îïåðàöèÿ(óìíîæåíèå), òî åñòü ab ∈ X äëÿ âñåõ a, b ∈ X. Åñëè a(bc) =
= (ab)c äëÿ âñåõ a, b, c ∈ X, òî îïåðàöèÿ íàçûâàåòñÿ àññîöèà-òèâíîé. Åñëè ab = ba äëÿ âñåõ a, b ∈ X, òî îïåðàöèÿ íàçûâà-åòñÿ êîììóòàòèâíîé. Åñëè ýëåìåíò e ∈ X è ae = ea = a äëÿâñåõ a ∈ X, òî e íàçûâàåòñÿ åäèíè÷íûì ýëåìåíòîì, èëè ïðîñòîåäèíèöåé. Îáðàòíûì ê ýëåìåíòó a íàçûâàåòñÿ òàêîé ýëåìåíò
a−1, ÷òî aa−1 = a−1a = e.Ïîëóãðóïïîé íàçûâàåòñÿ íåïóñòîå ìíîæåñòâî P ñ áèíàðíîéàëãåáðàè÷åñêîé îïåðàöèåé (óìíîæåíèåì), êîòîðàÿ óäîâëåòâî-ðÿåò ñëåäóþùèì äâóì òðåáîâàíèÿì: îïåðàöèÿ îïðåäåëåíà íà
P , òî åñòü ab ∈ P äëÿ âñåõ a, b ∈ P ; îïåðàöèÿ àññîöèàòèâíà, òîåñòü a(bc) = (ab)c äëÿ ëþáûõ a, b, c ∈ P .Òåîðåìà 2.1. Â ïîëóãðóïïå ìîæåò áûòü íå áîëåå îäíîãîåäèíè÷íîãî ýëåìåíòà. Åñëè â ïîëóãðóïïå èìååòñÿ åäèíè÷íûéýëåìåíò, òî êàæäûé ýëåìåíò îáëàäàåò íå áîëåå ÷åì îäíèìîáðàòíûì.Òåîðåìà 2.2. Â ïîëóãðóïïå ðåçóëüòàò ïðèìåíåíèÿ îïåðà-28



2.1. �ðóïïûöèè ê íåñêîëüêèì ýëåìåíòàì íå çàâèñèò îò ñïîñîáà ðàñïðå-äåëåíèÿ ñêîáîê.Òåîðåìà 2.2 ïîçâîëÿåò èñïîëüçîâàòü â ïîëóãðóïïàõ çíàêêðàòíîãî óìíîæåíèÿ:
a1a2 =

2∏

i=1

ai, a1a2a3 =

3∏

i=1

ai, . . . , a1a2...an =

n∏

i=1

ai.Â ÷àñòíîñòè, ïðè a1 = a2 = . . . = an = a ïðîèçâåäåíèå aa . . . aîáîçíà÷àþò ÷åðåç an è íàçûâàþò n-é ñòåïåíüþ ýëåìåíòà a.Ñëåäñòâèåì òåîðåìû 2.2 ÿâëÿþòñÿ ðàâåíñòâà:
anam = an+m, (an)m = anm, (2.1)ñïðàâåäëèâûå äëÿ âñåõ íàòóðàëüíûõ n è m. Â ïîëóãðóïïå P ñåäèíèöåé e äëÿ ëþáîãî a ∈ P ïîëàãàþò a0 = e. Çàìåòèì åùå,÷òî åñëè ab = ba, òî (ab)n = anbn äëÿ âñåõ íàòóðàëüíûõ n, ÷òîëåãêî ïðîâåðÿåòñÿ èíäóêöèåé ïî n.Äâå ïîëóãðóïïû P1 è P2 íàçûâàþòñÿ èçîìîð�íûìè, åñëèñóùåñòâóåò âçàèìíî îäíîçíà÷íîå îòîáðàæåíèå f : P1 7→ P2,ïðè êîòîðîì f(ab) = f(a)f(b) äëÿ ëþáûõ a, b ∈ P1.�ðóïïîé íàçûâàåòñÿ íåïóñòîå ìíîæåñòâî G ñ áèíàðíîé àë-ãåáðàè÷åñêîé îïåðàöèåé (óìíîæåíèåì), êîòîðàÿ óäîâëåòâîðÿåòñëåäóþùèì òðåáîâàíèÿì:1) îïåðàöèÿ îïðåäåëåíà, òî åñòü ab ∈ G äëÿ âñåõ a, b ∈ G;2) îïåðàöèÿ àññîöèàòèâíà, òî åñòü a(bc) = (ab)c äëÿ ëþáûõ

a, b, c ∈ G;3) ñóùåñòâóåò åäèíè÷íûé ýëåìåíò, òî åñòü òàêîé ýëåìåíò
e ∈ G, ÷òî ae = ea = a äëÿ âñåõ a ∈ G;4) êàæäûé ýëåìåíò îáëàäàåò îáðàòíûì, òî åñòü äëÿ ëþáîãî
a ∈ G ñóùåñòâóåò òàêîé ýëåìåíò a−1 ∈ G, ÷òî aa−1 = a−1a = e.Áîëåå êðàòêî: ïîëóãðóïïà ñ åäèíèöåé, â êîòîðîé êàæäûéýëåìåíò îáëàäàåò îáðàòíûì, íàçûâàåòñÿ ãðóïïîé.�ðóïïó ñ êîììóòàòèâíîé îïåðàöèåé íàçûâàþò êîììóòà-òèâíîé (èëè àáåëåâîé). Åñëè G � êîíå÷íîå ìíîæåñòâî, ÿâëÿþ-ùååñÿ ãðóïïîé, òî G íàçûâàþò êîíå÷íîé ãðóïïîé, à ÷èñëî |G|ýëåìåíòîâ â G � ïîðÿäêîì ãðóïïû G.Îòìåòèì íåêîòîðûå íà÷àëüíûå ñâîéñòâà ãðóïï, êîòîðûåñ�îðìóëèðóåì â âèäå ëåìì.Ëåììà 2.3. 1. Â ãðóïïå èìååòñÿ åäèíñòâåííûé åäèíè÷íûé29



2. ��ÓÏÏÛ, ÊÎËÜÖÀ, ÏÎËßýëåìåíò, è äëÿ êàæäîãî ýëåìåíòà ñóùåñòâóåò åäèíñòâåííûéîáðàòíûé.
2. Åñëè a, b � ýëåìåíòû ãðóïïû G, òî (a−1)−1 = a è

(ab)−1 = b−1a−1.Îïðåäåëèì îòðèöàòåëüíûå öåëûå ñòåïåíè ýëåìåíòà ãðóïïûêàê îáðàòíûå ïîëîæèòåëüíûì ñòåïåíÿì, òî åñòü ïîëîæèì
a−n = (an)−1 (2.2)äëÿ âñåõ n ∈ N.Ëåììà 2.4. 1. Åñëè a � ýëåìåíò ãðóïïû G è s ∈ Z, òî

(as)−1 = (a−1)s = a−s.
2. Äëÿ ëþáûõ öåëûõ s, t è ëþáîãî a ∈ G ñïðàâåäëèâû ðàâåí-ñòâà: asat = as+t, (as)t = ast.
3. Â ãðóïïå G óðàâíåíèÿ ax = b è yc = d èìåþò åäèíñòâåí-íûå ðåøåíèÿ x = a−1b è y = dc−1.Òåîðåìà 2.5. Ïîëóãðóïïà P ÿâëÿåòñÿ ãðóïïîé òîãäà èòîëüêî òîãäà, êîãäà óðàâíåíèÿ ax = b, ya = b èìåþò ðåøå-íèÿ äëÿ ëþáûõ ýëåìåíòîâ a, b ∈ P .Òåîðåìà 2.5 ïîçâîëÿåò ââåñòè îïðåäåëåíèå ãðóïïû, ýêâèâà-ëåíòíîå èñõîäíîìó.�ðóïïîé íàçûâàåòñÿ íåïóñòîå ìíîæåñòâî G ñ áèíàðíîé àë-ãåáðàè÷åñêîé îïåðàöèåé (óìíîæåíèåì), óäîâëåòâîðÿþùåé ñëå-äóþùèì òðåáîâàíèÿì:1) îïåðàöèÿ îïðåäåëåíà íà G;2) îïåðàöèÿ àññîöèàòèâíà;3) óðàâíåíèÿ ax = b, ya = b èìåþò ðåøåíèÿ äëÿ ëþáûõýëåìåíòîâ a, b ∈ G.Äâå ãðóïïû G1 è G2 íàçûâàþòñÿ èçîìîð�íûìè, åñëè îíèèçîìîð�íû êàê ïîëóãðóïïû, òî åñòü åñëè ñóùåñòâóåò âçàèì-íî îäíîçíà÷íîå îòîáðàæåíèå f ãðóïïû G1 íà ãðóïïó G2, ïðèêîòîðîì f(ab) = f(a)f(b) äëÿ ëþáûõ a, b ∈ G1.Âñå ïðèâåäåííûå îïðåäåëåíèÿ è ïîëó÷åííûå ðåçóëüòàòûëåãêî ïåðåíîñÿòñÿ (ñ ñîîòâåòñòâóþùèì èçìåíåíèåì òåðìèíîëî-ãèè, êàê óêàçàíî äàëåå â òàáë. 2.1) íà ìíîæåñòâà ñ àääèòèâíîé�îðìîé çàïèñè îïåðàöèè.Ïðèâåäåì ïðèìåðû ÷èñëîâûõ ãðóïï.Ïðèìåð 2.1. 1. Ìíîæåñòâà Z, Q, R ñ îïåðàöèåé ñëîæåíèÿ �àáåëåâû ãðóïïû. Âñå òðåáîâàíèÿ îïðåäåëåíèÿ ãðóïïû ïðîâåðÿ-30



2.1. �ðóïïûþòñÿ áåç òðóäà.2. Ìíîæåñòâî N ñî ñëîæåíèåì íå ÿâëÿåòñÿ ãðóïïîé, òàê êàêâ N íåò íóëåâîãî è ïðîòèâîïîëîæíûõ ýëåìåíòîâ. Îäíàêî N ñîñëîæåíèåì � êîììóòàòèâíàÿ ïîëóãðóïïà.3. Ìíîæåñòâî {−1, 1} ñ óìíîæåíèåì � êîíå÷íàÿ àáåëåâàãðóïïà ïîðÿäêà 2.4. Íè îäíî èç ìíîæåñòâ N,Z,Q,R ñ óìíîæåíèåì ãðóïïó íåîáðàçóåò. Åñëè ïîëîæèì R∗ = R \ {0}, Q∗ = Q \ {0}, òî R∗ è
Q∗ ñ óìíîæåíèåì ÿâëÿþòñÿ àáåëåâûìè ãðóïïàìè. Ìíîæåñòâà
Z∗ = Z \ {0} è N ñ óìíîæåíèåì � êîììóòàòèâíûå ïîëóãðóïïûñ åäèíèöåé, íî íå ãðóïïû. ⊠Òàáëèöà 2.1Ìóëüòèïëèêàòèâíàÿ çàïèñü Àääèòèâíàÿ çàïèñü îïåðàöèèîïåðàöèèóìíîæåíèå ñëîæåíèåïðîèçâåäåíèå ab, 
óììà a+ b,

∏n
i=1

ai = a1a2 . . . an

∑n
i=1

ai = a1 + a2 + . . .+ anåäèíè÷íûé ýëåìåíò e, íóëåâîé ýëåìåíò 0,
ae = ea = a a+ 0 = 0 + a = aîáðàòíûé ýëåìåíò a−1, ïðîòèâîïîëîæíûéýëåìåíò −a,
aa−1 = a−1a = e a+ (−a) = −a+ a = 0àññîöèàòèâíîñòü, àññîöèàòèâíîñòü,
(ab)c = a(bc) (a+ b) + c = a+ (b+ c)êîììóòàòèâíîñòü, êîììóòàòèâíîñòü,
ab = ba a+ b = b + añòåïåíü an ïðè n > 0, êðàòíîå na ïðè n > 0,
an = a . . . a

︸ ︷︷ ︸

n ðàç na = a+ . . .+ a
︸ ︷︷ ︸

n ðàçñòåïåíü an ïðè n < 0, êðàòíîå na ïðè n < 0,
an = a−1 . . . a−1

︸ ︷︷ ︸

−n ðàç na = (−a) + . . .+ (−a)
︸ ︷︷ ︸

−n ðàç
an = e ïðè n = 0 na = 0 ïðè n = 0
anam = an+m, na+ma = (n+m)a,
n,m ∈ Z n,m ∈ Z

(an)m = anm, n,m ∈ Z m(na) = (mn)a, n,m ∈ Z

(ab)n = anbn, n ∈ Z, n(a+ b) = na+ nb, n ∈ Z,åñëè ab = ba åñëè a+ b = b+ a 31



2. ��ÓÏÏÛ, ÊÎËÜÖÀ, ÏÎËßÏðèâåäåì ïðèìåðû ãðóïï ïåðåñòàíîâîê.Ïðèìåð 2.2. 1. ÏóñòüX = {1, 2, . . . , n} è Sn � ñîâîêóïíîñòüâñåõ ïåðåñòàíîâîê ñòåïåíè n (ñì. ãë. 1). Èç òåîðåìû 1.9, ñ. 15,ñëåäóåò, ÷òî ìíîæåñòâî Sn ñ îïåðàöèåé óìíîæåíèÿ îáðàçóåòêîíå÷íóþ ãðóïïó ïîðÿäêà n! ñ åäèíè÷íûì ýëåìåíòîì
ε =

(
1 2 . . . n
1 2 . . . n

)

.�ðóïïó Sn íàçûâàþò ñèììåòðè÷åñêîé ãðóïïîé ñòåïåíè n.Ïðè n > 3 ýòà ãðóïïà íåàáåëåâà.2. Ñîãëàñíî òåîðåìå 1.14, ñ. 22, ÷åòíûå ïåðåñòàíîâêè îáðà-çóþò êîíå÷íóþ ãðóïïó An ïîðÿäêà n!/2, êîòîðóþ íàçûâàþòçíàêîïåðåìåííîé ãðóïïîé ñòåïåíè n. Ïðè n > 4 ýòà ãðóïïàíåàáåëåâà. ⊠Ïðèâåäåì ïðèìåðû ãðóïï �óíêöèé.Ïðèìåð 2.3. 1. ×åòûðå �óíêöèè, îïðåäåëåííûå íà ìíîæå-ñòâå R∗,
f1(x) = x, f2(x) = −x, f3(x) =

1

x
, f4(x) = −1

xñ îïåðàöèåé óìíîæåíèÿ îáðàçóþò ãðóïïó. Ñîñòàâèì òàáëèöóóìíîæåíèÿ ýòèõ �óíêöèé. Òàáëèöà 2.2
f1 f2 f3 f4

f1 f1 f2 f3 f4
f2 f2 f1 f4 f3
f3 f3 f4 f1 f2
f4 f4 f3 f2 f1Ïðîèçâåäåíèå fifj óêàçûâàåòñÿ íà ïåðåñå÷åíèè ñòðîêè fi èñòîëáöà fj. Íàïðèìåð,
f2f3 : x

f37→ 1

x

f27→ −1

x
,ïîýòîìó f2f3 = f4.Èç òàáë. 2.2 âèäíî, ÷òî óìíîæåíèå îïðåäåëåíî íà ìíîæåñòâå

{f1, f2, f3, f4} è êîììóòàòèâíî. Ïîñêîëüêó óìíîæåíèå îòîáðà-æåíèé àññîöèàòèâíî, òî âûïîëíÿåòñÿ âòîðîå òðåáîâàíèå îïðå-äåëåíèÿ ãðóïïû. Ôóíêöèÿ f1 ÿâëÿåòñÿ åäèíè÷íûì ýëåìåíòîì,à f−1
i = fi, òî åñòü êàæäûé ýëåìåíò ÿâëÿåòñÿ îáðàòíûì äëÿñåáÿ. Òàêèì îáðàçîì, ìíîæåñòâî {f1, f2, f3, f4} ñ óìíîæåíèåì32



2.1. �ðóïïûÿâëÿåòñÿ êîíå÷íîé àáåëåâîé ãðóïïîé ïîðÿäêà 4.2. Ñîâîêóïíîñòü A1(R) âñåõ à��èííûõ ïðåîáðàçîâàíèéïðÿìîé, ðàññìîòðåííàÿ â ãë. 1, ï. 2, ÿâëÿåòñÿ íåàáåëåâîéãðóïïîé ñ åäèíè÷íûì ýëåìåíòîì ϕ1,0 è îáðàòíûì ýëåìåíòîì
ϕa−1,−a−1b äëÿ ýëåìåíòà ϕa,b. ⊠Ïðèìåð 2.4. ßâëÿåòñÿ ëè ãðóïïîé ìíîæåñòâî R∗ = R \ {0}íåíóëåâûõ äåéñòâèòåëüíûõ ÷èñåë ñ îïåðàöèåé a ◦ b = 2ab?

� Äëÿ ëþáûõ ÷èñåë a, b ∈ R∗ ýëåìåíò a ◦ b = 2ab òàêæåïðèíàäëåæèò R∗, ïîýòîìó îïåðàöèÿ ◦ íà ìíîæåñòâå R∗ îïðå-äåëåíà. Ïðîâåðèì âûïîëíåíèå äðóãèõ óñëîâèé â îïðåäåëåíèèãðóïïû. Àññîöèàòèâíîñòü îïåðàöèè:
(a ◦ b) ◦ c = (2ab) ◦ c = 2(2ab)c = 4abc,

a ◦ (b ◦ c) = a ◦ (2bc) = 2a(2bc) = 4abc,òî åñòü (a ◦ b) ◦ c = a ◦ (b ◦ c) è îïåðàöèÿ àññîöèàòèâíà. ßñ-íî, ÷òî a ◦ b = 2ab = 2ba = b ◦ a è îïåðàöèÿ êîììóòàòèâíà.Ïîýòîìó ìíîæåñòâî R∗ ñ îïåðàöèåé ◦ ÿâëÿåòñÿ êîììóòàòèâíîéïîëóãðóïïîé.Åäèíè÷íûé ýëåìåíò n äîëæåí óäîâëåòâîðÿòü ðàâåíñòâàì:
a = a ◦ n = 2an, a = n ◦ a = 2na. Ýòèì ðàâåíñòâàì óäîâëå-òâîðÿåò ÷èñëî 1/2, ïîýòîìó 1/2 � åäèíè÷íûé ýëåìåíò. Îáðàò-íûé ýëåìåíò b ê ýëåìåíòó a äîëæåí óäîâëåòâîðÿòü ðàâåíñòâàì:
1/2 = a ◦ b = 2ab, 1/2 = b ◦ a = 2ba. Î÷åâèäíî, ýòèì ðàâåíñòâàìóäîâëåòâîðÿåò ýëåìåíò 1/(4a), ïîýòîìó 1/(4a) � îáðàòíûé ýëå-ìåíò ê ýëåìåíòó a. Òàêèì îáðàçîì, ìíîæåñòâî R∗ ñ îïåðàöè-åé ◦ ÿâëÿåòñÿ àáåëåâîé ãðóïïîé ñ åäèíè÷íûì ýëåìåíòîì 1/2 èîáðàòíûì ê a ýëåìåíòîì 1/(4a).Î ò â å ò: ìíîæåñòâî R∗ = R \ {0} ñ îïåðàöèåé a ◦ b = 2abÿâëÿåòñÿ àáåëåâîé ãðóïïîé. ⊠Ïîäìíîæåñòâî H ãðóïïû G íàçûâàåòñÿ ïîäãðóïïîé, åñëè
H � ãðóïïà îòíîñèòåëüíî òîé æå îïåðàöèè, êîòîðàÿ îïðåäåëå-íà íà G. Çàïèñü H 6 G îçíà÷àåò, ÷òî H � ïîäãðóïïà ãðóïïû
G, à H < G, ÷òî H � ñîáñòâåííàÿ ïîäãðóïïà ãðóïïû G, òî åñòü
H 6 G è H 6= G.Òåîðåìà 2.6. Íåïóñòîå ïîäìíîæåñòâî H ãðóïïû G áóäåòïîäãðóïïîé òîãäà è òîëüêî òîãäà, êîãäà h1h2 ∈ H è h−1

1 ∈ Häëÿ âñåõ h1, h2 ∈ H. 33



2. ��ÓÏÏÛ, ÊÎËÜÖÀ, ÏÎËßÎòìåòèì, ÷òî êàæäàÿ ãðóïïà G îáëàäàåò åäèíè÷íîé ïîä-ãðóïïîé E = {e}. Ñàìà ãðóïïà G òàêæå ñ÷èòàåòñÿ ïîäãðóïïîéâ G. Ýòè ïîäãðóïïû íàçûâàþò òðèâèàëüíûìè ïîäãðóïïàìè.Íåòðèâèàëüíàÿ ïîäãðóïïà ãðóïïû G � ýòî òàêàÿ ïîäãðóïïà Hèç G, êîòîðàÿ îòëè÷íà îò G è E.Ïðèâåäåì ïðèìåðû ïîäãðóïï.Ïðèìåð 2.5. 1. Òàê êàê Z, Q, R � àääèòèâíûå ãðóïïû, òî
Z 6 Q 6 R.2. Ïîñêîëüêó Q∗, R∗, {−1, 1} � ìóëüòèïëèêàòèâíûå ãðóïïû,òî {−1, 1} 6 Q∗ 6 R∗.3. Òàê êàê Sn è An � ãðóïïû ñ îäíîé è òîé æå îïåðàöèåé è
An ⊆ Sn, òî An 6 Sn. ⊠2.2. ÊîëüöàÍåïóñòîå ìíîæåñòâî K ñ äâóìÿ áèíàðíûìè àëãåáðàè÷åñêè-ìè îïåðàöèÿìè (ñëîæåíèåì è óìíîæåíèåì) íàçûâàåòñÿ êîëü-öîì, åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:1) ìíîæåñòâî K ñ îïåðàöèåé ñëîæåíèÿ ÿâëÿåòñÿ àáåëåâîéãðóïïîé;2) óìíîæåíèå îïðåäåëåíî íà K è àññîöèàòèâíî;3) îïåðàöèÿ ñëîæåíèÿ ñâÿçàíà ñ îïåðàöèåé óìíîæåíèÿ çà-êîíàìè äèñòðèáóòèâíîñòè:

(a+ b)c = ac+ bc, a(b+ c) = ab+ acäëÿ ëþáûõ a, b, c ∈ K.Åñëè â êîëüöå K óìíîæåíèå êîììóòàòèâíî, òî åñòü ab =
= ba äëÿ ëþáûõ a, b ∈ K, òî K íàçûâàåòñÿ êîììóòàòèâíûìêîëüöîì. Åñëè â K ñóùåñòâóåò ýëåìåíò e òàêîé, ÷òî xe = ex =
= x äëÿ âñåõ x ∈ K, òî e íàçûâàþò åäèíèöåé êîëüöà K, à ñàìîêîëüöî K � êîëüöîì ñ åäèíèöåé.Î÷åâèäíî, ÷òî îòíîñèòåëüíî îïåðàöèé ñëîæåíèÿ è óìíîæå-íèÿ ÷èñåë ìíîæåñòâà Z,Q,R ÿâëÿþòñÿ êîëüöàìè.Äåëèòåëÿìè íóëÿ êîëüöà K íàçûâàþòñÿ òàêèå íåíóëåâûåýëåìåíòû a, b ∈ K, ÷òî ab = 0. Êîììóòàòèâíîå êîëüöî ñ åäè-íèöåé, íå ñîäåðæàùåå äåëèòåëåé íóëÿ, íàçûâàåòñÿ öåëîñòíûìêîëüöîì (èëè îáëàñòüþ öåëîñòíîñòè). Êîëüöî Z öåëûõ ÷èñåëÿâëÿåòñÿ öåëîñòíûì êîëüöîì.34



2.3. ÏîëÿÝëåìåíò a êîëüöà K ñ åäèíèöåé e íàçûâàåòñÿ îáðàòèìûìýëåìåíòîì, èëè äåëèòåëåì åäèíèöû, åñëè ñóùåñòâóåò ýëåìåíò
b ∈ K, äëÿ êîòîðîãî ab = e.Íåïóñòîå ïîäìíîæåñòâî L êîëüöà K íàçûâàåòñÿ ïîäêîëü-öîì, åñëè L ñàìî ÿâëÿåòñÿ êîëüöîì îòíîñèòåëüíî îïåðàöèé ñëî-æåíèÿ è óìíîæåíèÿ, îïðåäåëåííûõ â K.Òåîðåìà 2.7. Íåïóñòîå ïîäìíîæåñòâî L êîëüöà K ÿâëÿ-åòñÿ åãî ïîäêîëüöîì òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿ-þòñÿ ñëåäóþùèå óñëîâèÿ:

1) a+ b ∈ L äëÿ ëþáûõ a, b ∈ L;
2) −a ∈ L äëÿ ëþáîãî a ∈ L;
3) ab ∈ L äëÿ ëþáûõ a, b ∈ L.Îòìåòèì, ÷òî óñëîâèÿ 1) è 2) ìîãóò áûòü çàìåíåíû îäíèìóñëîâèåì a− b ∈ L äëÿ âñåõ a, b ∈ L.Âñÿêîå êîëüöî ñîäåðæèò íóëåâîå ïîäêîëüöî, òî åñòü ïîä-êîëüöî, ñîñòîÿùåå èç îäíîãî íóëåâîãî ýëåìåíòà 0. Ñàìî êîëüöîÿâëÿåòñÿ ñâîèì ïîäêîëüöîì.Äâà êîëüöà K1 è K2 íàçûâàþòñÿ èçîìîð�íûìè, åñëè ñó-ùåñòâóåò âçàèìíî îäíîçíà÷íîå îòîáðàæåíèå f êîëüöà K1 íàêîëüöî K2, ïðè êîòîðîì äëÿ ëþáûõ a, b ∈ K1 âûïîëíÿþòñÿðàâåíñòâà: f(a+ b) = f(a) + f(b), f(ab) = f(a)f(b).2.3. ÏîëÿÍåïóñòîå ìíîæåñòâî P ñ äâóìÿ áèíàðíûìè àëãåáðàè÷åñêè-ìè îïåðàöèÿìè (ñëîæåíèåì è óìíîæåíèåì) íàçûâàåòñÿ ïîëåì,åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:1) ìíîæåñòâî P ñ îïåðàöèåé ñëîæåíèÿ ÿâëÿåòñÿ àáåëåâîéãðóïïîé;2) ìíîæåñòâî âñåõ íåíóëåâûõ ýëåìåíòîâ P ∗ = P \ {0} ñ îïå-ðàöèåé óìíîæåíèÿ òàêæå ÿâëÿåòñÿ àáåëåâîé ãðóïïîé;3) îïåðàöèÿ ñëîæåíèÿ ñâÿçàíà ñ îïåðàöèåé óìíîæåíèÿ çàêî-íîì äèñòðèáóòèâíîñòè: a(b+ c) = ab+ac äëÿ ëþáûõ a, b, c ∈ P .Äðóãèìè ñëîâàìè, ïîëåì íàçûâàåòñÿ êîììóòàòèâíîå êîëüöîñ åäèíèöåé, â êîòîðîì êàæäûé íåíóëåâîé ýëåìåíò îáðàòèì. Íó-ëåâîé è åäèíè÷íûé ýëåìåíòû ïîëÿ ïðèíÿòî îáîçíà÷àòü ÷åðåç 0è 1 ñîîòâåòñòâåííî. 35



2. ��ÓÏÏÛ, ÊÎËÜÖÀ, ÏÎËßÏîñêîëüêó ìíîæåñòâî P ∗ = P \ {0} âñåõ íåíóëåâûõ ýëåìåí-òîâ ïîëÿ ñ îïåðàöèåé óìíîæåíèÿ ÿâëÿåòñÿ àáåëåâîé ãðóïïîé,òî ëþáîå ïîëå P ñîäåðæèò íå ìåíåå äâóõ ýëåìåíòîâ, îíî âñåãäàñîäåðæèò ýëåìåíòû 0 è 1, ïðè÷åì â ëþáîì ïîëå 0 6= 1. Ïî-ëå íå ìîæåò ñîäåðæàòü äåëèòåëåé íóëÿ, ïîýòîìó êàæäîå ïîëåÿâëÿåòñÿ îáëàñòüþ öåëîñòíîñòè.Ïóñòü P � íåêîòîðîå ïîëå, 0, 1 � íóëåâîé è åäèíè÷íûéýëåìåíòû ïîëÿ P . Ïðè n ∈ N çàïèñü n1 îçíà÷àåò ñóììó
1 + . . . + 1
︸ ︷︷ ︸

n ðàç .Âîçìîæíû äâå ñèòóàöèè.Äëÿ ëþáîãî íàòóðàëüíîãî n âñåãäà n1 6= 0. Â ýòîì ñëó÷àåãîâîðÿò, ÷òî ïîëå P èìååò õàðàêòåðèñòèêó íóëü.Äëÿ íåêîòîðîãî íàòóðàëüíîãî n âûïîëíÿåòñÿ ðàâåíñòâî
n1 = 0. Íàèìåíüøåå n ñ ýòèì ñâîéñòâîì íàçûâàþò õàðàêòå-ðèñòèêîé ïîëÿ P .×åðåç charP îáîçíà÷àþò õàðàêòåðèñòèêó ïîëÿ P .Ëåììà 2.8. 1. Åñëè charP = 0, òî na 6= 0 äëÿ ëþáûõ a ∈
∈ P ∗, n ∈ N.

2. Åñëè charP = p 6= 0, òî p � ïðîñòîå ÷èñëî, è pa = 0 äëÿâñåõ a ∈ P .Íåïóñòîå ïîäìíîæåñòâî A ïîëÿ P íàçûâàåòñÿ ïîäïîëåì, åñ-ëè A ñàìî ÿâëÿåòñÿ ïîëåì îòíîñèòåëüíî îïåðàöèé ñëîæåíèÿ èóìíîæåíèÿ, îïðåäåëåííûõ â P .Î÷åâèäíî, ÷òî Q è R � áåñêîíå÷íûå ïîëÿ õàðàêòåðèñòèêèíóëü, ïðè÷åì Q � ïîäïîëå ïîëÿ R.Äâà ïîëÿ P1 è P2 íàçûâàþòñÿ èçîìîð�íûìè, åñëè ñóùåñòâó-åò òàêîå âçàèìíî îäíîçíà÷íîå îòîáðàæåíèå f ïîëÿ P1 íà ïîëå
P2, ïðè êîòîðîì äëÿ ëþáûõ a, b ∈ P1 âûïîëíÿþòñÿ ðàâåíñòâà:

f(a+ b) = f(a) + f(b), f(ab) = f(a)f(b).Èçîìîð�èçì ïîëÿ P íà ïîëå P íàçûâàåòñÿ àâòîìîð�èçìîì.Ïðèìåð 2.6. Áóäåò ëè ìíîæåñòâî
Q(

√
2) = {a+ b

√
2 | a, b ∈ Q}ñ îáû÷íûìè îïåðàöèÿìè ñëîæåíèÿ è óìíîæåíèÿ äåéñòâèòåëü-íûõ ÷èñåë êîëüöîì, ïîëåì?

� Ïîêàæåì ïðåæäå âñåãî, ÷òî íà ìíîæåñòâå Q(
√

2) ñëîæå-36



2.3. Ïîëÿíèå è óìíîæåíèå îïðåäåëåíû:
(a+ b

√
2) + (c+ d

√
2) = (a+ c) + (b+ d)

√
2 ∈ Q(

√
2),

(a+ b
√

2)(c+ d
√

2) = (ac+ 2bd) + (ad+ bc)
√

2 ∈ Q(
√

2)äëÿ ëþáûõ ÷èñåë a+ b
√

2, c+ d
√

2 ∈ Q(
√

2).Ïðîâåðèì âûïîëíåíèå óñëîâèé îïðåäåëåíèÿ êîëüöà è ïîëÿ.Àññîöèàòèâíîñòü ñëîæåíèÿ âî ìíîæåñòâå Q(
√

2) ñëåäóåò èç àñ-ñîöèàòèâíîñòè ñëîæåíèÿ âî ìíîæåñòâå R âñåõ äåéñòâèòåëüíûõ÷èñåë. Íóëåâûì ýëåìåíòîì âî ìíîæåñòâå Q(
√

2) áóäåò ÷èñëî
0 + 0

√
2 ∈ Q(

√
2). Ýëåìåíòîì, ïðîòèâîïîëîæíûì ýëåìåíòó a+

+ b
√

2, âî ìíîæåñòâå Q(
√

2) áóäåò ýëåìåíò −a − b
√

2. Êîììó-òàòèâíîñòü ñëîæåíèÿ âî ìíîæåñòâå Q(
√

2) ñëåäóåò èç êîììóòà-òèâíîñòè ñëîæåíèÿ âî ìíîæåñòâå R âñåõ äåéñòâèòåëüíûõ ÷èñåë.Àññîöèàòèâíîñòü óìíîæåíèÿ âî ìíîæåñòâå Q(
√

2) ñëåäóåò èçàññîöèàòèâíîñòè óìíîæåíèÿ âî ìíîæåñòâå R âñåõ äåéñòâèòåëü-íûõ ÷èñåë. Êîììóòàòèâíîñòü óìíîæåíèÿ è âûïîëíåíèå çàêîíîâäèñòðèáóòèâíîñòè òàêæå ñëåäóþò èç âûïîëíåíèÿ ñîîòâåòñòâó-þùèõ ñâîéñòâ âî ìíîæåñòâå R âñåõ äåéñòâèòåëüíûõ ÷èñåë. Òåìñàìûì äîêàçàíî, ÷òî ìíîæåñòâî Q(
√

2) ÿâëÿåòñÿ êîëüöîì.Åäèíè÷íûì ýëåìåíòîì âî ìíîæåñòâå Q(
√

2) ÿâëÿåòñÿ ÷èñëî
1 + 0

√
2, ïîñêîëüêó (a + b

√
2)(1 + 0

√
2) = a + b

√
2 äëÿ ëþáî-ãî ýëåìåíòà a + b

√
2 ∈ Q(

√
2). Ïóñòü a + b

√
2 ∈ Q(

√
2)∗. Ýòîîçíà÷àåò, ÷òî a2 + b2 6= 0, òî åñòü a è b îäíîâðåìåííî íå ðàâ-íû íóëþ. Ïóñòü x + y

√
2 ÿâëÿåòñÿ ýëåìåíòîì, îáðàòíûì äëÿ

a+ b
√

2. Òîãäà (a+ b
√

2)(x+ y
√

2) = 1 + 0
√

2, îòêóäà
x+ y

√
2 =

1

a+ b
√

2
=

a− b
√

2

(a+ b
√

2)(a− b
√

2)
=
a− b

√
2

a2 − 2b2
=

=
a

a2 − 2b2
+

b

2b2 − a2

√
2 ∈ Q(

√
2),òàê êàê

a

a2 − 2b2
,

b

2b2 − a2
∈ Q, a2 − 2b2 6= 0.Òàêèì îáðàçîì, êàæäûé íåíóëåâîé ýëåìåíò a + b

√
2 èìååò â

Q(
√

2) îáðàòíûé ýëåìåíò
a

a2 − 2b2
+

b

2b2 − a2

√
2. 37



2. ��ÓÏÏÛ, ÊÎËÜÖÀ, ÏÎËßÎ ò â å ò: ìíîæåñòâî Q(
√

2) ÿâëÿåòñÿ ïîëåì. ⊠2.4. Èíäèâèäóàëüíûå çàäàíèÿ1. Áóäåò ëè ìíîæåñòâî A ñ îïåðàöèåé ∗ ïîëóãðóïïîé? Ñó-ùåñòâóåò ëè çäåñü åäèíè÷íûé ýëåìåíò?
1. 1. A = N, a ∗ b = 2(a+ b), a, b ∈ N.
1. 2. A = Z, a ∗ b = a− b+ 1, a, b ∈ Z.
1. 3. A = Q, a ∗ b = 2a+ b, a, b ∈ Q.
1. 4. A = R, a ∗ b = 4ab, a, b ∈ R.
1. 5. A = N, a ∗ b = ab, a, b ∈ N.
1. 6. A = Z, a ∗ b = a+ b− 2, a, b ∈ Z.
1. 7. A = Q, a ∗ b = 3(a+ b), a, b ∈ Q.
1. 8. A = R, a ∗ b = (a+ b)/3, a, b ∈ R.
1. 9. A = N, a ∗ b =

√
ab, a, b ∈ N.

1. 10. A = Z, a ∗ b = −(a+ b), a, b ∈ Z.
1. 11. A = Q, a ∗ b = (a+ b)2, a, b ∈ Q.
1. 12. A = R, a ∗ b = −2ab, a, b ∈ R.
1. 13. A = N, a ∗ b = a2 + b2, a, b ∈ N.
1. 14. A = Z, a ∗ b = a+ b2, a, b ∈ Z.
1. 15. A = Q, a ∗ b = (ab)/2, a, b ∈ Q.2. Áóäåò ëè ìíîæåñòâîM ñ óêàçàííîé îïåðàöèåé ∗ ãðóïïîé?Îïåðàöèÿ ∗ êîììóòàòèâíà èëè íåò?
2. 1. M = Q∗, a ∗ b = 5ab, a, b ∈M .
2. 2. M = {−1, 1}, a ∗ b = ab, a, b ∈M .
2. 3. M = {2k | k ∈ Z}, a ∗ b = a+ b, a, b ∈M .
2. 4. M = {2k + 1 | k ∈ Z}, a ∗ b = ab, a, b ∈M .
2. 5. M = { m

2k−1 | m ∈ Z, k ∈ N}, a ∗ b = a+ b, a, b ∈M .
2. 6. M ={ m

2k−1 | m ∈ Z∗, k ∈ N}, a ∗ b = ab, a, b ∈M .
2. 7. M = {c+ d

√
3 | c, d ∈ Z}, a ∗ b = a+ b, a, b ∈M .

2. 8. M = Q∗, a ∗ b = 3ab, a, b ∈M .
2. 9. M ={c+ d

√
3 | c, d ∈ Q, c 6= 0}, a ∗ b = ab, a, b ∈M .

2. 10. M = Z2 = {(a, b) | a, b ∈ Z},
(a, b) ∗ (c, d) = (a+ c, b+ d), (a, b), (c, d) ∈M .

2. 11. M = {(a, b) | a ∈ R∗, b ∈ R},38



2.4. Èíäèâèäóàëüíûå çàäàíèÿ
(a, b) ∗ (c, d) = (ac, bd), (a, b), (c, d) ∈M .

2. 12. M = Q∗, a ∗ b = −2ab, a, b ∈M .
2. 13. M = {3k | k ∈ Z}, a ∗ b = a+ b, a, b ∈M .
2. 14. M = {c− d

√
2 | c, d ∈ Z}, a ∗ b = a+ b, a, b ∈M .

2. 15. M = {c− d
√

2 | c ∈ Q∗, d ∈ Q},
a ∗ b = ab, a, b ∈M.3. ßâëÿåòñÿ ëè ñëåäóþùåå ìíîæåñòâî àääèòèâíîé èëè ìóëü-òèïëèêàòèâíîé ãðóïïîé?

3. 1. M = { a
2k−1 | a ∈ Z, k ∈ N}.

3. 2. M = {a+ b
√

2 | a, b ∈ Q}.
3. 3. M = {a+ b

√
3 | a ∈ Q∗, b ∈ Q}.

3. 4. M = { a
3k−1 | a ∈ Z, k ∈ N}.

3. 5. M = {2k − 1 | k ∈ Z}.
3. 6. M = {2k | k ∈ Z}.
3. 7. M = { a

2k−1 | a ∈ Z∗, k ∈ N}.
3. 8. M = {a− b

√
3 | a, b ∈ Z}.

3. 9. M = {− a
3k−1 | a ∈ Z∗, k ∈ N}.

3. 10. M = {−a+ b
√

2 | a, b ∈ Z}.
3. 11. M = {2k + 1 | k ∈ Z}.
3. 12. M = {3k | k ∈ Z}.
3. 13. M = {−a+ b

√
3 | a ∈ Q∗, b ∈ Q}.

3. 14. M = {2k + 1 | k ∈ R\{−1/2}}.
3. 15. M = {2k − 1 | k ∈ R\{1/2}}.4. Áóäåò ëè ìíîæåñòâî K ñ óêàçàííûìè îïåðàöèÿìè ñëîæå-íèÿ è óìíîæåíèÿ êîëüöîì?
4. 1. K = {a + b

√
5 | a, b ∈ Q}, ñëîæåíèå è óìíîæåíèå äåé-ñòâèòåëüíûõ ÷èñåë.

4. 2. K = {(a, b) | a, b ∈ R},
(a, b) + (c, d) = (a+ c, b+ d), (a, b)(c, d) = (ac, bd).

4. 3. K = { a
2k−1 | a ∈ Z, k ∈ N}, ñëîæåíèå è óìíîæåíèåäåéñòâèòåëüíûõ ÷èñåë.

4. 4. K = R, ñëîæåíèå äåéñòâèòåëüíûõ ÷èñåë, óìíîæåíèå:
a ∗ b = 2ab.

4. 5. K = {a + b
√

3 | a, b ∈ Q}, ñëîæåíèå è óìíîæåíèå äåé-ñòâèòåëüíûõ ÷èñåë. 39



2. ��ÓÏÏÛ, ÊÎËÜÖÀ, ÏÎËß
4. 6. K = {a − b

√
2 | a, b ∈ Q}, ñëîæåíèå è óìíîæåíèå äåé-ñòâèòåëüíûõ ÷èñåë.

4. 7. K = {(a, b) | a, b ∈ Q},
(a, b) + (c, d) = (a, d), (a, b)(c, d) = (ac, bd).

4. 8. K = { a
3k−1 | a ∈ Z, k ∈ N}, ñëîæåíèå è óìíîæåíèåäåéñòâèòåëüíûõ ÷èñåë.

4. 9. K = {(a, 0) | a ∈ R},
(a, 0) + (b, 0) = (a+ b, 0), (a, 0)(b, 0) = (ab, 0).

4. 10. K = {− a
4k−1 | a ∈ Z, k ∈ N}, ñëîæåíèå è óìíîæåíèåäåéñòâèòåëüíûõ ÷èñåë.

4. 11. K = {a − b
√

3 | a, b ∈ Q}, ñëîæåíèå è óìíîæåíèåäåéñòâèòåëüíûõ ÷èñåë.
4. 12. K = {a − b

√
5 | a, b ∈ Q}, ñëîæåíèå è óìíîæåíèåäåéñòâèòåëüíûõ ÷èñåë.

4. 13. K = {(0, b) | b ∈ R},
(0, a) + (0, b) = (0, a + b), (0, a)(0, b) = (0, ab).

4. 14. K = { a
5k−1 | a ∈ Z, k ∈ N}, ñëîæåíèå è óìíîæåíèåäåéñòâèòåëüíûõ ÷èñåë.

4. 15. K = {− a
2k−1 | a ∈ Z, k ∈ N}, ñëîæåíèå è óìíîæåíèåäåéñòâèòåëüíûõ ÷èñåë.5. ßâëÿåòñÿ ëè ìíîæåñòâî P ñ óêàçàííûìè îïåðàöèÿìè ïî-ëåì?

5. 1. P = {(a, b) | a, b ∈ R},
(a, b) + (c, d) = (a+ c, b+ d), (a, b)(c, d) = (ac, bd).

5. 2. P = { a
2k−1 | a ∈ Z, k ∈ N}, ñëîæåíèå è óìíîæåíèåäåéñòâèòåëüíûõ ÷èñåë.

5. 3. P = R, ñëîæåíèå äåéñòâèòåëüíûõ ÷èñåë, óìíîæåíèå:
a ∗ b = 2ab.

5. 4. P = {a + b
√

5 | a, b ∈ Q}, ñëîæåíèå è óìíîæåíèå äåé-ñòâèòåëüíûõ ÷èñåë.
5. 5. P = {(a, 0) | a ∈ R},

(a, 0) + (b, 0) = (a+ b, 0), (a, 0)(b, 0) = (ab, 0).

5. 6. P = {(0, b) | b ∈ R},
(0, a) + (0, b) = (0, a + b), (0, a)(0, b) = (0, ab).

5. 7. P = Q, ñëîæåíèå ðàöèîíàëüíûõ ÷èñåë, óìíîæåíèå:
a ∗ b = −3ab.40



2.5. Äîïîëíèòåëüíûå çàäà÷è
5. 8. P = {a + b

√
2 | a, b ∈ Q}, ñëîæåíèå è óìíîæåíèå äåé-ñòâèòåëüíûõ ÷èñåë.

5. 9. P = { a
4k−1 | a ∈ Z, k ∈ N}, ñëîæåíèå è óìíîæåíèåäåéñòâèòåëüíûõ ÷èñåë.

5. 10. P = {a + b
√

3 | a, b ∈ Q}, ñëîæåíèå è óìíîæåíèå äåé-ñòâèòåëüíûõ ÷èñåë.
5. 11. P = { a

3k−1 | a ∈ Z, k ∈ N}, ñëîæåíèå è óìíîæåíèåäåéñòâèòåëüíûõ ÷èñåë.
5. 12. P = { a

5k−1 | a ∈ Z, k ∈ N}, ñëîæåíèå è óìíîæåíèåäåéñòâèòåëüíûõ ÷èñåë.
5. 13. P = {− a

2k−1 | a ∈ Z, k ∈ N}, ñëîæåíèå è óìíîæåíèåäåéñòâèòåëüíûõ ÷èñåë.
5. 14. P = {(a, b) | a, b ∈ R},

(a, b) + (c, d) = (a, d), (a, b)(c, d) = (ac, bd).

5. 15. P = {a − b
√

3 | a, b ∈ Q}, ñëîæåíèå è óìíîæåíèå äåé-ñòâèòåëüíûõ ÷èñåë.2.5. Äîïîëíèòåëüíûå çàäà÷è1. Ïðèâåäèòå ïðèìåð ìóëüòèïëèêàòèâíîé ïîëóãðóïïû áåçåäèíè÷íîãî ýëåìåíòà.2. Íà ìíîæåñòâå N ââåäåì îïåðàöèè ◦, ⋄ ñëåäóþùèìè ðà-âåíñòâàìè: x ◦ y = ÍÎÄ(x, y), x ⋄ y = ÍÎÄ(x, y). Çäåñü ÍÎÄ èÍÎÊ � íàèáîëüøèé îáùèé äåëèòåëü è íàèìåíüøåå îáùåå êðàò-íîå. Êàêèìè ñâîéñòâàìè îáëàäàþò îïåðàöèè ◦ è ⋄? ßâëÿþòñÿëè (N, ◦), (N, ⋄) (èçîìîð�íûìè) ïîëóãðóïïàìè?3. Ïóñòü R � íåïóñòîå ìíîæåñòâî äåéñòâèòåëüíûõ ÷èñåë.Ââåäåì íà R îïåðàöèè, ïîëàãàÿ
x ∧ y = min{x, y}, x ∨ y = max{x, y}.Êàêèìè ñâîéñòâàìè îáëàäàþò îïåðàöèè ∧ è ∨? ßâëÿþòñÿ ëè

(N,∧), (N,∨) (èçîìîð�íûìè) ïîëóãðóïïàìè? �àññìîòðèòå îò-äåëüíî êàæäóþ ñèòóàöèþ, êîãäà R ∈ {N, Z, Q, R}.4. Äîêàæèòå, ÷òî ñ îïåðàöèåé óìíîæåíèÿ îòîáðàæåíèéãðóïïàìè ÿâëÿþòñÿ ñëåäóþùèå ìíîæåñòâà �óíêöèé.
4. 1. A =

{
f1(x) = x, f2(x) = 1

1−x , f3(x) = x−1
x

},
x ∈ R \ {0, 1}.

4. 2. B =
{
f1(x) = x, f2(x) = x−1

x+1 , f3(x) = − 1
x , 41



2. ��ÓÏÏÛ, ÊÎËÜÖÀ, ÏÎËß
f4(x) = −x+1

x−1

}
, x ∈ R\{−1, 0, 1}.

4. 3. C =
{
x, 1 − x, 1

x ,
1

1−x , − x
1−x , −1−x

x

}
, x ∈ R\{0, 1}.5. Áóäåò ëè ïîäãðóïïîé â ãðóïïå à��èííûõ ïðåîáðàçîâà-íèé ïðÿìîé ìíîæåñòâî �óíêöèé âèäà f(x) = x+ a?6. Ìíîæåñòâî A ñîñòîèò èç ÷åòûðåõ êîìàíä: ñìèðíî, íàëå-âî, íàïðàâî, êðóãîì. Îïåðàöèÿ óìíîæåíèÿ ýòèõ êîìàíä � èõïîñëåäîâàòåëüíîå âûïîëíåíèå. Áóäåò ëè ìíîæåñòâî A ñ ýòîéîïåðàöèåé (àáåëåâîé) ãðóïïîé? ×òî áóäåò åäèíè÷íûì ýëåìåí-òîì è îáðàòíûìè?7. Ïóñòü g2 = e äëÿ âñåõ ýëåìåíòîâ g ãðóïïû G. Çäåñü e �åäèíè÷íûé ýëåìåíò. Äîêàæèòå, ÷òî ãðóïïà G àáåëåâà.8. Äîêàæèòå, ÷òî ÷åòûðå ïåðåñòàíîâêè ε, (12)(34), (13)(24),

(14)(23) îáðàçóþò àáåëåâó ïîäãðóïïó â ãðóïïå S4. Áóäåò ëè ýòàïîäãðóïïà èçîìîð�íà ãðóïïå èç çàäà÷è 6?9. Äîêàæèòå, ÷òî ÷åòûðå ïåðåñòàíîâêè ε, (1234), (13)(24),
(1432) îáðàçóþò àáåëåâó ïîäãðóïïó â ãðóïïå S4. Áóäåò ëè ýòàïîäãðóïïà èçîìîð�íà ãðóïïå èç çàäà÷è 6?10. Áóäåò ëè ïîäãðóïïîé â ãðóïïå S4 ìíîæåñòâî

{ε, (13), (24), (12)(34), (13)(24), (14)(23), (1234), (1432)}?11. Ïðèâåäèòå ïðèìåð êîëüöà, êîòîðîå íå ÿâëÿåòñÿ ïîëåì.12. Ïîñòðîéòå ïîëå èç n ýëåìåíòîâ, n 6 5. Êàêîâû õàðàêòå-ðèñòèêè ýòèõ ïîëåé?13. Ïóñòü P (X) � ìíîæåñòâî âñåõ ïîäìíîæåñòâ çàäàííîãîìíîæåñòâà X. Îïðåäåëèì îïåðàöèè ñëåäóþùèì îáðàçîì:
A+B = (A ∪B)\(A ∩B), AB = A ∩B, A,B ∈ P (X).Áóäåò ëè ìíîæåñòâî P (X) êîëüöîì, ïîëåì?14. Çà�èêñèðóåì äâà äåéñòâèòåëüíûõ ÷èñëà u è v. Íà ìíî-æåñòâå R × R çàäàäèì ñëîæåíèå è óìíîæåíèå ðàâåíñòâàìè

(a1, b1) + (a2, b2) = (a1 + a2, b1 + b2),

(a1, b1)(a2, b2) = (a1a2 + ub1b2, a1b2 + a2b1 + vb1b2).Áóäåò ëè ìíîæåñòâî R×R ñ ýòèìè îïåðàöèÿìè êîëüöîì, ïîëåì?15. Áóäåò ëè êîëüöîì, ïîëåì ìíîæåñòâî òåõ ðàöèîíàëüíûõ÷èñåë, çíàìåíàòåëü êîòîðûõ � íå÷åòíîå ÷èñëî?16. Ìîæåò ëè â êîëüöå íåêîòîðîå ïîäêîëüöî áûòü ïîëåì?17. Ìîæåò ëè â ïîëå íåêîòîðîå ïîäìíîæåñòâî áûòü êîëüöîì,íî íå ïîëåì?42



2.5. Äîïîëíèòåëüíûå çàäà÷è18. Èçîìîð�íû ëè ïîëÿ Q è R?19. Ïðîâåðüòå, ÷òî Q(
√

3) = {a + b
√

3 | a, b ∈ Q} ñ îïåðà-öèÿìè ñëîæåíèÿ è óìíîæåíèÿ äåéñòâèòåëüíûõ ÷èñåë ÿâëÿåòñÿïîëåì. Äîêàæèòå, ÷òî ïîëå Q(
√

3) è ïîëå Q(
√

2), ðàññìîòðåííîåâ ïðèìåðå 2.6, íåèçîìîð�íû.20. Äîêàæèòå, ÷òî èçîìîð�íû àääèòèâíûå ãðóïïû ïîëåé
Q(

√
2) è Q(

√
3).



3. ÖÅËÛÅ ×ÈÑËÀ3.1. Äåëèìîñòü öåëûõ ÷èñåëÍàòóðàëüíûå ÷èñëà � ýòî ÷èñëà 1, 2, 3, . . . . Ìíîæåñòâî âñåõíàòóðàëüíûõ ÷èñåë îáîçíà÷àåòñÿ ÷åðåç N. Ìíîæåñòâî Z âñåõöåëûõ ÷èñåë ñîñòîèò èç ìíîæåñòâà íàòóðàëüíûõ ÷èñåë, ÷èñëàíóëü è îòðèöàòåëüíûõ ÷èñåë:
Z = {. . . ,−3,−2,−1, 0, 1, 2, . . .} = {0,±1,±2, . . .}.Ñóììà a+ b, ðàçíîñòü a− b è ïðîèçâåäåíèå ab öåëûõ ÷èñåë

a è b òàêæå ÿâëÿþòñÿ öåëûìè ÷èñëàìè.Ëåììà 3.1. Ñëîæåíèå è óìíîæåíèå öåëûõ ÷èñåë îáëàäà-þò ñëåäóþùèìè ñâîéñòâàìè:
1) ñëîæåíèå è óìíîæåíèå àññîöèàòèâíî, òî åñòü
(a+ b) + c = a+ (b+ c), (ab)c = a(bc) äëÿ âñåõ a, b, c ∈ Z;

2) ñëîæåíèå è óìíîæåíèå êîììóòàòèâíû, òî åñòü
a+ b = b+ a, ab = ba äëÿ âñåõ a, b ∈ Z;

3) ñëîæåíèå è óìíîæåíèå äèñòðèáóòèâíî, òî åñòü
a(b+ c) = ab+ ac äëÿ âñåõ a, b, c ∈ Z;

4) a+ 0 = a, a0 = 0 è a1 = a äëÿ âñåõ a ∈ Z;
5) a + (−a) = 0, ÷èñëî −a íàçûâàþò ïðîòèâîïîëîæíûì÷èñëó a;
6) óðàâíåíèå a + x = c èìååò åäèíñòâåííîå ðåøåíèå x =

= c− a;
7) åñëè ab = ac è a 6= 0, òî b = c.Â ÷àñòíîñòè, ìíîæåñòâî Z ÿâëÿåòñÿ êîììóòàòèâíûìêîëüöîì ñ åäèíèöåé.Ìíîæåñòâî N íàòóðàëüíûõ ÷èñåë ÿâëÿåòñÿ ïîäìíîæåñòâîììíîæåñòâà Z öåëûõ ÷èñåë. Ñóììà è ïðîèçâåäåíèå íàòóðàëüíûõ÷èñåë âñåãäà íàòóðàëüíîå ÷èñëî, òî åñòü a+ b ∈ N è ab ∈ N äëÿâñåõ a, b ∈ N. Îäíàêî N íå ñîäåðæèò 0 è íå ÿâëÿåòñÿ êîëüöîì.Åñëè a, b ∈ Z è a − b ∈ N, òî ñ÷èòàþò, ÷òî b ìåíüøå a èïèøóò b < a. Âìåñòî b < a ìîæíî òàêæå ïèñàòü a > b, òî åñòü

a áîëüøå b. Åñëè a < b èëè a = b, òî ïèøóò a 6 b. Àíàëîãè÷íî,åñëè a > b èëè a = b, òî ïèøóò a > b.44



3.1. Äåëèìîñòü öåëûõ ÷èñåëËåììà 3.2. Îòíîøåíèå < îáëàäàåò ñëåäóþùèìè ñâîé-ñòâàìè:
1) äëÿ ëþáûõ a, b ∈ Z ëèáî a < b, ëèáî a = b, ëèáî b < a;
2) îòíîøåíèå < òðàíçèòèâíî, òî åñòü åñëè a < b è b < c,òî a < c;
3) åñëè a < b, òî a+ c < b+ c;
4) åñëè a < b è 0 < c, òî ac < bc;
5) åñëè a < b è c < 0, òî bc < ac.Ìîäóëü (èëè àáñîëþòíàÿ âåëè÷èíà) öåëîãî ÷èñëà a îïðåäå-ëÿåòñÿ òàê:

|a| =

{

a, åñëè a > 0,
−a, åñëè a < 0.Ëåììà 3.3. Ïóñòü a, b è c � öåëûå ÷èñëà. Òîãäà:

1) −|a| 6 a 6 |a|;
2) |a+ b| 6 |a| + |b|;
3) |ab| = |a||b|;
4) åñëè 0 6 b < a è 0 6 c < a, òî 0 6 |b− c| < a;
5) åñëè a 6= 0 6= b, òî |a| 6 |ab|.�îâîðÿò, ÷òî öåëîå ÷èñëî b äåëèò öåëîå ÷èñëî a, åñëè ñóùå-ñòâóåò öåëîå ÷èñëî q, òàêîå, ÷òî a = bq. Â ýòîì ñëó÷àå ãîâîðÿòòàêæå, ÷òî a äåëèòñÿ íà b. ×èñëî b íàçûâàþò äåëèòåëåì ÷èñëà

a, ÷èñëî a � êðàòíûì ÷èñëó b, ÷èñëî q � ÷àñòíûì. Çàïèñü b|aîçíà÷àåò, ÷òî b äåëèò a, à çàïèñü a ... b � ÷èñëî a äåëèòñÿ íà b.Ïóñòü b = 0. Åñëè a 6= 0, òî íå ñóùåñòâóåò òàêîãî öåëîãî÷èñëà q, ÷òî a = bq, ïîýòîìó íè îäíî öåëîå ÷èñëî a 6= 0 íåäåëèòñÿ íà íóëü. Ñ äðóãîé ñòîðîíû, ïðè a = 0 äëÿ ëþáîãî q ∈
∈ Z èìååì 0q = 0, òî åñòü ÷àñòíîå â ýòîì ñëó÷àå íå îïðåäåëåíîîäíîçíà÷íî.Ëåììà 3.4. Äëÿ ëþáûõ öåëûõ ÷èñåë a, b è c ñïðàâåäëèâûñëåäóþùèå óòâåðæäåíèÿ:

1) a|a;
2) åñëè a|b, b|c, òî a|c;
3) åñëè a|b, òî ±a| ± b;
4) åñëè a|b è a|c, òî a|(bu+ cv) äëÿ ëþáûõ u, v ∈ Z;
5) åñëè a|b, òî a|bc;
6) ëþáîå öåëîå ÷èñëî äåëèò íóëü; 45



3. ÖÅËÛÅ ×ÈÑËÀ
7) åäèíèöà 1 äåëèò ëþáîå öåëîå ÷èñëî;
8) åñëè a|b è b 6= 0, òî |a| 6 |b|;
9) åñëè ab = 1, òî ëèáî a = b = 1, ëèáî a = b = −1.�àçäåëèòü öåëîå ÷èñëî a íà öåëîå ÷èñëî b 6= 0 
 îñòàòêîì �ýòî çíà÷èò íàéòè äâà òàêèõ öåëûõ ÷èñëà q è r, ÷òîáû âûïîë-íÿëèñü ñëåäóþùèå óñëîâèÿ: a = bq + r, 0 6 r < |b|. ×èñëî qíàçûâàåòñÿ íåïîëíûì ÷àñòíûì, à r � îñòàòêîì îò äåëåíèÿ aíà b. Î÷åâèäíî, r = 0 òîãäà è òîëüêî òîãäà, êîãäà b|a.Òåîðåìà 3.5 (î äåëåíèè ñ îñòàòêîì). Äëÿ ëþáîãî öåëîãî÷èñëà a è ëþáîãî öåëîãî ÷èñëà b 6= 0 ñóùåñòâóþò è åäèíñòâåí-íû òàêèå ÷èñëà q è r, ÷òî a = bq + r, ãäå 0 6 r < |b|.Ïðèìåð 3.1. �àçäåëèòü ±257 íà ±23.
� Òàê êàê 253 = 23 · 11 < 257 < 23 · 12 = 276, òî 257 =

= 23 · 11 + 4. Çäåñü 11 � íåïîëíîå ÷àñòíîå, 4 � îñòàòîê.�àçäåëèì −257 íà 23. Äëÿ ýòîãî íàéäåì öåëîå q, òàêîå, ÷òî
23q 6 −257 < 23(q + 1). Òàê êàê 23(−12) = −276 < −257 <
< 23(−11), òî −257 = 23(−12) + 19.Äåëèì íà −23. Áåðåì 257 = 23 · 11 + 4 è çàïèñûâàåì â âèäå
257 = (−23)(−11) + 4. Äëÿ äåëåíèÿ −257 íà −23 áåðåì −257 =
= 23(−12) + 19 è çàïèñûâàåì â âèäå −257 = (−23)12 + 19.Î ò â å ò: 257 = 23 · 11 + 4, 257 = (−23)(−11) + 4,

−257 = 23(−12) + 19, −257 = (−23)12 + 19. ⊠Ïðèìåð 3.2. Äîêàæèòå, ÷òî äëÿ ëþáîãî íàòóðàëüíîãî ÷èñ-ëà n öåëîå ÷èñëî a = −n3 − 17n + 12 äåëèòñÿ íà 6.
� Âîñïîëüçóåìñÿ ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè. Ïðè

n = 1 ÷èñëî a = −6 äåëèòñÿ íà 6 è óòâåðæäåíèå âåðíî. Ïðåäïî-ëîæèì, ÷òî óòâåðæäåíèå âåðíî äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà
n 6 k. Äîêàæåì ñïðàâåäëèâîñòü óòâåðæäåíèÿ ïðè n = k + 1.×èñëî a = −(k + 1)3 − 17(k + 1) + 12 = −(k3 + 3k2 + 3k +
+ 1) − 17k − 17 + 12 = (−k3 − 17k + 12) − 3k2 − 3k − 1 − 17 =
= (−k3−17k+12)−3k(k+1)−18. Ïî ïðåäïîëîæåíèþ èíäóêöèè
(−k3 − 17k+ 12) äåëèòñÿ íà 6. Îäíî èç äâóõ ïîñëåäîâàòåëüíûõíàòóðàëüíûõ ÷èñåë k, k+1 ÷åòíî, è ïîýòîìó ñëàãàåìîå 3k(k+1)äåëèòñÿ íà 6. Òàê êàê êàæäîå ñëàãàåìîå â âûðàæåíèè (−k3 −
−17k+12)−3k(k+1)−18 äåëèòñÿ íà 6, òî è âñÿ ñóììà, êîòîðàÿÿâëÿåòñÿ ÷èñëîì a, äåëèòñÿ íà 6. Ñîãëàñíî ïðèíöèïó ìàòåìà-òè÷åñêîé èíäóêöèè, ÷èñëî a = −n3 − 17n+12 äåëèòñÿ íà 6 äëÿ46



3.2. Àëãîðèòì Åâêëèäàëþáîãî íàòóðàëüíîãî ÷èñëà n. ⊠3.2. Íàèáîëüøèé îáùèé äåëèòåëü. ÀëãîðèòìÅâêëèäàÂñÿêîå öåëîå ÷èñëî, êîòîðîå äåëèò öåëûå ÷èñëà a è b, íà-çûâàåòñÿ èõ îáùèì äåëèòåëåì. Íàèáîëüøåå ÷èñëî ñðåäè âñåõîáùèõ äåëèòåëåé ÷èñåë a è b íàçûâàåòñÿ íàèáîëüøèì îáùèìäåëèòåëåì öåëûõ ÷èñåë a è b è îáîçíà÷àåòñÿ ÷åðåç ÍÎÄ(a, b)èëè (a, b).Ëþáîå öåëîå ÷èñëî, îòëè÷íîå îò íóëÿ, ÿâëÿåòñÿ äåëèòåëåìíóëÿ. Ïîýòîìó îáùèå äåëèòåëè ïàðû ÷èñåë 0 è 0 èñ÷åðïûâàþòâñå ìíîæåñòâî Z∗ = Z\{0} öåëûõ ÷èñåë áåç íóëÿ. Íàèáîëüøåãî÷èñëà âî ìíîæåñòâå Z∗ íåò.Åñëè a 6= 0, òî äëÿ ëþáîãî öåëîãî ÷èñëà b ñîâîêóïíîñòü îá-ùèõ äåëèòåëåé ÷èñåë a è b áóäåò ïîäìíîæåñòâîì ìíîæåñòâàâñåõ äåëèòåëåé ÷èñëà a. Ïî ï. 8 ëåììû 3.4 ìíîæåñòâî âñåõ äå-ëèòåëåé ÷èñëà a êîíå÷íî, â íåì ìîæíî âûáðàòü íàèáîëüøåå÷èñëî, è ýòî ÷èñëî åäèíñòâåííî. Ïîýòîìó íàèáîëüøèé îáùèéäåëèòåëü ëþáûõ äâóõ öåëûõ ÷èñåë a è b, îäíî èç êîòîðûõ îò-ëè÷íî îò íóëÿ, ñóùåñòâóåò è åäèíñòâåíåí. ßñíî, ÷òî ÍÎÄ ÿâ-ëÿåòñÿ íàòóðàëüíûì ÷èñëîì.Ëåììà 3.6. Ïóñòü a è b � öåëûå ÷èñëà, îäíî èç êîòîðûõîòëè÷íî îò íóëÿ. Òîãäà:
1) ÍÎÄ(a, b) = ÍÎÄ(±a,±b) = ÍÎÄ(|a|, |b|);
2) åñëè a|b, òî ÍÎÄ(a, b) = |a|;
3) åñëè d � íàòóðàëüíîå ÷èñëî, ÿâëÿþùååñÿ îáùèì äåëè-òåëåì a è b, è êàæäûé îáùèé äåëèòåëü a è b äåëèò d, òî

d = ÍÎÄ(a, b).Òåîðåìà 3.7. Ïóñòü a è b � öåëûå ÷èñëà, îäíî èç êîòîðûõîòëè÷íî îò íóëÿ. Òîãäà:
1) ñóùåñòâóþò öåëûå ÷èñëà u è v òàêèå, ÷òî ÍÎÄ(a, b) =

= au+ bv;
2) åñëè d = ÍÎÄ(a, b) è c � îáùèé äåëèòåëü ÷èñåë a è b,òî c|d.Ëåììà 3.6 è òåîðåìà 3.7 ïîçâîëÿþò äàòü ñëåäóþùåå îïðå-äåëåíèå ÍÎÄ, ýêâèâàëåíòíîå íà÷àëüíîìó. Íàèáîëüøèì îáùèì47



3. ÖÅËÛÅ ×ÈÑËÀäåëèòåëåì öåëûõ ÷èñåë a è b, îäíî èç êîòîðûõ îòëè÷íî îò íóëÿ,íàçûâàåòñÿ íàòóðàëüíîå ÷èñëî d, îáëàäàþùåå äâóìÿ ñâîéñòâà-ìè: d äåëèò a è d äåëèò b; åñëè öåëîå ÷èñëî c äåëèò a è äåëèò
b, òî c äåëèò d.Ëåììà 3.8. Åñëè a = bq+ r, ãäå a, b è r îòëè÷íû îò íóëÿ,òî ÍÎÄ(a, b) = ÍÎÄ(b, r).Äëÿ íàõîæäåíèÿ ÍÎÄ(a, b) èñïîëüçóåòñÿ àëãîðèòì Åâêëè-äà, êîòîðûé îñíîâàí íà ìíîãîêðàòíîì ïðèìåíåíèè òåîðåìû îäåëåíèè ñ îñòàòêîì. Ïóñòü a, b ∈ Z, a 6= 0 6= b. Åñëè b|a, òîÍÎÄ(a, b) = |b|. Ïóñòü b íå äåëèò a. Òîãäà ìîæíî íàïèñàòüöåïî÷êó ðàâåíñòâ






a = bq1 + r1, 0 < r1 < |b|,
b = r1q2 + r2, 0 < r2 < r1,

r1 = r2q3 + r3, 0 < r3 < r2,

. . . . . . (3.1)

rn−3 = rn−2qn−1 + rn−1, 0 < rn−1 < rn−2,

rn−2 = rn−1qn + rn, 0 < rn < rn−1,

rn−1 = rnqn+1.Êàæäîå èç ðàâåíñòâ (3.1) îñíîâàíî íà òåîðåìå î äåëåíèè ñîñòàòêîì. Ïîñêîëüêó îñòàòêè
|b| > r1 > r2 > . . . > rn−1 > rn > 0ñòðîãî óáûâàþò è íåîòðèöàòåëüíû, òî ÷åðåç êîíå÷íîå ÷èñ-ëî øàãîâ äîëæåí ïîÿâèòñÿ îñòàòîê, ðàâíûé íóëþ, òî åñòü íàêàêîì-òî ýòàïå äåëåíèå ïðîèçîéäåò áåç îñòàòêà. Â ðàâåíñòâàõ

(3.1) äåëåíèå áåç îñòàòêà çàïèñàíî â ïîñëåäíåé ñòðîêå.Àëãîðèòì Åâêëèäà äëÿ íåíóëåâûõ ÷èñåë a è b ñîñòîèò âíàõîæäåíèè ðàâåíñòâ (3.1) äëÿ ýòèõ ÷èñåë.Òåîðåìà 3.9. Ïóñòü a, b � öåëûå ÷èñëà, îòëè÷íûå îò íó-ëÿ, b íå äåëèò a. Òîãäà ÍÎÄ(a, b) ðàâåí ïîñëåäíåìó îòëè÷íîìóîò íóëÿ îñòàòêó â àëãîðèòìå Åâêëèäà äëÿ ýòèõ ÷èñåë.Ïðèìåð 3.3. Âû÷èñëèòå ÍÎÄ(96, 165) è ÍÎÄ(2585, 7975).Âûðàçèòå ÍÎÄ ÷åðåç èñõîäíûå ÷èñëà.
� Ñîñòàâèì àëãîðèòì Åâêëèäà äëÿ ÷èñåë 165 è 96, ïîñëå-äîâàòåëüíî âûïîëíÿÿ äåëåíèå ñ îñòàòêîì: 165 = 96 · 1 + 69,48



3.2. Àëãîðèòì Åâêëèäà
96 = 69 · 1 + 27, 69 = 27 · 2 + 15, 27 = 15 · 1 + 12, 15 = 12 · 1 + 3,
12 = 3 · 4. Ïîñëåäíèé îòëè÷íûé îò íóëÿ îñòàòîê â àëãîðèòìåÅâêëèäà ÿâëÿåòñÿ íàèáîëüøèì îáùèì äåëèòåëåì ÷èñåë 165 è
96, òî åñòü ÍÎÄ(96, 165) = 3.×òîáû âûðàçèòü ÍÎÄ(96, 165) ÷åðåç èñõîäíûå ÷èñëà 96 è
165, áóäåì äâèãàòüñÿ â àëãîðèòìå Åâêëèäà ñíèçó ââåðõ, ïîñëå-äîâàòåëüíî âûðàæàÿ îñòàòêè: ÍÎÄ(96, 165) = 3 = 15 − 12 =
= 15 − (27 − 15) = 2 · 15 − 27 = 2(69 − 27 · 2) − 27 = 2 · 69 −
− 5 · 27 = 2 · 69 − 5(96 − 69) = 7 · 69 − 5 · 96 = 7(165 − 96) −
− 5 · 96 = 7 · 165 − 12 · 96. Ïîýòîìó 3 = 96(−12) + 7 · 165.Ïðîèçâîäÿ äåëåíèå äëÿ ÷èñåë 2585 è 7975, ïîëó÷àåì ðàâåí-ñòâà: 7975 = 2585 · 3 + 220, 2585 = 220 · 11 + 165, 220 = 165 · 1 +
+ 55, 165 = 55 · 3. Ïîñëåäíèé îòëè÷íûé îò íóëÿ îñòàòîê ðàâåí
55, ýòî è åñòü íàèáîëüøèé îáùèé äåëèòåëü ÷èñåë 2585 è 7975.Òàê êàê 55 = 220 − 165 = 220 − (2585 − 220 · 11) = 220 · 12 −
− 2585 = (7975 − 2585 · 3)12 − 2585 = 2585(−37) + 7975 · 12, òî
55 = 2585(−37) + 7975 · 12.Î ò â å ò: ÍÎÄ(96, 165) = 3 = 96(−12) + 7 · 165.ÍÎÄ(2585, 7975) = 55 = 2585(−37) + 7975 · 12. ⊠Äâà íåíóëåâûõ öåëûõ ÷èñëà íàçûâàþòñÿ âçàèìíî ïðîñòû-ìè, åñëè èõ íàèáîëüøèé îáùèé äåëèòåëü ðàâåí 1.Òåîðåìà 3.10. Öåëûå ÷èñëà a è b, îòëè÷íûå îò íóëÿ, âçà-èìíî ïðîñòû òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóþò òàêèåöåëûå ÷èñëà u è v, ÷òî 1 = au+ bv.Ëåììà 3.11. Ïóñòü a, b è c � öåëûå ÷èñëà. Òîãäà:

1) åñëè ÍÎÄ(a, b) = 1 è ÍÎÄ(a, c) = 1, òî ÍÎÄ(a, bc) = 1;
2) åñëè a|bc, ïðè÷åì ÍÎÄ(a, b) = 1, òî a|c;
3) åñëè a|c, b|c è ÍÎÄ(a, b) = 1, òî ab|c;
4) åñëè ÍÎÄ(a, b) = c, òî ÍÎÄ(a/c, b/c) = 1.Åñëè ÷èñëî c äåëèòñÿ íà ÷èñëà a è b, òî c íàçûâàþò îáùèìêðàòíûì a, b. Íàèìåíüøåå ñðåäè íàòóðàëüíûõ îáùèõ êðàòíûõ

a, b íàçûâàþò íàèìåíüøèì îáùèì êðàòíûì ÷èñåë a è b è îáî-çíà÷àþò ÷åðåç ÍÎÊ(a, b) èëè ÷åðåç [a, b].Òåîðåìà 3.12. Ïóñòü a è b � öåëûå ÷èñëà, îòëè÷íûå îòíóëÿ. Òîãäà:
1) ÍÎÊ(a, b) ñóùåñòâóåò è åäèíñòâåííî;
2) ÍÎÊ(a, b) äåëèò ëþáîå îáùåå êðàòíîå a è b; 49



3. ÖÅËÛÅ ×ÈÑËÀ
3) |ab| = ÍÎÊ(a, b) ·ÍÎÄ(a, b).Ëåììà 3.13. Åñëè h � íàòóðàëüíîå ÷èñëî, ÿâëÿþùååñÿîáùèì êðàòíûì ÷èñåë a è b, è êàæäîå îáùåå êðàòíîå a è bäåëèòñÿ íà h, òî h = HOK(a, b).Òåîðåìà 3.12 è ëåììà 3.13 ïîçâîëÿþò äàòü ñëåäóþùåå îïðå-äåëåíèå ÍÎÊ, ýêâèâàëåíòíîå èñõîäíîìó. Íàèìåíüøèì îáùèìêðàòíûì öåëûõ ÷èñåë a è b íàçûâàåòñÿ íàòóðàëüíîå ÷èñëî h,îáëàäàþùåå äâóìÿ ñâîéñòâàìè: a è b äåëÿò h; åñëè a è b äåëÿòöåëîå ÷èñëî c, òî h äåëèò c.Ïðèìåð 3.4. Íàéäèòå ÍÎÊ(2585, 7975).
� Ïî òåîðåìå 3.12 èìååì:ÍÎÊ(2585, 7975) =

2585 · 7975ÍÎÄ(2585, 7975)
=

2585 · 7975
55

= 374 825.Î ò â å ò: ÍÎÊ(2585, 7975) = 374 825. ⊠Ïðèìåð 3.5. Íàéäèòå íàòóðàëüíûå ÷èñëà a è b, åñëèÍÎÄ(a, b) = 24, à ÍÎÊ(a, b) = 2496.
� Ïóñòü a = 24m, b = 24n. Òàê êàê ÍÎÄ(a, b) = 24, òî mè n � âçàèìíî ïðîñòûå íàòóðàëüíûå ÷èñëà. Ïóñòü äëÿ îïðåäå-ëåííîñòè m < n. Èñïîëüçóÿ ñâÿçü ÍÎÊ è ÍÎÄ íàòóðàëüíûõ÷èñåë, èìååì 24 · 2496 = 24m · 24n, îòêóäà m · n = 104 = 23 · 13.Ïîñêîëüêó m è n âçàèìíî ïðîñòû, òî âîçìîæíû äâà ñëó÷àÿ:
1) m = 1, n = 104. Òîãäà a = 24, b = 2496;
2) m = 23, n = 13. Òîãäà a = 192, b = 312.Î ò â å ò: a = 24, b = 2496 èëè a = 192, b = 312. ⊠Ïóñòü a1, a2, . . . , ak � öåëûå ÷èñëà, íå âñå ðàâíûå íóëþ. Âñÿ-êîå öåëîå ÷èñëî d, êîòîðîå äåëèò êàæäîå èç ÷èñåë ai, íàçûâà-åòñÿ èõ îáùèì äåëèòåëåì. Òàê êàê íå âñå ÷èñëà a1, a2, . . . , akðàâíû íóëþ, òî îíè èìåþò ëèøü êîíå÷íîå ÷èñëî îáùèõ äåëèòå-ëåé. Íàèáîëüøåå ñðåäè ýòèõ îáùèõ äåëèòåëåé íàçûâàþò íàè-áîëüøèì îáùèì äåëèòåëåì ÷èñåë a1, a2, . . . , ak è îáîçíà÷àþò÷åðåç ÍÎÄ(a1, a2, . . . , ak). Ëåãêî ïðîâåðèòü, ÷òî åñëè

d2 = ÍÎÄ(a1, a2), d3 = ÍÎÄ(d2, a3), . . . , dk = ÍÎÄ(dk−1, ak),òî ÍÎÄ(a1, a2, . . . , ak) = dk. Òàêèì îáðàçîì, çàäà÷à íàõîæäå-íèÿ ÍÎÄ íåñêîëüêèõ ÷èñåë ñâîäèòñÿ ê çàäà÷å íàõîæäåíèÿÍÎÄ äâóõ ÷èñåë.Ïóñòü òåïåðü a1, a2, . . . , ak � öåëûå ÷èñëà, êàæäîå èç êîòî-ðûõ îòëè÷íî îò íóëÿ. Åñëè ÷èñëî c äåëèòñÿ íà ÷èñëà a1, a2, . . .50



3.3. Áèíàðíûé àëãîðèòì
. . . , ak, òî c íàçûâàþò îáùèì êðàòíûì ÷èñåë a1, a2, . . . , ak.Íàèìåíüøåå ñðåäè íàòóðàëüíûõ îáùèõ êðàòíûõ íàçûâàþòíàèìåíüøèì îáùèì êðàòíûì ÷èñåë a1, a2, . . . , ak è îáîçíà÷à-þò ÷åðåç ÍÎÊ(a1, a2, . . . , ak). Ëåãêî ïðîâåðèòü, ÷òî åñëè
c2 = HOK(a1, a2), c3 = HOK(c2, a3), . . . , ck = HOK(ck−1, ak),òî HOK(a1, a2, . . . , ak) = ck. Òàêèì îáðàçîì, çàäà÷à íàõîæäå-íèÿ HOK íåñêîëüêèõ ÷èñåë ñâîäèòñÿ ê çàäà÷å íàõîæäåíèÿHOK äâóõ ÷èñåë.3.3. Áèíàðíûé àëãîðèòìÊðîìå àëãîðèòìà Åâêëèäà, äëÿ íàõîæäåíèÿ ÍÎÄ èñïîëü-çóåòñÿ òàêæå áèíàðíûé àëãîðèòì. Îí îñíîâàí íà ñëåäóþùèõòðåõ î÷åâèäíûõ ñâîéñòâàõ ÍÎÄ.Ëåììà 3.14. Äëÿ ëþáûõ öåëûõ ÷èñåë a è b, îòëè÷íûõ îòíóëÿ, ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) ÍÎÄ(2a, 2b) = 2ÍÎÄ(a, b);
2) ÍÎÄ(2a, 2b + 1) = ÍÎÄ(a, 2b + 1);
3) ÍÎÄ(a, b) = ÍÎÄ(a− b, b).Â ñîîòâåòñòâèè ñ ýòèìè ñâîéñòâàìè äëÿ íàõîæäåíèÿ d =

= ÍÎÄ(a, b) îñóùåñòâëÿþòñÿ ñëåäóþùèå äåéñòâèÿ.Øàã 1. Âûäåëÿþò íàèáîëüøóþ ñòåïåíü 2k äâîéêè, íà êî-òîðóþ äåëÿòñÿ ÷èñëà a è b. Óìåíüøàþò ÷èñëà a è b â 2k ðàç:
a = 2ka1, b = 2kb1. Îäíî èç ÷èñåë a1 èëè b1 íå÷åòíî, ïóñòüíå÷åòíî b1. Òåïåðü d = 2kd1, ãäå d1 = ÍÎÄ(a1, b1).Øàã 2. Åñëè a1 ÷åòíî, òî äåëÿò åãî íà ìàêñèìàëüíî âîçìîæ-íóþ ñòåïåíü 2, îñòàâèâ b1 áåç èçìåíåíèÿ. Ïîëó÷àþò a1 = 2ta2,
a2 è b1 íå÷åòíû è d1 = ÍÎÄ(a1, b1) = ÍÎÄ(a2, b1). Òåïåðü íàäîíàéòè ÍÎÄ äâóõ íå÷åòíûõ ÷èñåë a2, b1.Øàã 3. Âû÷èòàþò èç áîëüøåãî ÷èñëà ìåíüøåå. Åñëè a2 >
> b1, òî ÍÎÄ(a2, b1) = ÍÎÄ(a2 − b1, b1). ×èñëî a2 − b1 ÷åòíîåêàê ðàçíîñòü äâóõ íå÷åòíûõ ÷èñåë.Øàã 4. Ïðèìåíÿþò ê a2−b1 äåéñòâèå øàãà 2, çàòåì äåéñòâèåøàãà 3 è ò. ä.Ïîñëå âûïîëíåíèÿ äåéñòâèé øàãà 2 è øàãà 3 ÍÎÄ íå ìå-íÿåòñÿ, à õîòÿ áû îäíî èç ÷èñåë ïàðû óìåíüøàåòñÿ. Ïîýòîìóâ íåêîòîðûé ìîìåíò îáà ÷èñëà ñòàíóò ðàâíûìè äðóã äðóãó è51



3. ÖÅËÛÅ ×ÈÑËÀðàâíûìè d1. Èñêîìûé ÍÎÄ(a, b) âû÷èñëÿåòñÿ ïîñëå ýòîãî êàêïðîèçâåäåíèå ÷èñåë 2k è d1.Â áèíàðíîì àëãîðèòìå èñïîëüçóþòñÿ ëèøü äâå îïåðàöèè:âû÷èòàíèå è äåëåíèå íà 2. Ýòî ïîçâîëÿåò ïðè ¾ðó÷íîì¿ íàõî-æäåíèè ÍÎÄ èçáåæàòü âû÷èñëèòåëüíûõ îøèáîê, âåäü íåîáõî-äèìî òîëüêî ïðàâèëüíî âû÷èòàòü è äåëèòü íà 2.Ïðèìåð 3.6. Íàéäèòå ÍÎÄ(29 568, 8580).
� Øàã 1. Âûäåëÿåì íàèáîëüøóþ ñòåïåíü äâîéêè, íà êî-òîðóþ äåëÿòñÿ ýòè ÷èñëà: 29 568 = 22 · 7392, 8580 = 22 · 2145.Çàïîìèíàåì 22.Øàã 2. ×èñëî 7392 ÷åòíîå. Äåëèì åãî íà ìàêñèìàëüíî âîç-ìîæíóþ ñòåïåíü 2, îñòàâëÿÿ âòîðîå ÷èñëî 2145 áåç èçìåíåíèÿ.

7392 = 25 · 231. Òåïåðü íàäî èñêàòü d = ÍÎÄ(231, 2145).Øàã 3. Âû÷èòàåì èç áîëüøåãî ÷èñëà 2145 ìåíüøåå 231. Èìå-åì: 2145 − 231 = 1914, d = ÍÎÄ(231, 1914).Øàã 4. Ïðèìåíÿåì ê 1914 äåéñòâèå øàãà 2. Ïîëó÷àåì 1914 =
= 2 · 957. Òåïåðü d = ÍÎÄ(231, 957), è íàäî âîçâðàùàòüñÿ êäåéñòâèÿì øàãà 2 è øàãà 3 è ò. ä.Âñå ýòè âû÷èñëåíèÿ çàïèñûâàþòñÿ ñëåäóþùèì îáðàçîì.øàã 1 29 568 = 22 · 7392 8580 = 22 · 2145øàã 2 7392 = 25 · 231øàã 3 2145− 231 = 1914øàã 2 1914 = 2 · 957øàã 3 957 − 231 = 726øàã 2 726 = 2 · 363øàã 3 363 − 231 = 132øàã 2 132 = 22 · 33øàã 3 231 − 33 = 198øàã 2 198 = 2 · 99øàã 3 99 − 33 = 66øàã 2 66 = 2 · 33øàã 3 33 − 33 = 0Èòàê, ÍÎÄ(29 568, 8580) = 22 · 33 = 132.Âû÷èñëèì ÍÎÄ ñ ïîìîùüþ àëãîðèòìà Åâêëèäà. 29 568 =
= 8580 · 3 + 3828, 8580 = 3828 · 2 + 924, 3828 = 924 · 4 + 132,
924 = 132 · 7.52



3.4. Ïðîñòûå ÷èñëàÎ ò â å ò: ÍÎÄ(29 568, 8580) = 132. ⊠Ìîæíî ñîåäèíèòü àëãîðèòì Åâêëèäà ñ áèíàðíûì àëãîðèò-ìîì ñëåäóþùèì îáðàçîì. Åñëè a ≥ b > 0 íå÷åòíû, òî a = bq+r,ãäå 0 6 |r| < b è r ÷åòíî. Ïîýòîìó, åñëè r 6= 0, òî r äåëèì íàìàêñèìàëüíóþ ñòåïåíü 2, ïîêà r íå ñòàíåò íå÷åòíûì. Çàòåìïàðó a, b çàìåíÿåì ïàðîé b, |r| è ïîâòîðÿåì ýòîò ïðîöåññ.Ïðèìåð 3.7. Íàéäèòå ÍÎÄ(29 568, 8580).
� ÍÎÄ(29 568, 8580) = 22ÍÎÄ(7392, 2145), 7392 = 2145·4−

−1188, 1188 = 4 · 297, 2145 = 297 · 7+66, 66 = 2 · 33, 297 = 33 · 9.Èòàê, ÍÎÄ(7392, 2145) = 33.Î ò â å ò: ÍÎÄ(29 568, 8580) = 4 · 33 = 132. ⊠3.4. Ïðîñòûå ÷èñëàÍàòóðàëüíîå ÷èñëî p íàçûâàåòñÿ ïðîñòûì ÷èñëîì, åñëè îíîáîëüøå 1 è íå èìååò ïîëîæèòåëüíûõ äåëèòåëåé, îòëè÷íûõ îò
p è 1. Âñå íàòóðàëüíûå ÷èñëà, îòëè÷íûå îò 1 è ïðîñòûõ ÷è-ñåë, íàçûâàþòñÿ ñîñòàâíûìè ÷èñëàìè. Èòàê, ìíîæåñòâî N íà-òóðàëüíûõ ÷èñåë ðàçáèâàåòñÿ íà òðè ïîäìíîæåñòâà: ïðîñòûå÷èñëà, ñîñòàâíûå ÷èñëà, ÷èñëî 1. Ïåðâûìè ïðîñòûìè ÷èñëàìèáóäóò ÷èñëà 2, 3, 5, 7, 11, 13, 17, 19, 23, . . . .Ëåììà 3.15. Âñÿêîå íàòóðàëüíîå ÷èñëî n > 1 äåëèòñÿõîòÿ áû íà îäíî ïðîñòîå ÷èñëî.Òåîðåìà 3.16 (Åâêëèäà). Ìíîæåñòâî âñåõ ïðîñòûõ ÷è-ñåë áåñêîíå÷íî.Ëåììà 3.17. Åñëè n � íàòóðàëüíîå ÷èñëî, à p � ïðîñòîå,òî ëèáî p äåëèò n, ëèáî p è n âçàèìíî ïðîñòû.Ëåììà 3.18. Åñëè ïðîèçâåäåíèå íåñêîëüêèõ íàòóðàëüíûõ÷èñåë äåëèòñÿ íà ïðîñòîå ÷èñëî p, òî õîòÿ áû îäèí èç ñîìíî-æèòåëåé äåëèòñÿ íà p.Òåîðåìà 3.19 (îñíîâíàÿ àðè�ìåòèêè). Âñÿêîå öåëîå÷èñëî a > 1 ëèáî ïðîñòîå, ëèáî ìîæåò áûòü ïðåäñòàâëåíî, èïðèòîì åäèíñòâåííûì îáðàçîì ñ òî÷íîñòüþ äî ïåðåñòàíîâêèñîìíîæèòåëåé, â âèäå ïðîèçâåäåíèÿ ïðîñòûõ ÷èñåë.Ñëåäñòâèå. Âñÿêîå öåëîå ÷èñëî a 6∈ {−1, 0, 1} îäíîçíà÷íîïðåäñòàâëÿåòñÿ â âèäå a = εp1 · · · ps, ãäå ε = ±1 è p1 6 p2 6

6 . . . 6 ps � ïðîñòûå ÷èñëà. 53



3. ÖÅËÛÅ ×ÈÑËÀÂ ðàçëîæåíèè öåëîãî ÷èñëà a íà ïðîñòûå ñîìíîæèòåëèíåêîòîðûå èç íèõ ìîãóò ïîâòîðÿòüñÿ. Ïóñòü ïðîñòîå ÷èñëî p1âñòðå÷àåòñÿ α1 ðàç, p2 âñòðå÷àåòñÿ α2 ðàç, . . ., pk âñòðå÷àåò-ñÿ αk ðàç. Âñå p1, p2, . . . , pk � ðàçëè÷íûå ïðîñòûå ÷èñëà. Òîãäàðàçëîæåíèå ÷èñëà a íà ïðîñòûå ìíîæèòåëè ìîæíî çàïèñàòüñëåäóþùèì îáðàçîì:
a = εpα1

1 pα2
2 . . . pαk

k .Êàíîíè÷åñêèì ðàçëîæåíèåì öåëîãî ÷èñëà a íàçûâàåòñÿïðåäñòàâëåíèå a â âèäå:
a = εpα1

1 pα2
2 . . . pαk

k ,ãäå ε = ±1, p1 < p2 < . . . < pk � ïðîñòûå ÷èñëà, α1, α2, . . . , αk �íàòóðàëüíûå ÷èñëà.Ñëåäñòâèå. Äëÿ ëþáîãî öåëîãî ÷èñëà a 6∈ {−1, 0, 1} ñóùå-ñòâóåò êàíîíè÷åñêîå ðàçëîæåíèå è îíî åäèíñòâåííî.Íàïðèìåð: 7000 = 7 · 1000 = 7 · 2 · 500 = 7 · 2 · 2 · 250 =
= 7 · 2 · 2 · 2 · 125 = 7 · 23 · 5 · 25 = 23 · 53 · 7.Ïðè ðàññìîòðåíèè ïàð a è b öåëûõ ÷èñåë, îòëè÷íûõ îò íó-ëÿ, óäîáíî äîáàâëÿòü ê èõ êàíîíè÷åñêèì ðàçëîæåíèÿì íóëåâûåñòåïåíè ïðîñòûõ ÷èñåë ñ òîé öåëüþ, ÷òîáû ÷èñëà a è b áûëè çà-ïèñàíû â âèäå ïðîèçâåäåíèÿ îäíèõ è òåõ æå ïðîñòûõ ÷èñåë:

a = εpα1
1 pα2

2 . . . pαn
n , b = εpβ1

1 p
β2
2 . . . pβn

n ,ãäå ε = ±1, p1 < p2 < . . . < pn � ïðîñòûå ÷èñëà, αi è βi ∈ {0} ∪
∪ N, i = 1, 2, . . . , n.Òåîðåìà 3.20. Ïóñòü öåëûå ÷èñëà a è b, îòëè÷íûå îòíóëÿ, çàïèñàíû â âèäå:

a = εpα1
1 pα2

2 . . . pαn
n , b = εpβ1

1 p
β2
2 . . . pβn

n ,ãäå ε = ±1, p1 < p2 < . . . < pn � ïðîñòûå ÷èñëà, αi è βi ∈
∈ {0} ∪ N, i = 1, 2, . . . , n. Òîãäà:ÍÎÄ(a, b) = pλ1

1 pλ2
2 · · · pλk

k , ãäå λi = min{αi, βi},ÍÎÊ(a, b) = pµ1
1 pµ2

2 · · · pµk
k , ãäå µi = max{αi, βi}.Ëåììà 3.21. Åñëè íàòóðàëüíîå ÷èñëî a íå äåëèòñÿ íè íàîäíî ïðîñòîå ÷èñëî 6

√
a, òî ÷èñëî a ïðîñòîå.Ýòà ëåììà óìåíüøàåò êîëè÷åñòâî ïðîâåðîê, êîòîðîå íóæíîïðîâåñòè, ÷òîáû óáåäèòüñÿ, ÿâëÿåòñÿ ëè ÷èñëî ïðîñòûì èëèñîñòàâíûì.54



3.5. Èíäèâèäóàëüíûå çàäàíèÿÏðèìåð 3.8. ßâëÿþòñÿ ëè ÷èñëà 181 è 197 ïðîñòûìè?
� 181 è 197 íå äåëÿòñÿ íà ïðîñòûå ÷èñëà 2, 5, 7, 11, 13. Òàêêàê äðóãèõ ïðîñòûõ ÷èñåë íå áîëåå 15 íåò è √

181 <
√

197 < 15,òî ÷èñëà 181 è 197 ïðîñòûå.Î ò â å ò: ÿâëÿþòñÿ. ⊠Ïðèìåð 3.9. �àçëîæèòå 2353 íà ïðîñòûå ìíîæèòåëè.
� Òàê êàê √

2353 < 50, òî íàäî èñïûòàòü âñå ïðîñòûå ÷èñ-ëà íå áîëåå 47. ×èñëà 2, 3, 5, 7, 11 íå äåëÿò 2353, à 13 äåëèò
2353 = 13 ·181. Â ïðåäûäóùåì ïðèìåðå óñòàíîâëåíî, ÷òî 181 �ïðîñòîå ÷èñëî.Î ò â å ò: 2353 = 13 · 181. ⊠3.5. Èíäèâèäóàëüíûå çàäàíèÿ1. Ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè äîêàæèòå, ÷òî äëÿëþáîãî íàòóðàëüíîãî ÷èñëà n ÷èñëî a äåëèòñÿ íà b.

1. 1. a = n(n+ 1)(2n + 1), b = 6.
1. 2. a = 62n − 1, b = 35.
1. 3. a = n(n2 + 5), b = 6.
1. 4. a = 4n + 15n − 1, b = 9.
1. 5. a = n(n3 + 2n2 − n+ 22), b = 24.
1. 6. a = 25n+3 + 5n · 3n+2, b = 17.
1. 7. a = (n+ 2)(n2 + 4n + 9), b = 6.
1. 8. a = 32n+1 + 40n − 67, b = 64.
1. 9. a = (n− 1)(n2 + n+ 12), b = 6.
1. 10. a = n4 + 6n3 + 11n2 + 6n, b = 24.
1. 11. a = n3 + 5n+ 12, b = 6.
1. 12. a = n3 + (n+ 1)3 + (n+ 2)3, b = 9.
1. 13. a = 62n + 3n+2 + 3n, b = 11.
1. 14. a = 33n+2 + 5 · 23n+1, b = 19.
1. 15. a = 2n+2 · 3n + 5n − 4, b = 25.2. Íàéäèòå íåïîëíîå ÷àñòíîå è îñòàòîê îò äåëåíèÿ ÷èñëà aíà ÷èñëî b. 55



3. ÖÅËÛÅ ×ÈÑËÀ
2. 1. a = ±761, b = ±13. 2. 2. a = ±652, b = ±21.
2. 3. a = ±529, b = ±15. 2. 4. a = ±632, b = ±18.
2. 5. a = ±437, b = ±24. 2. 6. a = ±356, b = ±17.
2. 7. a = ±543, b = ±19. 2. 8. a = ±458, b = ±27.
2. 9. a = ±591, b = ±12. 2. 10. a = ±653, b = ±14.
2. 11. a = ±729, b = ±11. 2. 12. a = ±478, b = ±26.
2. 13. a = ±825, b = ±13. 2. 14. a = ±751, b = ±22.
2. 15. a = ±562, b = ±16.3. Èçâåñòíî äåëèìîå a è íåïîëíîå ÷àñòíîå b. Íàéäèòå äåëè-òåëü è îñòàòîê.

3. 1. a = −43 251, b = 243. 3. 2. a = 31564, b = −263.
3. 3. a = −40 201, b = −194. 3. 4. a = 53262, b = −280.
3. 5. a = −46 707, b = 525. 3. 6. a = 61796, b = −325.
3. 7. a = 27829, b = −567. 3. 8. a = −37 654, b = 236.
3. 9. a = −46 524, b = −512. 3. 10. a = 43264, b = −363.
3. 11. a = −51 067, b = 198. 3. 12. a = −35 266, b = −203.
3. 13. a = 40053, b = −426. 3. 14. a = −36 248, b = −159.
3. 15. a = −56 728, b = 163.4. Ñ ïîìîùüþ àëãîðèòìà Åâêëèäà íàéäèòå ÍÎÄ(a, b) è âû-ðàçèòå åãî ÷åðåç èñõîäíûå ÷èñëà. Èñïîëüçóÿ ñâÿçü ÍÎÄ è ÍÎÊäâóõ íàòóðàëüíûõ ÷èñåë, âû÷èñëèòå ÍÎÊ(a, b).

4. 1. a = 5544, b = 7644. 4. 2. a = 2585, b = 7975.
4. 3. a = 1188, b = 3080. 4. 4. a = 4704, b = 9100.
4. 5. a = 1296, b = 6600. 4. 6. a = 6188, b = 4709.
4. 7. a = 6125, b = 1190. 4. 8. a = 3069, b = 1881.
4. 9. a = 4968, b = 6678. 4. 10. a = 3120, b = 2325.
4. 11. a = 6252, b = 777. 4. 12. a = 2975, b = 9996.
4. 13. a = 1368, b = 7056. 4. 14. a = 1716, b = 1540.
4. 15. a = 5796, b = 5187.5. Âû÷èñëèòå ÍÎÄ(a, b) ñ ïîìîùüþ áèíàðíîãî àëãîðèòìà.

5. 1. a = 46368, b = 41496. 5. 2. a = 27456, b = 24640.
5. 3. a = 43776, b = 56448. 5. 4. a = 47600, b = 39984.
5. 5. a = 50016, b = 49728. 5. 6. a = 49920, b = 74400.
5. 7. a = 39744, b = 26712. 5. 8. a = 49000, b = 38080.56



3.5. Èíäèâèäóàëüíûå çàäàíèÿ
5. 9. a = 49104, b = 60192. 5. 10. a = 49504, b = 75344.
5. 11. a = 82944, b = 52800. 5. 12. a = 75264, b = 36400.
5. 13. a = 76032, b = 49280. 5. 14. a = 82720, b = 63800.
5. 15. a = 44352, b = 30576.6. Èçâåñòíû ÍÎÄ(a, b) è ÍÎÊ(a, b). Íàéäèòå íàòóðàëüíûå÷èñëà a è b.

6. 1. ÍÎÄ(a, b) = 16, ÍÎÊ(a, b) = 1584.
6. 2. ÍÎÄ(a, b) = 15, ÍÎÊ(a, b) = 630.
6. 3. ÍÎÄ(a, b) = 22, ÍÎÊ(a, b) = 3630.
6. 4. ÍÎÄ(a, b) = 19, ÍÎÊ(a, b) = 5187.
6. 5. ÍÎÄ(a, b) = 14, ÍÎÊ(a, b) = 2856.
6. 6. ÍÎÄ(a, b) = 15, ÍÎÊ(a, b) = 6900.
6. 7. ÍÎÄ(a, b) = 30, ÍÎÊ(a, b) = 15 660.
6. 8. ÍÎÄ(a, b) = 27, ÍÎÊ(a, b) = 5589.
6. 9. ÍÎÄ(a, b) = 36, ÍÎÊ(a, b) = 6480.
6. 10. ÍÎÄ(a, b) = 12, ÍÎÊ(a, b) = 1872.
6. 11. ÍÎÄ(a, b) = 21, ÍÎÊ(a, b) = 756.
6. 12. ÍÎÄ(a, b) = 26, ÍÎÊ(a, b) = 4914.
6. 13. ÍÎÄ(a, b) = 35, ÍÎÊ(a, b) = 8925.
6. 14. ÍÎÄ(a, b) = 18, ÍÎÊ(a, b) = 4896.
6. 15. ÍÎÄ(a, b) = 14, ÍÎÊ(a, b) = 4410.7. Ñ ïîìîùüþ êàíîíè÷åñêèõ ðàçëîæåíèé ÷èñåë a, b è c íàé-äèòå ÍÎÄ(a, b, c) è ÍÎÊ(b, c).
7. 1. a = 6188, b = 88, c = −320.
7. 2. a = 4704, b = 96, c = −154.
7. 3. a = 1716, b = −204, c = 56.
7. 4. a = −3069, b = 112, c = 84.
7. 5. a = 9100, b = 92, c = −114.
7. 6. a = 7056, b = 190, c = −68.
7. 7. a = −1368, b = 99, c = 150.
7. 8. a = −1540, b = 105, c = 215.
7. 9. a = 1296, b = 230, c = −78.
7. 10. a = 1188, b = −132, c = −64.
7. 11. a = −3120, b = 85, c = 100. 57



3. ÖÅËÛÅ ×ÈÑËÀ
7. 12. a = 4968, b = 104, c = −56.
7. 13. a = −7644, b = 196, c = −76.
7. 14. a = 1716, b = −72, c = 124.
7. 15. a = 1288, b = −144, c = −66.3.6. Äîïîëíèòåëüíûå çàäà÷è1. Äîêàæèòå, ÷òî n5 − n äåëèòñÿ íà 5 äëÿ ëþáîãî n ∈ Z.2. Äîêàæèòå, ÷òî (n3 − 1)(n3 + 1) äåëèòñÿ íà 7, åñëè öåëîå÷èñëî n íå äåëèòñÿ íà 7.3. Äîêàæèòå, ÷òî ïðîèçâåäåíèå ÷åòûðåõ ïîñëåäîâàòåëüíûõíàòóðàëüíûõ ÷èñåë â ñóììå ñ åäèíèöåé ÿâëÿåòñÿ êâàäðàòîìíåêîòîðîãî íàòóðàëüíîãî ÷èñëà.4. Íàòóðàëüíûå ÷èñëà m è n òàêîâû, ÷òî m > n, m íå äå-ëèòñÿ íà n è èìååò îò äåëåíèÿ íà n òîò æå îñòàòîê, ÷òî è m+nîò äåëåíèÿ íà m− n. Íàéäèòå îòíîøåíèå m/n.5. Íàéäèòå âñå n ∈ Z, ïðè êîòîðûõ (n5 + 3)/(n2 + 1) ∈ Z.6. Ïóñòü a è n � íàòóðàëüíûå ÷èñëà. Äîêàæèòå, ÷òî íàòó-ðàëüíûì áóäåò ÷èñëî

a(a+ 1) . . . (a+ n− 1)

n!
.7. Âû÷èñëèòå ÍÎÄ(123 456 789, 987 654 321).8. Êàêèå çíà÷åíèÿ ìîæåò ïðèíèìàòü ÍÎÄ(7n + 1, 8n + 3),åñëè n ∈ Z? Ïðè êàêèõ n ñïðàâåäëèâî íåðàâåíñòâîÍÎÄ(7n+ 1, 8n + 3) 6= 1?9. Ïóñòü a, b, c � öåëûå ÷èñëà, îòëè÷íûå îò íóëÿ. Äîêàæèòå,÷òî ÍÎÄ(ac, bc) = |c|ÍÎÄ(a, b), ÍÎÊ(ac, bc) = |c|ÍÎÊ(a, b).10. �åøèòå ñèñòåìó óðàâíåíèé, â êîòîðîé x, y ∈ N.

{

x+ y = 667ÍÎÊ(x, y) = 120 ·ÍÎÄ(x, y).11. �àçëîæèòå íà ïðîñòûå ìíîæèòåëè ÷èñëî 218 + 318.12. Äîêàæèòå, ÷òî âñÿêîå ïðîñòîå ÷èñëî, áîëüøåå 3, ïðåä-ñòàâèìî â âèäå 6k ± 1.13. Ïóñòü n � öåëîå ÷èñëî, áîëüøåå 2. Äîêàæèòå, ÷òî íàèíòåðâàëå (n, n!) ñîäåðæèòñÿ õîòÿ áû îäíî ïðîñòîå ÷èñëî. Óñòà-58



3.6. Äîïîëíèòåëüíûå çàäà÷èíîâèòå, ÷òî îòñþäà ñëåäóåò áåñêîíå÷íîñòü ìíîæåñòâà âñåõ ïðî-ñòûõ ÷èñåë.14. Äîêàæèòå, ÷òî ïðîñòûõ ÷èñåë âèäà 4m− 1, m ∈ N, áåñ-êîíå÷íî ìíîãî.15. Äîêàæèòå, ÷òî ïðîñòûõ ÷èñåë âèäà 6m − 1, ãäå m �íàòóðàëüíûå ÷èñëà, áåñêîíå÷íî ìíîãî.16. Äîêàæèòå, ÷òî ÍÎÄ(a + b, a − b) ðàâåí 1 èëè 2, åñëè÷èñëà a è b âçàèìíî ïðîñòû.17. Äîêàæèòå, ÷òî ÷èñëà 22n
+ 1 è 22m

+ 1 âçàèìíî ïðîñòûåïðè íàòóðàëüíûõ n 6= m.18. Äîêàæèòå, ÷òî 2m − 1 è 2n − 1 âçàèìíî ïðîñòû, åñëè mè n � âçàèìíî ïðîñòûå íàòóðàëüíûå ÷èñëà.19. Äîêàæèòå, ÷òî åñëè ïðîèçâåäåíèå äâóõ íàòóðàëüíûõâçàèìíî ïðîñòûõ ÷èñåë a è b ÿâëÿåòñÿ êâàäðàòîì íåêîòîðîãîíàòóðàëüíîãî ÷èñëà, òî a = m2 è b = k2 äëÿ íåêîòîðûõ íàòó-ðàëüíûõ ÷èñåë m è k. Áóäåò ëè óòâåðæäåíèå âåðíûì, åñëè a è
b íå âçàèìíî ïðîñòûå ÷èñëà?20. Ïóñòü n � ïðîñòîå ÷èñëî èëè n = 4. Äîêàæèòå, ÷òî
(n− 1)! íå äåëèòñÿ íà n. Âåðíî ëè îáðàòíîå óòâåðæäåíèå: åñëè
(n−1)! íå äåëèòñÿ íà íàòóðàëüíîå ÷èñëî n, òî ëèáî n � ïðîñòîå÷èñëî, ëèáî n = 4?21. Äîêàæèòå, ÷òî åñëè a2+ab+b2 äåëèòñÿ íà a+b, òî a4+b4äåëèòñÿ íà (a+ b)2.22. Íàéäèòå íàèìåíüøåå øåñòèçíà÷íîå ÷èñëî, êîòîðîå äå-ëèòñÿ íà 3, íà 7 è íà 13.23. Ïðîèçâåäåíèå äâóõ öåëûõ ÷èñåë ðàâíî 600. Êàêîå íàè-áîëüøåå çíà÷åíèå ìîæåò èìåòü ÍÎÄ ýòèõ ÷èñåë?24. Ïóñòü a è b � âçàèìíî ïðîñòûå öåëûå ÷èñëà è ac = bd,
c, d ∈ Z. Äîêàæèòå, ÷òî ñóùåñòâóåò öåëîå ÷èñëî f , òàêîå, ÷òî
c = fb, d = fa.25. Ïóñòü a è b � âçàèìíî ïðîñòûå öåëûå ÷èñëà è xa = yb,
x, y ∈ Z. Äîêàæèòå, ÷òî ñóùåñòâóåò öåëîå ÷èñëî z, òàêîå, ÷òî
x = zb, y = za.



4. Ñ�ÀÂÍÅÍÈß4.1. Ñðàâíåíèÿ â êîëüöå öåëûõ ÷èñåëÏóñòü a, b ∈ Z, m ∈ N. Åñëè m äåëèò a− b, òî ïèøóò
a ≡ b (mod m)è ãîâîðÿò: a ñðàâíèìî ñ b ïî ìîäóëþ m. Åñëè m íå äåëèò a− b,òî ïèøóò a 6≡ b (mod m).Íàïðèìåð, 12 ≡ 3 (mod 3), 5 ≡ 11 (mod 6), 11 6≡ 3 (mod 7),

11 ≡ −4 (mod 5).Òåîðåìà 4.1. Ïóñòü a, b ∈ Z,m ∈ N. Òîãäà è òîëüêî òîãäà
a è b ñðàâíèìû ïî ìîäóëþ m, êîãäà a è b èìåþò îäèíàêîâûåîñòàòêè ïðè äåëåíèè íà m.Â ñëåäóþùåé ëåììå ïðèâåäåíû ñàìûå ïðîñòûå ñâîéñòâàñðàâíåíèé, àíàëîãè÷íûå ñâîéñòâàì ðàâåíñòâ.Ëåììà 4.2. Ïóñòü a, b ∈ Z, m ∈ N. Òîãäà:

1) a ≡ a (mod m);
2) åñëè a ≡ b (mod m), òî b ≡ a (mod m);
3) åñëè a ≡ b (mod m), b ≡ c (mod m), òî a ≡ c (mod m).Ëåììà 4.3. 1. Ñðàâíåíèÿ ïî îäíîìó è òîìó æå ìîäóëþìîæíî ïî÷ëåííî ñêëàäûâàòü, âû÷èòàòü è ïåðåìíîæàòü.
2. Åñëè a ≡ b (mod m) è n ∈ N, òî an ≡ bn (mod m).Ëåììà 4.4. 1. Ê îáåèì ÷àñòÿì ñðàâíåíèÿ ìîæíî ïðèáà-âëÿòü îäíî è òî æå öåëîå ÷èñëî.
2. Îáå ÷àñòè ñðàâíåíèÿ ìîæíî óìíîæàòü íà îäíî è òîæå öåëîå ÷èñëî.
3. ×ëåíû ñðàâíåíèÿ ìîæíî ïåðåíîñèòü èç îäíîé ÷àñòèñðàâíåíèÿ â äðóãóþ ñ ïðîòèâîïîëîæíûì çíàêîì.Ïðèìåð 4.1. Äîêàæèòå, ÷òî íà 7 äåëÿòñÿ ÷èñëà 61001 + 1 è

61000 − 1.
� Òàê êàê 6 ≡ −1 (mod 7), òî 61000 ≡ 1 (mod 7) è 61001 ≡

≡ −1 (mod 7), òî åñòü 7 äåëèò 61000 − 1 è 61001 + 1. ⊠Ïðèìåð 4.2. Ïîêàæåì, ÷òî ÷èñëî n è ñóììà åãî öè�ð èìå-þò îäèíàêîâûå îñòàòêè îò äåëåíèÿ íà 9 è 3.
� Ïóñòü n çàïèñàíî öè�ðàìè ar, ar−1, . . . , a1, a0, òî åñòü

n = a0 + a110 + a210
2 + . . .+ ar−110

r−1 + ar10
r.60



4.1. Ñðàâíåíèÿ â êîëüöå öåëûõ ÷èñåëÒàê êàê 10 ≡ 1 (mod t), ãäå t ∈ {3, 9}, òî 10k ≡ 1 (mod t) äëÿëþáîãî öåëîãî ÷èñëà k > 0. Ïî ëåììå 4.2 ak ≡ ak (mod t), àïî ëåììå 4.4 ak10
k ≡ ak (mod 9) äëÿ ëþáîãî k > 0. Ñêëàäûâàÿñðàâíåíèÿ ak10

k ≡ ak (mod t) äëÿ k = 0, 1, . . . , r, ïîëó÷èì
n ≡ a0 + a1 + ...+ ar (mod t). ⊠Èç ýòîãî ïðèìåðà âûòåêàåò ñëåäóþùèé ïðèçíàê äåëèìîñòè:åñëè ñóììà öè�ð ÷èñëà n äåëèòñÿ íà 3 èëè 9, òî è ñàìî÷èñëî n äåëèòñÿ íà 3 èëè 9 ñîîòâåòñòâåííî.Çàìåòèì, ÷òî äåëèòü ñðàâíåíèÿ, âîîáùå ãîâîðÿ, íåëüçÿ. Íà-ïðèìåð, 2 ≡ 12 (mod 10), 2 ≡ 2 (mod 10), íî 1 6≡ 6 (mod 10).Ìîæåò áûòü òàê, ÷òî a 6≡ 0 (mod m), b 6≡ 0 (mod m), íî ab ≡
≡ 0 (mod m). Íàïðèìåð, 2 6≡ 0 (mod 10), 5 6≡ 0 (mod 10), íî
2 · 5 ≡ 0 (mod 10).Ïåðå÷èñëåííûå ñâîéñòâà ñðàâíåíèé íå çàâèñåëè îò ìîäóëÿ.Ñëåäóþùèå ñâîéñòâà ñðàâíåíèÿ ñâÿçàíû ñ ìîäóëåì.Ëåììà 4.5. Îáå ÷àñòè ñðàâíåíèÿ è ìîäóëü ìîæíî óìíî-æàòü íà îäíî è òî æå íàòóðàëüíîå ÷èñëî.Ëåììà 4.6. 1. Åñëè ak ≡ bk (mod m), d = ÍÎÄ(k,m), òî
a ≡ b (mod m/d).

2. Îáå ÷àñòè ñðàâíåíèÿ è ìîäóëü ìîæíî ðàçäåëèòü íà ëþ-áîé èõ îáùèé íàòóðàëüíûé äåëèòåëü.
3. Îáå ÷àñòè ñðàâíåíèÿ ìîæíî ðàçäåëèòü íà èõ îáùèé íà-òóðàëüíûé äåëèòåëü, åñëè îí âçàèìíî ïðîñò ñ ìîäóëåì.Ïðèìåð 4.3. Íàéäèòå îñòàòîê îò äåëåíèÿ íà 31 ÷èñëà a =

= 292929 + 6231.
� Íåîáõîäèìî íàéòè ÷èñëî r, óäîâëåòâîðÿþùåå óñëîâèÿì

292929 + 6231 ≡ r (mod 31), 0 6 r < 31.Âîñïîëüçóåìñÿ ñâîéñòâàìè ñðàâíåíèé. Òàê êàê 29 ≡ −2
(mod 31), òî 292929 ≡ (−2)2929 (mod 31). Ïîñêîëüêó (−2)5 =
= −32 ≡ −1 (mod 31), òî (−2)2929 = ((−2)5)585 · (−2)4 ≡
≡ (−1)585 · (−2)4 (mod 31). Ïîýòîìó (−2)2929 ≡ −16 (mod 31)è 292929 ≡ −16 (mod 31). Òàê êàê 62 = 36 ≡ 5 (mod 31), òî
6231 = (62)115 · 6 ≡ 5115 · 6 (mod 31). Ïîñêîëüêó 53 = 125 ≡
≡ 1 (mod 31), òî 5115 · 6 = (53)38 · 5 · 6 ≡ 138 · 30 (mod 31).Òàêèì îáðàçîì, 6231 ≡ 30 (mod 31). Òåïåðü, ñêëàäûâàÿ ñðàâ-íåíèÿ 292929 ≡ −16 (mod 31) è 6231 ≡ 30 (mod 31), ïîëó÷èì
292929 + 6231 ≡ −16 + 30 (mod 31), îòêóäà 292929 + 6231 ≡ 1461



4. Ñ�ÀÂÍÅÍÈß
(mod 31), òî åñòü îñòàòîê ïðè äåëåíèè ÷èñëà a íà 31 ðàâåí 14.Î ò â å ò: 14. ⊠Çàìå÷àíèå. Ïîñëåäíÿÿ öè�ðà ÷èñëà a ðàâíà îñòàòêó ïðèäåëåíèè ÷èñëà |a| íà 10. Äâå ïîñëåäíèå öè�ðû ÷èñëà a � ýòîöè�ðû îñòàòêà ïðè äåëåíèè |a| íà ÷èñëî 100.4.2. Ôóíêöèÿ ÝéëåðàÔóíêöèÿ Ýéëåðà ϕ(n) îïðåäåëåíà íà ìíîæåñòâå N è ïðåä-ñòàâëÿåò ñîáîé ÷èñëî íàòóðàëüíûõ ÷èñåë, íå ïðåâîñõîäÿùèõ nè âçàèìíî ïðîñòûõ ñ n. Íàïðèìåð, ϕ(1) = 1, ϕ(2) = 1, ϕ(3) = 2,
ϕ(4) = 2, ϕ(5) = 4, ϕ(6) = 2.Ëåììà 4.7. 1. Åñëè n ∈ N è p � ïðîñòîå ÷èñëî, òî ϕ(pn) =
= pn − pn−1. Â ÷àñòíîñòè, ϕ(p) = p− 1.

2. Ôóíêöèÿ Ýéëåðà ìóëüòèïëèêàòèâíà, òî åñòü åñëè íà-òóðàëüíûå ÷èñëà a è b âçàèìíî ïðîñòû, òî ϕ(ab) = ϕ(a)ϕ(b).Òåîðåìà 4.8. Åñëè a = pα1
1 pα2

2 . . . pαk
k � êàíîíè÷åñêîå ðàç-ëîæåíèå íàòóðàëüíîãî ÷èñëà a, òî

ϕ(a) =
(
pα1
1 − pα1−1

1

)(
pα2
2 − pα2−1

2

)
. . .
(
pαk

k − pαk−1
k

)
=

= ϕ(a) = a
(

1 − 1

p1

)(

1 − 1

p2

)

. . .
(

1 − 1

pk

)

.Îäíî èç ïðèëîæåíèé �óíêöèè Ýéëåðà, âàæíîå äëÿ òåîðèèñðàâíåíèé, äàåò ñëåäóþùàÿ òåîðåìà.Òåîðåìà 4.9 (Ýéëåðà). Åñëè a è m � âçàèìíî ïðîñòûåíàòóðàëüíûå ÷èñëà, òî aϕ(m) ≡ 1 (mod m).Òåîðåìà 4.10 (Ôåðìà). Åñëè a � íàòóðàëüíîå ÷èñëî, p �ïðîñòîå ÷èñëî, òî ap ≡ a (mod p).Ïðèìåð 4.4. Âû÷èñëèòå çíà÷åíèå �óíêöèè Ýéëåðà äëÿ÷èñëà 113 400.
� Âîñïîëüçóåìñÿ óòâåðæäåíèåì î òîì, ÷òî åñëè a =

= pα1
1 . . . pαn

n � êàíîíè÷åñêîå ðàçëîæåíèå íàòóðàëüíîãî ÷èñëà,òî çíà÷åíèå �óíêöèè Ýéëåðà ϕ(a) = (pα1
1 − pα1−1

1 ) . . . (pαn
n −

− pαn−1
n ). Íàõîäèì êàíîíè÷åñêîå ðàçëîæåíèå ÷èñëà 113 400:

113 400 = 23 ·34 ·52 ·7. Òîãäà ϕ(113 400) = (23 −22)(34 −33)(52 −
− 5)(7 − 70) = 4 · 54 · 20 · 6 = 25 920.Î ò â å ò: 25 920. ⊠62



4.3. Êîëüöî êëàññîâ âû÷åòîâ4.3. Êîëüöî êëàññîâ âû÷åòîâËåììà 4.11. Ïóñòü m � íàòóðàëüíîå ÷èñëî. Êàæäîå öå-ëîå ÷èñëî ñðàâíèìî ïî ìîäóëþ m òî÷íî ñ îäíèì èç ÷èñåë ìíî-æåñòâà {0, 1, . . . ,m − 1}, à èìåííî, ñ îñòàòêîì îò äåëåíèÿýòîãî ÷èñëà íà m.Ïóñòü m � íàòóðàëüíîå ÷èñëî. Âñå öåëûå ÷èñëà ïî îòíîøå-íèþ ê ÷èñëó m ìîæíî ðàçáèòü íà m êëàññîâ, åñëè îòíåñòè êîäíîìó êëàññó ÷èñëà, äàþùèå îäèí è òîò æå îñòàòîê ïðè äåëå-íèè íà ÷èñëî m. Ïî ëåììå 4.11 êàæäîå öåëîå ÷èñëî ïîïàäàåòòî÷íî â îäèí òàêîé êëàññ. Ýòè êëàññû íàçûâàþòñÿ êëàññàìèâû÷åòîâ ïî ìîäóëþ m. Êëàññ âû÷åòîâ ïî ìîäóëþ m, ñîäåðæà-ùèé ÷èñëî a, îáîçíà÷èì ÷åðåç a.Ïî òåîðåìå 4.1 êëàññ âû÷åòîâ ñîñòîèò èç öåëûõ ÷èñåë, ñðàâ-íèìûõ ìåæäó ñîáîé ïî ìîäóëþ m. Ïîýòîìó ðàâåíñòâî êëàññîâ
a = b ðàâíîñèëüíî ñðàâíåíèþ a ≡ b (mod m). Òàê êàê îñòàòêèïðè äåëåíèè öåëûõ ÷èñåë íà m åñòü ÷èñëà ìíîæåñòâà {0, 1, . . .
. . . ,m − 1}, òî êëàññû âû÷åòîâ ïî ìîäóëþ m óäîáíåå çàïè-ñûâàòü ñëåäóþùèì îáðàçîì: 0, 1, . . ., m− 1. Ìíîæåñòâî âñåõêëàññîâ âû÷åòîâ ïî ìîäóëþ m ïðèíÿòî îáîçíà÷àòü ñèìâîëîì
Zm, òî åñòü Zm = {0, 1, . . . ,m− 1}. Îïðåäåëèì íà Zm ñëîæåíèåè óìíîæåíèå êëàññîâ âû÷åòîâ ñëåäóþùèì îáðàçîì:

a+ b = a+ b, a · b = a · b. (4.1)Òåîðåìà 4.12. Ìíîæåñòâî Zm êëàññîâ âû÷åòîâ ïî ìîäó-ëþ m ñ îïåðàöèÿìè ñëîæåíèÿ è óìíîæåíèÿ, îïðåäåëÿåìûìèðàâåíñòâàìè (4.1), ÿâëÿåòñÿ êîììóòàòèâíûì êîëüöîì ñ íó-ëåâûì ýëåìåíòîì 0, åäèíè÷íûì ýëåìåíòîì 1 è ïðîòèâîïî-ëîæíûì ýëåìåíòîì −(a) = m− a.
Zm íàçûâàþò êîëüöîì êëàññîâ âû÷åòîâ ïî ìîäóëþ m.Òåîðåìà 4.13. Ïóñòü m ∈ N, Zm = {0, 1, . . . ,m− 1}.
1. Ýëåìåíò a ∈ Zm îáðàòèì òîãäà è òîëüêî òîãäà, êîãäàÍÎÄ(a,m) = 1.
2. Ýëåìåíò a ∈ Zm ÿâëÿåòñÿ äåëèòåëåì íóëÿ òîãäà èòîëüêî òîãäà, êîãäà ÍÎÄ(a,m) 6= 1.
3. Êîëüöî êëàññîâ âû÷åòîâ Zm ÿâëÿåòñÿ ïîëåì òîãäà èòîëüêî òîãäà, êîãäà m � ïðîñòîå ÷èñëî.Òåîðåìà 4.14. Ìíîæåñòâî âñåõ îáðàòèìûõ ýëåìåíòîâ63



4. Ñ�ÀÂÍÅÍÈßêîëüöà Zm ñ îïåðàöèåé óìíîæåíèÿ îáðàçóåò ãðóïïó ïîðÿäêà
ϕ(m).Ïðèìåð 4.5. Ñîñòàâüòå òàáëèöû ñëîæåíèÿ è óìíîæåíèÿäëÿ êîëüöà Z4.

� Òàê êàê Z4 = {0, 1, 2, 3}, òî
+ 0 1 2 3

0 0 1 2 3

1 1 2 3 0

2 2 3 0 1

3 3 0 1 2

· 0 1 2 3

0 0 0 0 0

1 0 1 2 3

2 0 2 0 2

3 0 3 2 1Íà ïåðåñå÷åíèè ñòðîêè a è ñòîëáöà b â òàáëèöàõ ñòîÿò ñóììà
a+ b è ïðîèçâåäåíèå ab êëàññîâ âû÷åòîâ. ⊠Ïðèìåð 4.6. Â êîëüöå Z24 ïåðå÷èñëèòå îáðàòèìûå ýëåìåí-òû è äåëèòåëè íóëÿ. Ñîñòàâüòå òàáëèöó óìíîæåíèÿ îáðàòèìûõýëåìåíòîâ êîëüöà Z24 è äëÿ êàæäîãî îáðàòèìîãî ýëåìåíòà óêà-æèòå îáðàòíûé.

� Ïîñêîëüêó ÍÎÄ(24, x) 6= 1 äëÿ êàæäîãî x ∈ {2, 3, 4, 6,
8, 9, 10, 12, 14, 15, 16, 18, 20, 21, 22}, òî, ñîãëàñíî òåîðåìå 4.13, ñî-îòâåòñòâóþùèå êëàññû âû÷åòîâ x áóäóò äåëèòåëÿìè íóëÿ.Îáðàòèìûìè ýëåìåíòàìè â êîëüöå Z24 áóäóò ýëåìåíòû 1,
5, 7, 11, 13, 17, 19, 23. ×èñëî îáðàòèìûõ ýëåìåíòîâ ðàâíî 8è ñîâïàäàåò ñî çíà÷åíèåì �óíêöèè Ýéëåðà ϕ(24) = ϕ(23 · 3) =
= ϕ(23)ϕ(3) = (23−22)(3−1) = 8. Ñîñòàâèì òàáëèöó óìíîæåíèÿîáðàòèìûõ ýëåìåíòîâ êîëüöà Z24.

1 5 7 11 13 17 19 23

1 1 5 7 11 13 17 19 23

5 5 1 11 7 17 13 23 19

7 7 11 1 5 19 23 13 17

11 11 7 5 1 23 19 17 13

13 13 17 19 23 1 5 7 11

17 17 13 23 19 5 1 11 7

19 19 23 13 17 7 11 1 5

23 23 19 17 13 11 7 5 164



4.4. Ñðàâíåíèÿ ïåðâîé ñòåïåíèÈç òàáëèöû âèäíî, ÷òî êàæäûé ýëåìåíò ñîâïàäàåò ñî ñâîèìîáðàòíûì ýëåìåíòîì. ⊠4.4. Ñðàâíåíèÿ ïåðâîé ñòåïåíèÑðàâíåíèåì ïåðâîé ñòåïåíè ñ îäíîé íåèçâåñòíîé x íàçû-âàåòñÿ ñðàâíåíèå âèäà ax ≡ b (mod m), ãäå a, b ∈ Z, a 6≡ 0
(mod m).Åñëè ïðè ïîäñòàíîâêå â ñðàâíåíèå âìåñòî íåèçâåñòíîé öåëî-ãî ÷èñëà x0 ïîëó÷àåòñÿ âåðíîå ÷èñëîâîå ñðàâíåíèå, òî ÷èñëî x0íàçûâàåòñÿ ðåøåíèåì äàííîãî ñðàâíåíèÿ. Íåòðóäíî ïîêàçàòü,÷òî åñëè x0 � ðåøåíèå ñðàâíåíèÿ ax ≡ b (mod m), òî ëþáîå÷èñëî âèäà x0+mt, t ∈ Z, òàêæå ÿâëÿåòñÿ ðåøåíèåì ýòîãî ñðàâ-íåíèÿ, òî åñòü ðåøåíèåì ñðàâíåíèÿ áóäóò âñå ÷èñëà èç êëàññàâû÷åòîâ x0 ïî ìîäóëþ m.Ïðè ðåøåíèè ñðàâíåíèÿ ax ≡ b (mod m) âîçìîæåí îäèí èçòðåõ ñëó÷àåâ:1) ÍÎÄ(a,m) = d íå äåëèò ÷èñëî b. Ñðàâíåíèå â ýòîì ñëó÷àåðåøåíèé íå èìååò;2) ÍÎÄ(a,m) = 1. Ñðàâíåíèå èìååò ðåøåíèåì òîëüêî îäèíêëàññ âû÷åòîâ ïî ìîäóëþ m;3) ÍÎÄ(a,m) = d | b. Â ýòîì ñëó÷àå äåëèì îáå ÷àñòè ñðàâíå-íèÿ è ìîäóëü íà d. Ïîëó÷èì ñðàâíåíèå a1x ≡ b1 (mod m1), ãäåÍÎÄ(a1,m1) = 1. Åñëè êëàññ x0 � ðåøåíèå ïîñëåäíåãî ñðàâíå-íèÿ, òî êëàññû âû÷åòîâ x0, x0 +m1, . . . , x0 + (d− 1)m1 ïî ìî-äóëþ m áóäóò ðåøåíèÿìè èñõîäíîãî ñðàâíåíèÿ. Â ýòîì ñëó÷àåñðàâíåíèå ax ≡ b (mod m) èìååò ðåøåíèÿìè ÷èñëà èç d êëàñ-ñîâ âû÷åòîâ ïî ìîäóëþ m. Âñå ÷èñëà èç ýòèõ êëàññîâ ìîæíîçàïèñàòü òàê: x0 +m1t, ãäå t ∈ Z.Ïðèìåð 4.7. �åøèòå ñðàâíåíèå 7x ≡ 16 (mod 23).

� Ïåðâûé ñïîñîá. Áóäåì èçìåíÿòü êîý��èöèåíòû, èñ-ïîëüçóÿ ñâîéñòâà ñðàâíåíèé è ïûòàÿñü ñîêðàòèòü êîý��èöèåíòïðè íåèçâåñòíîé. Âû÷òåì èç äàííîãî ñðàâíåíèÿ äðóãîå ñðàâ-íåíèå 0 ≡ 23 (mod 23). Ïîëó÷èì 7x ≡ −7 (mod 23). Òàê êàê
7 è 23 âçàèìíî ïðîñòû, òî ìîæíî îáå ÷àñòè ñðàâíåíèÿ ïîäå-ëèòü íà 7. Òîãäà x ≡ −1 (mod 23). Ïðèáàâèì ñðàâíåíèå 0 ≡ 23
(mod 23). Ïîëó÷èì x ≡ 22 (mod 23). Òàêèì îáðàçîì, ðåøåíèÿ-65



4. Ñ�ÀÂÍÅÍÈßìè äàííîãî ñðàâíåíèÿ áóäóò âñå ÷èñëà êëàññà 22.Âòîðîé ñïîñîá. Òàê êàê 7 è 23 âçàèìíî ïðîñòû, òî ïî òåî-ðåìå Ýéëåðà 7ϕ(23) ≡ 1 (mod 23). ×èñëî 23 � ïðîñòîå, ïîýòîìó
ϕ(23) = 22. Ñëåäîâàòåëüíî, 722 ≡ 1 (mod 23). Óìíîæèì ýòîñðàâíåíèå íà x ≡ x (mod 23). Ïîëó÷èì 722x ≡ x (mod 23). Íî
722x = 7217x ≡ 721 · 16 (mod 23). Ñëåäîâàòåëüíî, x ≡ 721 · 16
(mod 23). Íàéäåì îñòàòîê ïðè äåëåíèè 721 · 16 íà 23. Òàê êàê
72 = 49 ≡ 3 (mod 23), òî 721 = (72)10 · 7 ≡ 310 · 7 (mod 23).Ïîñêîëüêó 33 = 27 ≡ 4 (mod 23), òî 310 · 7 = (33)3 · 3 · 7 ≡ 43 · 21
(mod 23). Òàê êàê 43 = 64 ≡ −5 (mod 23) è 21 ≡ −2 (mod 23),òî 43 · 21 ≡ (−5) · (−2) (mod 23). Èòàê, 721 ≡ 10 (mod 23). Òî-ãäà 721 · 16 ≡ 10 · 16 (mod 23). Ïîñêîëüêó 160 ≡ 22 (mod 23),òî 721 · 16 ≡ 22 (mod 23). Òàêèì îáðàçîì, x ≡ 22 (mod 23).Î ò â å ò: x = 22 + 23t, t ∈ Z. ⊠Ïðèìåð 4.8. �åøèòå ñðàâíåíèå 6x ≡ 10 (mod 14).

� ÍÎÄ(6, 14) = 2. Òàê êàê 2 äåëèò 10, òî ñðàâíåíèå èìååò
2 ðåøåíèÿ. �àçäåëèì ñðàâíåíèå íà ÍÎÄ(6, 14) = 2. Ïîëó÷èì
3x ≡ 5 (mod 7). Òàê êàê 3 è 7 âçàèìíî ïðîñòû, òî ýòî ñðàâíåíèåèìååò ðåøåíèÿìè îäèí êëàññ âû÷åòîâ ïî ìîäóëþ 7. �åøèì ýòîñðàâíåíèå. Ïðèáàâèì ê äàííîìó ñðàâíåíèþ äðóãîå ñðàâíåíèå
0 ≡ 7 (mod 7). Ïîëó÷èì 3x ≡ 12 (mod 7). Òàê êàê 3 è 7 âçàèìíîïðîñòû, òî ìîæíî îáå ÷àñòè ñðàâíåíèÿ ïîäåëèòü íà 3. Òîãäà
x ≡ 4 (mod 7). Èòàê, ðåøåíèÿìè áóäóò êëàññû 4 è 4 + 7 = 11.Î ò â å ò: x = 4 + 14t, x = 11 + 14t, t ∈ Z, èëè x = 4 + 7t,
t ∈ Z. ⊠Ïðèìåð 4.9. Íàéäèòå âñå öåëî÷èñëåííûå ðåøåíèÿ óðàâíå-íèÿ 54x− 42y = −18.

� Âûðàçèì îäíó èç íåèçâåñòíûõ ÷åðåç äðóãóþ y = (54x +
+ 18)/42. ×òîáû ÷èñëî y áûëî öåëûì, ÷èñëî x äîëæíî óäîâëå-òâîðÿòü ñðàâíåíèþ 54x + 18 ≡ 0 (mod 42), òî åñòü 54x ≡ −18
(mod 42). ÍÎÄ(54, 42) = 6 äåëèò (−18), ïîýòîìó ñðàâíåíèåèìååò 6 ðåøåíèé. �àçäåëèì ñðàâíåíèå íà 6. Ïîëó÷èì 9x ≡ −3
(mod 7). Ïðèáàâèì ñðàâíåíèå 0 ≡ 21 (mod 7). Ïîëó÷èì 9x ≡
≡ 18 (mod 7). �àçäåëèì îáå ÷àñòè íà 9. Òîãäà x ≡ 2 (mod 7).�åøåíèÿìè áóäóò êëàññû 2, 9, 16, 23, 30, 37. Âñå ÷èñëà ýòèõêëàññîâ ìîæíî çàïèñàòü â âèäå: x = 2 + 7t, ãäå t ∈ Z. Íàéäåì66



4.5. Èíäèâèäóàëüíûå çàäàíèÿâòîðóþ íåèçâåñòíóþ:
y =

54(2 + 7t) + 18

42
=

126 + 378t

42
= 3 + 9t, t ∈ Z.Î ò â å ò: x = 2 + 7t, y = 3 + 9t, t ∈ Z. ⊠Ïðèìåð 4.10. Â êîëüöå Z12 óêàæèòå îáðàòèìûå ýëåìåíòûè íàéäèòå èì îáðàòíûå ýëåìåíòû.

� Ýëåìåíò a ∈ Zm èìååò â Zm îáðàòíûé ýëåìåíò òîãäàè òîëüêî òîãäà, êîãäà a è m âçàèìíî ïðîñòû. Ïî ìîäóëþ 12èìååòñÿ ϕ(12) = ϕ(22 · 3) = (22 − 2)(3− 30) = 4 êëàññà âû÷åòîâ,ýëåìåíòû êîòîðûõ âçàèìíî ïðîñòû ñ ìîäóëåì: 1, 5, 7, 11.Íàéäåì îáðàòíûå ýëåìåíòû â êîëüöå Z12 äëÿ êàæäîãî èçóêàçàííûõ êëàññîâ.
1 · x = 1. Î÷åâèäíî, ÷òî x = 1, òî åñòü (1)−1 = 1.
5 · x = 1. Ïî òåîðåìå Ýéëåðà 5ϕ(12) ≡ 1 (mod 12). Òîãäà

54 ≡ 1 (mod 12). Ýòî îçíà÷àåò, ÷òî 54 = 1. Ïî îïðåäåëåíèþóìíîæåíèÿ êëàññîâ âû÷åòîâ 5 · 53 = 1. Íî 53 = 5, òàê êàê 53 =
= 125 ≡ 5 (mod 12). Ñëåäîâàòåëüíî, x = 5, òî åñòü (5)−1 = 5.

7 · x = 1. Àíàëîãè÷íî ïðåäûäóùåìó 7ϕ(12) ≡ 1 (mod 12),îòêóäà 74 = 1, 7 · 73 = 1. Òàê êàê 73 = 7, òî x = 7.
11 · x = 1. Ïî òåîðåìå Ýéëåðà 114 ≡ 1 (12), òî åñòü 114 = 1,îòêóäà 11 · 113 = 1. Ïîñêîëüêó 113 = 11, òî x = 11.Î ò â å ò: îáðàòèìûå ýëåìåíòû: 1, 5, 7, 11. Êàæäûé èç ýòèõýëåìåíòîâ ñîâïàäàåò ñî ñâîèì îáðàòíûì. ⊠4.5. Èíäèâèäóàëüíûå çàäàíèÿ1. Èñïîëüçóÿ ñâîéñòâà ñðàâíåíèé, íàéäèòå îñòàòîê îò äåëå-íèÿ a íà b.

1. 1. a = 178274, b = 22. 1. 2. a = 550 + 13100, b = 18.
1. 3. a = 570 + 2750, b = 12. 1. 4. a = 139291, b = 13.
1. 5. a = 383175, b = 11. 1. 6. a = 178152, b = 11.
1. 7. a = 34374, b = 15. 1. 8. a = 22234, b = 14.
1. 9. a = 1580 + 7100, b = 13. 1. 10. a = 29375, b = 13.
1. 11. a = 194198, b = 11. 1. 12. a = 23393, b = 16.
1. 13. a = 127153, b = 15. 1. 14. a = 274100, b = 12.
1. 15. a = 26490, b = 17. 67



4. Ñ�ÀÂÍÅÍÈß2. Èñïîëüçóÿ ñâîéñòâà ñðàâíåíèé, íàéäèòå ïîñëåäíþþ öè�-ðó ÷èñëà a èç çàäàíèÿ 1.3. Èñïîëüçóÿ ñâîéñòâà ñðàâíåíèé, äîêàæèòå, ÷òî ÷èñëî cäåëèòñÿ íà ÷èñëî d.
3. 1. c = 2730 + 7, d = 16.
3. 2. c = 2615 + 1, d = 21.
3. 3. c = 6045 + 7245, d = 11.
3. 4. c = 16302 + 9302 + 1, d = 13.
3. 5. c = 14100 + 5, d = 9.
3. 6. c = 3803 − 16, d = 11.
3. 7. c = 2421 · 2112 − 312 · 1721, d = 19.
3. 8. c = 3014 + 10, d = 13.
3. 9. c = 1051 + 162, d = 14.
3. 10. c = 2947 + (−17)47 + 1, d = 13.
3. 11. c = 2891 + 5, d = 11.
3. 12. c = 3126 − 15, d = 14.
3. 13. c = 48153 + 24, d = 22.
3. 14. c = 4323 + 26, d = 15.
3. 15. c = 51820 + 4, d = 13.4. Âû÷èñëèòå çíà÷åíèå �óíêöèè Ýéëåðà äëÿ ÷èñëà a.
4. 1. a = 142 560. 4. 2. a = 421 200. 4. 3. a = 539 000.
4. 4. a = 476 000. 4. 5. a = 105 840. 4. 6. a = 273 000.
4. 7. a = 853 776. 4. 8. a = 794 976. 4. 9. a = 702 702.
4. 10. a = 343 035. 4. 11. a = 798 525. 4. 12. a = 606 375.
4. 13. a = 268 125. 4. 14. a = 523 908. 4. 15. a = 548 856.5. Â êîëüöå Zm óêàæèòå îáðàòèìûå ýëåìåíòû è äåëèòåëèíóëÿ. Äëÿ êàæäîãî èç îáðàòèìûõ ýëåìåíòîâ íàéäèòå îáðàòíûé.
5. 1. m = 8. 5. 2. m = 9. 5. 3. m = 10. 5. 4. m = 14.
5. 5. m = 6. 5. 6. m = 18. 5. 7. m = 16. 5. 8. m = 20.
5. 9. m = 24. 5. 10. m = 30. 5. 11. m = 15. 5. 12. m = 5.
5. 13. m = 4. 5. 14. m = 7. 5. 15. m = 11.6. Ñîñòàâüòå òàáëèöó óìíîæåíèÿ îáðàòèìûõ ýëåìåíòîâêîëüöà Zm.
6. 1. m = 16. 6. 2. m = 20. 6. 3. m = 24. 6. 4. m = 30.
6. 5. m = 15. 6. 6. m = 5. 6. 7. m = 4. 6. 8. m = 7.68



4.6. Äîïîëíèòåëüíûå çàäà÷è
6. 9. m = 11. 6. 10. m = 8. 6. 11. m = 9. 6. 12. m = 10.
6. 13. m = 14. 6. 14. m = 6. 6. 15. m = 18.7. �åøèòå ñðàâíåíèå ïåðâîé ñòåïåíè.

7. 1. −3x ≡ 13 (mod 4). 7. 2. 2x ≡ 9 (mod 7).
7. 3. 5x ≡ 9 (mod 6). 7. 4. −6x ≡ 5 (mod 7).
7. 5. 13x ≡ 20 (mod 4). 7. 6. 14x ≡ −10 (mod 3).
7. 7. 15x ≡ 9 (mod 11). 7. 8. −10x ≡ 8 (mod 3).
7. 9. 16x ≡ −6 (mod 9). 7. 10. 29x ≡ 3 (mod 19).
7. 11. 17x ≡ −20 (mod 3). 7. 12. 13x ≡ 4 (mod 8).
7. 13. 14x ≡ 30 (mod 9). 7. 14. 6x ≡ 22 (mod 13).
7. 15. 7x ≡ −12 (mod 16).8. Íàéäèòå âñå öåëî÷èñëåííûå ðåøåíèÿ óðàâíåíèÿ.
8. 1. 10x− 15y = 25. 8. 2. 14x+ 21y = −49.
8. 3. 12x− 8y = −24. 8. 4. 15x− 18y = 21.
8. 5. 22x+ 4y = −16. 8. 6. 12x− 20y = −24.
8. 7. 6x+ 42y = −12. 8. 8. 26x+ 28y = −4.
8. 9. 27x− 12y = −15. 8. 10. 30x+ 55y = −10.
8. 11. 8x− 20y = −16. 8. 12. 21x− 36y = 9.
8. 13. 24x+ 14y = −18. 8. 14. 15x− 21y = 42.
8. 15. 32x+ 44y = −16.4.6. Äîïîëíèòåëüíûå çàäà÷è1. Äîêàæèòå, ÷òî x7 ≡ x (mod 42) ïðè ëþáîì öåëîì x.2. Ïóñòü p è q � ðàçëè÷íûå ïðîñòûå ÷èñëà. Äîêàæèòå, ÷òî

pq−1 + qp−1 ≡ 1 (mod pq).3. Íàéäèòå ïîñëåäíþþ öè�ðó ÷èñëà 2211 + 3322.4. Äîêàæèòå, ÷òî íå ñóùåñòâóåò íàòóðàëüíûõ ÷èñåë a, b è
c, óäîâëåòâîðÿþùèõ óðàâíåíèþ 2a + 7b = 19c.5. Äîêàæèòå, ÷òî ñðàâíåíèå

a6m + a6n ≡ 0 (mod 7), m, n ∈ N,èñòèííî òîëüêî ïðè a, êðàòíîì 7.6. Íàéäèòå îñòàòîê îò äåëåíèÿ íà 3 ÷èñëà
n = (12 + 1)(22 + 1)(32 + 1) . . . (10002 + 1). 69



4. Ñ�ÀÂÍÅÍÈß7. Äîêàæèòå ñëåäóþùåå óòâåðæäåíèå: äèñêðèìèíàíò êâà-äðàòíîãî óðàâíåíèÿ ñ öåëûìè êîý��èöèåíòàìè ïðè äåëåíèèíà ÷èñëî 4 äàåò îñòàòîê 0 èëè 1.8. Ïóñòü âñå êîý��èöèåíòû óðàâíåíèÿ ax2 + bx + c = 0 �öåëûå íå÷åòíûå ÷èñëà. Äîêàæèòå, ÷òî íè îäèí èç êîðíåé ýòîãîóðàâíåíèÿ íå ìîæåò áûòü ðàöèîíàëüíûì ÷èñëîì.9. Ïðÿìîóãîëüíûé òðåóãîëüíèê íàçûâàåòñÿ ïè�àãîðîâûì,åñëè äëèíû åãî ñòîðîí � íàòóðàëüíûå ÷èñëà.
9. 1. Ìîãóò ëè äëèíû îáîèõ êàòåòîâ ïè�àãîðîâà òðåóãîëü-íèêà áûòü íå÷åòíûìè ÷èñëàìè?
9. 2. Äîêàæèòå, ÷òî äëèíà îäíîãî èç êàòåòîâ ïè�àãîðîâàòðåóãîëüíèêà äåëèòñÿ íà 3.
9. 3. Äîêàæèòå, ÷òî äëèíà îäíîé èç ñòîðîí ïè�àãîðîâà òðå-óãîëüíèêà äåëèòñÿ íà 5.
9. 4. Äîêàæèòå, ÷òî ïðîèçâåäåíèå äëèí ñòîðîí ïè�àãîðîâàòðåóãîëüíèêà äåëèòñÿ íà 60.
9. 5. Ñóùåñòâóåò ëè ïè�àãîðîâ òðåóãîëüíèê ñ ïëîùàäüþ360?
9. 6. Ïðåäïîëîæèì, ÷òî äëèíû ñòîðîí ïè�àãîðîâà òðå-óãîëüíèêà âçàèìíî ïðîñòûå ÷èñëà. Äîêàæèòå, ÷òî äëèíà ãè-ïîòåíóçû � íå÷åòíîå ÷èñëî, à äëèíû êàòåòîâ èìåþò ðàçíóþ÷åòíîñòü.
9. 7. Ñêîëüêî ñóùåñòâóåò ðàçëè÷íûõ ïè�àãîðîâûõ òðå-óãîëüíèêîâ, äëèíà îäíîãî èç êàòåòîâ ó êîòîðûõ ðàâíà 15?10. Äîêàæèòå, ÷òî íå ñóùåñòâóåò ïðÿìîóãîëüíîãî ïàðàëëå-ëåïèïåäà ñ öåëî÷èñëåííûìè ðåáðàìè è äèàãîíàëüþ √

807.11. Äîêàæèòå, ÷òî
(x+ y)p ≡ xp + yp (mod p)äëÿ ëþáîãî ïðîñòîãî p è ëþáûõ öåëûõ ÷èñåë x è y.12. Ïóñòü a è b � ïðîñòûå ÷èñëà. Äîêàæèòå, ÷òî:

12. 1. a+ b äåëèò a5 + b5. 12. 2. a2 +2ab+ b2 äåëèò a4 +4b4.13. Äîêàæèòå, ÷òî èç 8 öåëûõ ÷èñåë âñåãäà ìîæíî âûáðàòüäâà òàêèõ, ðàçíîñòü êîòîðûõ äåëèòñÿ íà 7.14. Äîêàæèòå, ÷òî 57 äåëèò 7n+2 + 82n+1 ïðè ëþáîì n ∈ N.15. Ïóñòü a, b ∈ Z è 7 äåëèò a2 + b2. Äîêàæèòå, ÷òî 7 äåëèò
a è äåëèò b.70



4.6. Äîïîëíèòåëüíûå çàäà÷è16. Ñóùåñòâóåò ëè òî÷êà ñ öåëûìè êîîðäèíàòàìè, ïðèíàä-ëåæàùàÿ ïàðàáîëå y = (1/5)x2 − 3/5?17. Äîêàæèòå, ÷òî êàæäîå ÷èñëî âèäà 7n + 3, n ∈ Z, íåìîæåò áûòü êâàäðàòîì öåëîãî ÷èñëà.18. Ñóùåñòâóåò ëè ìîìåíò âðåìåíè, êîãäà íà öè�åðáëàòåïðàâèëüíî èäóùèõ ÷àñîâ ÷àñîâàÿ, ìèíóòíàÿ è ñåêóíäíàÿ ñòðåë-êè îáðàçóþò ïîïàðíî óãëû â 120◦?19. Íàéäèòå ïðèçíàêè äåëèìîñòè öåëûõ ÷èñåë íà 7, íà 13.20. Äîêàæèòå, ÷òî äëÿ ÷èñëà 341 ñïðàâåäëèâî ñðàâíåíèå
2341 ≡ 2 (mod 341).21. Ñîñòàâíîå ÷èñëî n íàçûâàåòñÿ àáñîëþòíî ïñåâäîïðî-ñòûì, åñëè äëÿ êàæäîãî öåëîãî ÷èñëà a âûïîëíÿåòñÿ ñðàâíåíèå
an ≡ a (mod n). Äîêàæèòå, ÷òî ÷èñëî 561 ÿâëÿåòñÿ àáñîëþòíîïñåâäîïðîñòûì.22. Â êîëüöå Zm ðåøèòå óðàâíåíèÿ:

22. 1. 16x = 21, m = 30. 22. 2. 12x = 15, m = 35.
22. 3. 19x = 29, m = 36. 22. 4. 21x = 54, m = 75.
22. 5. 27x = 11, m = 106.23. Ïóñòü äàíû m ïîñëåäîâàòåëüíûõ öåëûõ ÷èñåë

a, a+ 1, a+ 2, . . . , a+m− 1.Äîêàæèòå, ÷òî êàæäîå ÷èñëî x ∈ Z ñðàâíèìî ïî ìîäóëþ mòîëüêî ñ îäíèì èç íèõ.24. Ïóñòü p � ïðîñòîå ÷èñëî, a è b � öåëûå. Äîêàæèòå, ÷òî
apb− abp äåëèòñÿ íà p.25. Èìåþò ëè óðàâíåíèÿ öåëî÷èñëåííûå ðåøåíèÿ?

25. 1. x2 + y2 + z2 = 1983. 25. 2. x4 + y4 + z4 = 1980.



5. ÊÎÌÏËÅÊÑÍÛÅ ×ÈÑËÀ5.1. Ïîëå êîìïëåêñíûõ ÷èñåëÍàì èçâåñòíû ñëåäóþùèå ìíîæåñòâà ÷èñåë:
N � ìíîæåñòâî íàòóðàëüíûõ ÷èñåë. Ýòî ìíîæåñòâî ñ îïå-ðàöèåé óìíîæåíèÿ ÿâëÿåòñÿ àáåëåâîé ïîëóãðóïïîé ñ åäèíèöåé,à ñ îïåðàöèåé ñëîæåíèÿ � àáåëåâîé ïîëóãðóïïîé áåç íóëÿ;
Z � êîëüöî öåëûõ ÷èñåë;
Q � ïîëå ðàöèîíàëüíûõ ÷èñåë;
R � ïîëå äåéñòâèòåëüíûõ ÷èñåë.Êîëüöî öåëûõ ÷èñåë ÿâëÿåòñÿ ðàñøèðåíèåì ìíîæåñòâà íà-òóðàëüíûõ ÷èñåë, íî öåëûõ ÷èñåë íåäîñòàòî÷íî äàæå äëÿ ðå-øåíèÿ óðàâíåíèÿ 2x+ 1 = 0. Ïîëå ðàöèîíàëüíûõ ÷èñåë

Q =
{ n

m
| n ∈ Z, m ∈ N

}ÿâëÿåòñÿ ðàñøèðåíèåì êîëüöà öåëûõ ÷èñåë, íî â ïîëå ðàöèî-íàëüíûõ ÷èñåë íå âñåãäà âîçìîæíî èçâëåêàòü êâàäðàòíûå êîð-íè. Íåòðóäíî äîêàçàòü, ÷òî √
p íå ÿâëÿåòñÿ ðàöèîíàëüíûì ÷èñ-ëîì äëÿ ëþáîãî ïðîñòîãî ÷èñëà p.Ïîëå R äåéñòâèòåëüíûõ ÷èñåë ÿâëÿåòñÿ ðàñøèðåíèåì ïîëÿ

Q ðàöèîíàëüíûõ ÷èñåë, íî â R ïðîñòåéøåå êâàäðàòíîå óðàâíå-íèå x2 + 1 = 0 íå èìååò ðåøåíèÿ.Ïîñòàâèì ñëåäóþùóþ çàäà÷ó: ðàñøèðèòü ïîëå R òàê, ÷òî-áû â íîâîì ïîëå èìåëî ðåøåíèå óðàâíåíèå
x2 + 1 = 0. (5.1)�àññìîòðèì ìíîæåñòâî óïîðÿäî÷åííûõ ïàð (a, b) äåéñòâè-òåëüíûõ ÷èñåë C = {(a, b) | a, b ∈ R}. Äâå ïàðû (a1, b1), (a2, b2)ñ÷èòàþòñÿ ðàâíûìè, åñëè a1 = a2, b1 = b2. Ââåäåì îïåðàöèèñëîæåíèÿ è óìíîæåíèÿ:

(a, b) + (c, d) = (a+ c, b+ d), (5.2)
(a, b)(c, d) = (ac− bd, ad+ bc). (5.3)Òåîðåìà 5.1. Ìíîæåñòâî C ñ îïåðàöèÿìè ñëîæåíèÿ (5.2)è óìíîæåíèÿ (5.3) ÿâëÿåòñÿ ïîëåì ñ íóëåâûì ýëåìåíòîì

(0, 0) è åäèíè÷íûì ýëåìåíòîì (1, 0).Ïîñòðîåííîå ïîëå C íàçûâàþò ïîëåì êîìïëåêñíûõ ÷èñåë, àýëåìåíòû ïîëÿ C � êîìïëåêñíûìè ÷èñëàìè.72



5.1. Ïîëå êîìïëåêñíûõ ÷èñåëÏàðû (a, 0), a ∈ R, ñêëàäûâàþòñÿ è óìíîæàþòñÿ êàê äåé-ñòâèòåëüíûå ÷èñëà:
(a, 0) + (b, 0) = (a+ b, 0),

(a, 0)(b, 0) = (ab− 0 · 0, a · 0 + 0 · b) = (ab, 0).Ïîýòîìó îòîáðàæåíèå ϕ : a 7→ (a, 0), a ∈ R, ÿâëÿåòñÿ èçî-ìîð�èçìîì ïîëÿ R è ïîëÿ ϕ(R) = {(a, 0) | a ∈ R} ⊆ C. Ýòîïîçâîëÿåò îòîæäåñòâëÿòü ïàðó (a, 0) ñ äåéñòâèòåëüíûì ÷èñëîì
a, òî åñòü ïîëîæèòü (a, 0) = a. Ïîëå R äåéñòâèòåëüíûõ ÷èñåëñòàíîâèòñÿ ÷àñòüþ ïîëÿ C êîìïëåêñíûõ ÷èñåë.Ïàðó (0, 1) îáîçíà÷èì ÷åðåç i è íàçîâåì ìíèìîé åäèíèöåé.Òàê êàê bi = (b, 0)(0, 1) = (b · 0 − 0 · 1, b · 1 + 0 · 0) = (0, b), òî
(a, b) = (a, 0) + (0, b) = a+ bi. Êðîìå òîãî,

i2 = (0, 1)(0, 1) = (0 · 0 − 1 · 1, 0 · 1 + 1 · 0) = (−1, 0) = −1,òî åñòü i ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (5.1).Çàïèñü a+ bi íàçûâàåòñÿ àëãåáðàè÷åñêîé �îðìîé êîìïëåêñ-íîãî ÷èñëà (a, b), ÷èñëî a � åãî äåéñòâèòåëüíîé ÷àñòüþ, à
bi � ìíèìîé ÷àñòüþ. Ñëîæåíèå (5.2) è óìíîæåíèå (5.3) âàëãåáðàè÷åñêîé �îðìå çàïèñûâàþò òàê:

(a+ bi) + (c+ di) = a+ c+ (b+ d)i, (5.4)
(a+ bi)(c + di) = ac− bd+ (ad+ bc)i. (5.5)Â ÷àñòíîñòè, ïðè óìíîæåíèè êîìïëåêñíûõ ÷èñåë ðàñêðû-âàþòñÿ ñêîáêè è i2 çàìåíÿåòñÿ íà −1.Èòàê, ñ îïåðàöèÿìè ñëîæåíèÿ (5.4) è óìíîæåíèÿ (5.5) ìíî-æåñòâî C = {a+bi | a, b ∈ R, i2 = −1} ÿâëÿåòñÿ ïîëåì, R ⊆ C èâ C óðàâíåíèå (5.1) èìååò ðåøåíèå x = i. Ïîñòàâëåííàÿ çàäà÷àðåøåíà.Äëÿ êîìïëåêñíîãî ÷èñëà z = a + bi êîìïëåêñíîå ÷èñëî a −

− bi íàçûâàåòñÿ ñîïðÿæåííûì è îáîçíà÷àåòñÿ ÷åðåç z̄. Èòàê, óñîïðÿæåííûõ ÷èñåë äåéñòâèòåëüíûå ÷àñòè ñîâïàäàþò, à ìíè-ìûå � âçàèìíî ïðîòèâîïîëîæíû. Î÷åâèäíî, ÷òî z̄ = z òîãäà èòîëüêî òîãäà, êîãäà z � äåéñòâèòåëüíîå ÷èñëî. Ëåãêî ïðîâåðÿ-þòñÿ ñëåäóþùèå ñâîéñòâà ñîïðÿæåííûõ ÷èñåë: ñóììà z + z èïðîèçâåäåíèå zz ÿâëÿþòñÿ äåéñòâèòåëüíûìè ÷èñëàìè; z ± w =

= z̄ ± w̄; zw = z̄w̄; (z/w) = z̄/w̄; z̄k = zk, k ∈ N; ¯̄z = z.Ïðè äåëåíèè êîìïëåêñíûõ ÷èñåë äåëèìîå è äåëèòåëü óìíî-æàþòñÿ íà ÷èñëî, ñîïðÿæåííîå äåëèòåëþ: 73



5. ÊÎÌÏËÅÊÑÍÛÅ ×ÈÑËÀ
a+ bi

c+ di
=
a+ bi

c+ di
· c− di

c− di
=

=
ac+ bd− (ad− bc)i

c2 + d2
=
ac+ bd

c2 + d2
− ad− bc

c2 + d2
i.Çäåñü íàäî ñ÷èòàòü, ÷òî c+ di 6= 0, òî åñòü c 6= 0 6= d.Ïðèìåð 5.1. Äàíû êîìïëåêñíûå ÷èñëà z1 = 2 − 3i è z2 =

= −1 − i. Âû÷èñëèòå z1 + z2, z1 − z2, z1 · z2, z1/z2.
� Ïðè ñëîæåíèè êîìïëåêñíûõ ÷èñåë â àëãåáðàè÷åñêîé�îðìå ñêëàäûâàþòñÿ èõ äåéñòâèòåëüíûå ÷àñòè è êîý��èöè-åíòû ïðè i:
z1 + z2 = (2 − 3i) + (−1 − i) = (2 − 1) + (−3 − 1)i = 1 − 4i.Ïðè âû÷èòàíèè êîìïëåêñíûõ ÷èñåë â àëãåáðàè÷åñêîé �îð-ìå âû÷èòàþòñÿ èõ äåéñòâèòåëüíûå ÷àñòè è êîý��èöèåíòûïðè i:
z1 − z2 = (2 − 3i) − (−1 − i) = (2 + 1) + (−3 + 1)i = 3 − 2i.Äëÿ òîãî ÷òîáû ïåðåìíîæèòü äâà êîìïëåêñíûõ ÷èñëà, íàäîïåðåìíîæèòü èõ êàê äâó÷ëåíû, à çàòåì çàìåíèòü i2 íà −1:

z1 · z2 = (2 − 3i)(−1 − i) = −2 + 3i− 2i+ 3i2 =

= (−2 − 3) + (3 − 2)i = −5 + i.Äëÿ âû÷èñëåíèÿ ÷àñòíîãî óìíîæèì äåëèìîå è äåëèòåëü íà÷èñëî, ñîïðÿæåííîå äåëèòåëþ:
z1
z2

=
2 − 3i

−1 − i
=

(2 − 3i)(−1 + i)

(−1 − i)(−1 + i)
=

=
−2 + 3i+ 2i− 3i2

(−1)2 − i2
=

1 + 5i

2
=

1

2
+

5

2
i.Î ò â å ò: z1 + z2 = 1 − 4i, z1 − z2 = 3 − 2i, z1 · z2 = −5 + i,

z1/z2 = 1/2 + (5/2)i. ⊠Ïðèìåð 5.2. Âû÷èñëèòå (3+2i)/(7−2i), ((1−2i)/(1+2i)
)3.

� Äëÿ âû÷èñëåíèÿ (3 + 2i)/(7 − 2i) óìíîæèì ÷èñëèòåëü èçíàìåíàòåëü íà ÷èñëî, ñîïðÿæåííîå çíàìåíàòåëþ:
3 + 2i

7 − 2i
· 7 + 2i

7 + 2i
=

(21 − 4) + (6 + 14)i

72 − (2i)2
=

17

53
+

20

53
i.74



5.2. Èçâëå÷åíèå êâàäðàòíîãî êîðíÿÄëÿ âîçâåäåíèÿ â êóá ÷èñëà (1−2i)/(1+2i) âíà÷àëå âû÷èñëèì:
1 − 2i

1 + 2i
· 1 − 2i

1 − 2i
=

(1 − 2i)2

12 − (2i)2
=

1 − 4i− 4

1 + 4
=

−3

5
− 4

5
i.Òåïåðü èìååì:

(
1 + 2i

1 − 2i

)3

=

(−3

5
− 4

5
i

)3

=
−1

53
(3 + 4i)3 =

−1

53
(27 + 108i−

−144 − 64i) =
−1

53
(−117 + 44i) =

117

125
− 44

125
i. ⊠5.2. Èçâëå÷åíèå êâàäðàòíîãî êîðíÿ èçêîìïëåêñíîãî ÷èñëàÂ ïîëå êîìïëåêñíûõ ÷èñåë ðàçðåøèìî óðàâíåíèå x2 + 1 =

= 0. Åãî ðåøåíèÿìè ÿâëÿþòñÿ ÷èñëà i è −i. Ïîýòîìó â ïîëå
C ñóùåñòâóåò êâàäðàòíûé êîðåíü èç −1, à èìåííî: √−1 = ±i.Îòñþäà ñëåäóåò, ÷òî â ïîëå C ñóùåñòâóþò êâàäðàòíûå êîðíèèç îòðèöàòåëüíûõ äåéñòâèòåëüíûõ ÷èñåë:√

−a =
√

(−1)a =
√
−1 ·

√
a = ±i

√
a.Ïóñòü òåïåðü òðåáóåòñÿ èçâëå÷ü êâàäðàòíûé êîðåíü èç êîì-ïëåêñíîãî ÷èñëà z = a+bi. Ïîëîæèì x+yi =

√
a+ bi. Âîçâåäåìîáå ÷àñòè ýòîãî ðàâåíñòâà â êâàäðàò: x2 − y2 + 2xyi = a + bi.Ïðèðàâíèâàÿ äåéñòâèòåëüíûå è ìíèìûå ÷àñòè, ïîëó÷àåì:

{

x2 − y2 = a,

2xy = b.
(5.6)Âîçâåäåì îáà óðàâíåíèÿ â êâàäðàò:

{

(x2 − y2)2 = a2,

4x2y2 = b2.Ñêëàäûâàÿ îáà óðàâíåíèÿ ïîñëåäíåé ñèñòåìû, ïîëó÷èì óðàâ-íåíèå (x2 + y2)2 = a2 + b2. Òåïåðü èìååì ñèñòåìó:
{

x2 + y2 =
√
a2 + b2,

x2 − y2 = a.Ñêëàäûâàÿ îáà óðàâíåíèÿ, à çàòåì âû÷èòàÿ èç ïåðâîãî óðàâíå-íèÿ âòîðîå, ïîëó÷àåì: 2x2 =
√
a2 + b2 + a, 2y2 =

√
a2 + b2 − a.75



5. ÊÎÌÏËÅÊÑÍÛÅ ×ÈÑËÀÈçâëåêàÿ êîðíè èç êàæäîãî óðàâíåíèÿ, ïîëó÷àåì:
x = δ1

√√
a2 + b2 + a

2
, y = δ2

√√
a2 + b2 − a

2
,ãäå δ1 = ±1 = δ2. Íî èç âòîðîãî óðàâíåíèÿ ñèñòåìû (5.6) ñëåäó-åò, ÷òî xy = b/2. Ïîýòîìó ïðè b > 0 ïðîèçâåäåíèå δ1δ2 = 1, òîåñòü x è y èìåþò îäèíàêîâûå çíàêè, à ïðè b < 0 ïðîèçâåäåíèå

δ1δ2 = −1, òî åñòü x è y èìåþò ðàçíûå çíàêè. Â îáùåì ñëó÷àåýòó çàâèñèìîñòü ìîæíî çàïèñàòü, èñïîëüçóÿ �óíêöèþ ¾çíàê¿ñëåäóþùèì îáðàçîì: δ2 = δ1signb,
√
a+ bi = ±

(
√√

a2 + b2 + a

2
+ (signb)i√√

a2 + b2 − a

2

)

. (5.7)Èòàê, äîêàçàíà ñëåäóþùàÿ òåîðåìà.Òåîðåìà 5.2. Â ïîëå êîìïëåêñíûõ ÷èñåë ñóùåñòâóåòêâàäðàòíûé êîðåíü èç êîìïëåêñíîãî ÷èñëà, çíà÷åíèÿ êîòîðîãîîïðåäåëÿþòñÿ �îðìóëîé (5.7).Ïðè âû÷èñëåíèè êîðíÿ èç êîìïëåêñíîãî ÷èñëà ìîæíî èñ-ïîëüçîâàòü �îðìóëó (5.7) èëè ñõåìó äîêàçàòåëüñòâà òåîðå-ìû 5.2.Ïðèìåð 5.3. Âû÷èñëèòå √
6 + 8i.

� Ïî �îðìóëå (5.7) èìååì √
6 + 8i = ±(

√
8 + i

√
2).Ï ð î â å ð ê à: (± (

√
8 + i

√
2)
)2

= 8− 2 + 2
√

8
√

2i = 6 + 8i.Î ò â å ò: ±(
√

8 + i
√

2). ⊠Ïðèìåð 5.4. Âû÷èñëèòå √
1 − i.

� Âîñïîëüçóåìñÿ ñõåìîé äîêàçàòåëüñòâà òåîðåìû 5.2.Ïóñòü √
1 − i = x + yi, ãäå x, y ∈ R. Âîçâîäÿ îáå ÷àñòè ðà-âåíñòâà â êâàäðàò, ïîëó÷èì 1− i = (x2 − y2)+2xyi. Èç óñëîâèÿðàâåíñòâà êîìïëåêñíûõ ÷èñåë èìååì:

{
x2 − y2 = 1
2xy = −1.Âîçâîäÿ îáà óðàâíåíèÿ â êâàäðàò è ñêëàäûâàÿ èõ, ïîëó÷èì:

x4 + 2x2y2 + y4 = 2,îòêóäà (x2 + y2)2 = 2 èëè x2 + y2 =
√

2. Òåïåðü èç ñèñòåìû
{
x2 + y2 =

√
2

x2 − y2 = 1,76



5.3. �åøåíèå êâàäðàòíûõ óðàâíåíèé â ïîëå Cíàõîäèì x2 = (
√

2 + 1)/2, y2 = (
√

2 − 1)/2. Âòîðîå óðàâíåíèå
2xy = −1 ïåðâîíà÷àëüíîé ñèñòåìû óêàçûâàåò, ÷òî ÷èñëà x è
y èìåþò ðàçíûå çíàêè. Ïîýòîìó èñõîäíàÿ ñèñòåìà èìååò äâàðåøåíèÿ:

x1 =

√√
2 + 1

2
, y1 = −

√√
2 − 1

2
,

x2 = −

√√
2 + 1

2
, y2 =

√√
2 − 1

2
.Î ò â å ò: √1 − i = ±

(√√
2+1
2 − i

√√
2−1
2

). ⊠Ïðèìåð 5.5. Íàéäèòå äåéñòâèòåëüíûå ðåøåíèÿ óðàâíåíèÿ
(5 − 8i)x+ (7 + 3i)y = 2 − i.

� Ïðåîáðàçóÿ ëåâóþ ÷àñòü óðàâíåíèÿ è èñïîëüçóÿ óñëîâèåðàâåíñòâà êîìïëåêñíûõ ÷èñåë (5x + 7y) + (−8x + 3y)i = 2 − i,ïîëó÷èì ñèñòåìó
{

5x+ 7y = 2
−8x+ 3y = −1,îòêóäà íàõîäèì x = 13/71, y = 11/71.Î ò â å ò: x = 13/71, y = 11/71. ⊠5.3. �åøåíèå êâàäðàòíûõ óðàâíåíèé â ïîëå CÏóñòü uz2 + vz + w = 0 � êâàäðàòíîå óðàâíåíèå íàä ïî-ëåì êîìïëåêñíûõ ÷èñåë, òî åñòü u, v,w ∈ C. Ïîâòîðÿÿ âûâîä�îðìóëû êîðíåé êâàäðàòíîãî óðàâíåíèÿ ñ äåéñòâèòåëüíûìèêîý��èöèåíòàìè, êîòîðûé èçâåñòåí èç øêîëüíîãî êóðñà ìàòå-ìàòèêè, äëÿ êâàäðàòíîãî óðàâíåíèÿ ñ êîìïëåêñíûìè êîý��è-öèåíòàìè ïîëó÷àåì ñëåäóþùóþ �îðìóëó:

z1,2 =
−v ±

√
v2 − 4uw

2u
. (5.8)Ïðèìåð 5.6. Â ïîëå C ðåøèòå óðàâíåíèå x2 + x+ 1 = 0. 77



5. ÊÎÌÏËÅÊÑÍÛÅ ×ÈÑËÀ
� Óðàâíåíèå x2 + x+ 1 = 0 íå èìååò äåéñòâèòåëüíûõ êîð-íåé, ïîñêîëüêó äèñêðèìèíàíò D = 12 − 4 · 1 · 1 = −3 < 0. Íîîíî èìååò êîìïëåêñíûå êîðíè:

x1 =
−1 + i

√
3

2
, x2 =

−1 − i
√

3

2
.Î ò â å ò: x1,2 = (−1 ± i

√
3)/2. ⊠Ïðèìåð 5.7. Â ïîëå C ðåøèòå êâàäðàòíîå óðàâíåíèå

z2 − (2 + 4i)z + (−9/2 + 2i) = 0.

� Íàõîäèì äèñêðèìèíàíò D = v2 − 4uw = 6 + 8i. Ïî �îð-ìóëå (5.8) ïîëó÷àåì:
z1 =

2 + 4i+
√

8 + i
√

2

2
= 1 +

√
2 + (2 +

√
2/2)i,

z2 =
2 + 4i− (

√
8 + i

√
2)

2
= 1 −

√
2 + (2 −

√
2/2)i.Î ò â å ò: z1,2 = 1 ±

√
2 + (2 ±

√
2/2)i. ⊠Ïðèìåð 5.8. �åøèòå óðàâíåíèå

(2 + i)x2 − (5 − i)x+ (2 − 2i) = 0.
� Ïî �îðìóëå êîðíåé êâàäðàòíîãî óðàâíåíèÿ íàõîäèì:

x1,2 =
(5 − i) ±

√

(5 − i)2 − 4(2 + i)(2 − 2i)

2(2 + i)
=

=
(5 − i) ±

√
−2i

4 + 2i
.Òàê êàê √

−2i = ±(1 − i), òî
x1 =

(5 − i) + (1 − i)

4 + 2i
=

6 − 2i

4 + 2i
= 1 − i,

x2 =
(5 − i) − (1 − i)

4 + 2i
=

4

4 + 2i
=

2

2 + i
=

4

5
− 2

5
i.Î ò â å ò: x1 = 1 − i, x2 = 4/5 − (2/5)i. ⊠5.4. Òðèãîíîìåòðè÷åñêàÿ �îðìà êîìïëåêñíîãî÷èñëàÄåéñòâèòåëüíûå ÷èñëà ìîæíî èçîáðàæàòü òî÷êàìè íà ÷èñ-ëîâîé îñè. Êîìïëåêñíîå ÷èñëî z = a + bi çàäàåòñÿ äâóìÿ äåé-78



5.4. Òðèãîíîìåòðè÷åñêàÿ �îðìà êîìïëåêñíîãî ÷èñëàñòâèòåëüíûìè ÷èñëàìè a è b, ïîýòîìó åñòåñòâåííî èçîáðàæàòüêîìïëåêñíûå ÷èñëà òî÷êàìè íà ïëîñêîñòè.Ââåäåì íà ïëîñêîñòè ïðÿìîóãîëüíóþ ñèñòåìó êîîðäèíàò èáóäåì èçîáðàæàòü êîìïëåêñíîå ÷èñëî z = a+bi òî÷êîé íà ïëîñ-êîñòè ñ êîîðäèíàòàìè (a; b) (ñì. ðèñ. 1). Â ÷àñòíîñòè, ÷èñëó iñòàâèòñÿ â ñîîòâåòñòâèå òî÷êà (0; 1). Äåéñòâèòåëüíûì ÷èñëàìñîîòâåòñòâóþò òî÷êè îñè àáñöèññ, à ÷èñòî ìíèìûì ÷èñëàì �òî÷êè îñè îðäèíàò.

�èñ. 1Ïîëîæåíèå òî÷êè z = x+ yi íà ïëîñêîñòè âïîëíå îïðåäåëÿ-åòñÿ åå ïîëÿðíûìè êîîðäèíàòàìè r è ϕ, ãäå r � ðàññòîÿíèå îòíà÷àëà êîîðäèíàò äî z, à ϕ � óãîë ìåæäó ïîëîæèòåëüíûì íà-ïðàâëåíèåì îñè àáñöèññ è íàïðàâëåíèåì èç íà÷àëà êîîðäèíàòíà òî÷êó z. Ïîëÿðíûå êîîðäèíàòû òî÷êè z = x+yi îïðåäåëÿþò
x è y ïî èçâåñòíûì �îðìóëàì: x = r
osϕ, y = rsinϕ, ïîýòîìó

z = x+ yi = r(
osϕ+ isinϕ).Çàïèñü z = r(
osϕ + isinϕ) íàçûâàþò òðèãîíîìåòðè÷åñêîé�îðìîé êîìïëåêñíîãî ÷èñëà z.Íåîòðèöàòåëüíîå ÷èñëî r íàçûâàþò ìîäóëåì êîìïëåêñíîãî÷èñëà z è îáîçíà÷àþò ÷åðåç |z|. ßñíî, ÷òî
|z| =

√

x2 + y2. 79



5. ÊÎÌÏËÅÊÑÍÛÅ ×ÈÑËÀÓãîë ϕ íàçûâàþò àðãóìåíòîì êîìïëåêñíîãî ÷èñëà z è îáî-çíà÷àþò ÷åðåç argz. Äëÿ àðãóìåíòà ϕ êîìïëåêñíîãî ÷èñëà z =
= x+ yi èìååì ðàâåíñòâà:

ϕ =







arctg y
x , åñëè x > 0,

arctg y
x + π, åñëè x < 0, y > 0,

arctg y
x − π, åñëè x < 0, y < 0,

+π
2 , åñëè x = 0, y > 0,

−π
2 , åñëè x = 0, y < 0,
0, åñëè x = 0, y = 0,

ϕ =







+ arccos x√
x2+y2

, åñëè x2 + y2 6= 0, y > 0,
− arccos x√

x2+y2
, åñëè x2 + y2 6= 0, y < 0,0, åñëè x2 + y2 = 0.Ïðèìåð 5.9. Ïðåäñòàâüòå â òðèãîíîìåòðè÷åñêîé �îðìå÷èñëà: z1 =

√
3 − i, z2 = −5, z3 = −3(
os(π/5) − isin(π/5)).

� Èçîáðàçèì ÷èñëà z1, z2 íà ïëîñêîñòè (ñì. ðèñ. 2). Äëÿ
i

�èñ. 280



5.4. Òðèãîíîìåòðè÷åñêàÿ �îðìà êîìïëåêñíîãî ÷èñëàêîìïëåêñíîãî ÷èñëà z1 =
√

3 − i èìååì:
|z1| =

√

(
√

3)2 + (−1)2 = 2, sinϕ = −1

2
, 
osϕ =

√
3

2
, ϕ = −π

6
.Çíà÷èò

z1 =
√

3 − i = 2

(
os(−π
6

)
+ isin(−π

6

)
)

.Äëÿ êîìïëåêñíîãî ÷èñëà z2 = −5 èìååì: |z2| = 5, ϕ = π è
z2 = −5 = 5(
osπ + isinπ).Êîìïëåêñíîå ÷èñëî z3 = −3(
os(π/5) − isin(π/5)) çàïèñàíîíå â òðèãîíîìåòðè÷åñêîé �îðìå, òàê êàê îòðèöàòåëüíîå ÷èñ-ëî −3 íåëüçÿ ñ÷èòàòü ìîäóëåì z3. Êðîìå òîãî, êîý��èöèåíòïðè i ðàâåí −sin(π/5), à â òðèãîíîìåòðè÷åñêîé �îðìå ìíèìàÿ÷àñòü äîëæíà áûòü çàïèñàíà òàê: isinϕ. Ïðåäñòàâèì ÷èñëî z3â âèäå z3 = 3(−
os(π/5) + isin(π/5)). Îòñþäà çàêëþ÷èì, ÷òîàðãóìåíòîì êîìïëåêñíîãî ÷èñëà z3 ÿâëÿåòñÿ òàêîé óãîë ϕ, äëÿêîòîðîãî 
osϕ = −
os(π/5), à sinϕ = sin(π/5). Ýòîò óãîë ëåãêîíàéòè: ϕ = π − (π/5) = (4/5)π. Èòàê, èñêîìîå ïðåäñòàâëåíèå âòðèãîíîìåòðè÷åñêîé �îðìå: z3 = 3(
os(4/5)π + isin(4/5)π).Î ò â å ò: z1 = 2(
os(−π/6)+isin(−π/6)), z2 = 5(
osπ+isinπ),

z3 = 3(
os(4/5)π + isin(4/5)). ⊠Ïðèìåð 5.10. Èçîáðàçèòå íà ïëîñêîñòè è çàïèøèòå â òðè-ãîíîìåòðè÷åñêîé �îðìå ÷èñëà
z1 = −2i, z2 = −1 + i

√
3, z3 = 1 − i.

� Îòêëàäûâàÿ äåéñòâèòåëüíóþ ÷àñòü êîìïëåêñíîãî ÷èñëàíà îñè OX, à êîý��èöèåíò ïðè i � íà îñè OY , ïîëó÷èì òî÷êèíà êîîðäèíàòíîé ïëîñêîñòè, ñîîòâåòñòâóþùèå ÷èñëàì z1, z2, z3(ñì. ðèñ. 3).Òàê êàê òî÷êà, ñîîòâåòñòâóþùàÿ ÷èñëó z1, ëåæèò íà êîîð-äèíàòíîé îñè OY , òî ìîäóëü è àðãóìåíò ÷èñëà z1 ëåãêî îïðå-äåëèòü ïî ðèñ. 3: |z1| = 2, argz1 = (3/2)π. Ñëåäîâàòåëüíî, òðè-ãîíîìåòðè÷åñêàÿ �îðìà ÷èñëà z1 èìååò âèä:
z1 = 2

(
os3π
2

+ isin3π

2

)

.Äëÿ íàõîæäåíèÿ òðèãîíîìåòðè÷åñêîé �îðìû êîìïëåêñíîãî÷èñëà z2 = a+ bi âîñïîëüçóåìñÿ �îðìóëàìè ìîäóëÿ è àðãóìåí-òà êîìïëåêñíîãî ÷èñëà. Îïðåäåëÿåì |z2| =
√

(−1)2 + (
√

3)2 =81



5. ÊÎÌÏËÅÊÑÍÛÅ ×ÈÑËÀ
0

�èñ. 3
= 2. Òàê êàê òî÷êà, ñîîòâåòñòâóþùàÿ êîìïëåêñíîìó ÷èñëó z2,ëåæèò âî âòîðîé ÷åòâåðòè, òî x < 0 èargz2 = π + ar
tg(−√

3) = π − π

3
=

2π

3
.Ïîëó÷àåì ñëåäóþùóþ òðèãîíîìåòðè÷åñêóþ �îðìó:

z2 = 2

(
os2π
3

+ isin2π

3

)

.Îïðåäåëÿåì |z3| =
√

12 + (−1)2 =
√

2. Òàê êàê òî÷êà, ñîîò-âåòñòâóþùàÿ êîìïëåêñíîìó ÷èñëó z3, ëåæèò â ÷åòâåðòîé ÷åò-âåðòè, òî x > 0 è argz3 = ar
tg(−1) = −π
4
.Òðèãîíîìåòðè÷åñêàÿ �îðìà ïðèíèìàåò âèä:

z3 =
√

2

(
os(−π
4

)
+ isin(−π

4

)
)

.Î ò â å ò: z1 = 2(
os(3π/2) + isin(3π/2)), z2 = 2(
os(2π/3) +
+ isin(2π/3)), z3 =

√
2(
os(−π/4) + isin(−π/4)). ⊠Ïðèìåð 5.11. Èçîáðàçèòå íà ïëîñêîñòè ìíîæåñòâî ðåøå-82



5.5. Óìíîæåíèå è äåëåíèå êîìïëåêñíûõ ÷èñåëíèé ñèñòåìû íåðàâåíñòâ
{

1 6 |z| 6 3
−π

4 < argz < π
2 .

�èñ. 4
� Òî÷êè, èçîáðàæàþùèå ðåøåíèÿ ïåðâîãî íåðàâåíñòâà, ëå-æàò ìåæäó îêðóæíîñòÿìè ðàäèóñîâ 1 è 3 ñ öåíòðîì â íà÷àëåêîîðäèíàò, âêëþ÷àÿ ñàìè îêðóæíîñòè. Òî÷êè, èçîáðàæàþùèåðåøåíèÿ âòîðîãî íåðàâåíñòâà, ëåæàò ìåæäó ëó÷àìè OA è OB,íå âêëþ÷àÿ ýòè ëó÷è. Èñêîìàÿ îáëàñòü ÿâëÿåòñÿ ïåðåñå÷åíèåìýòèõ äâóõ �èãóð è âûäåëåíà íà ðèñ. 4. ⊠5.5. Óìíîæåíèå è äåëåíèå êîìïëåêñíûõ ÷èñåë âòðèãîíîìåòðè÷åñêîé �îðìåÒåîðåìà 5.3. 1. Ïðè óìíîæåíèè êîìïëåêñíûõ ÷èñåë âòðèãîíîìåòðè÷åñêîé �îðìå èõ ìîäóëè ïåðåìíîæàþòñÿ, à àð-ãóìåíòû ñêëàäûâàþòñÿ:

|z1|(
osϕ1 + isinϕ1) · |z2|(
osϕ2 + isinϕ2) =

= |z1||z2|(
os(ϕ1 + ϕ2) + isin(ϕ1 + ϕ2)).

2. Ïðè äåëåíèè êîìïëåêñíûõ ÷èñåë èõ ìîäóëè äåëÿòñÿ, à83



5. ÊÎÌÏËÅÊÑÍÛÅ ×ÈÑËÀàðãóìåíòû âû÷èòàþòñÿ:
|z1|(
osϕ1 + isinϕ1)

|z2|(
osϕ2 + isinϕ2)
=

|z1|
|z2|

(
os(ϕ1 − ϕ2) + isin(ϕ1 − ϕ2)).

3. z−1 = |z|−1(
os(−argz) + isin(−argz)).Òåîðåìà 5.4. Ïóñòü n � öåëîå ÷èñëî. Òîãäà
(|z|(
osϕ+ isinϕ))n = |z|n(
os(nϕ) + isin(nϕ)). (5.9)Ôîðìóëà (5.9) íàçûâàåòñÿ �îðìóëîé Ìóàâðà. Ïðè |z| = 1ïîëó÷àåì (
osϕ+isinϕ)n = 
os(nϕ)+isin(nϕ). Ïîñëåäíåå ðàâåí-ñòâî ìîæíî èñïîëüçîâàòü äëÿ âûðàæåíèÿ ñèíóñîâ è êîñèíóñîâêðàòíûõ óãëîâ ÷åðåç ñèíóñû è êîñèíóñû óãëà ϕ.Íàïðèìåð, ïðè n = 3 èìååì 
os3ϕ + isin3ϕ = (
osϕ +

+ isinϕ)3 = 
os3ϕ + 3i
os2ϕsinϕ − 3
osϕsin2ϕ − isin3ϕ. Ïðèðàâ-íèâàÿ äåéñòâèòåëüíûå è ìíèìûå ÷àñòè, ïîëó÷àåì:
os3ϕ = 
os3ϕ− 3
osϕsin2ϕ,sin3ϕ = −sin3ϕ+ 3
os2ϕsinϕ.Ïðèìåð 5.12. Âû÷èñëèòå z1z2z3, (z1z2)/z3 è z−1
1 , ãäå z1, z2è z3 � êîìïëåêñíûå ÷èñëà èç ïðèìåðà 5.9.

� z1z2z3 = 2 · 5 · 3(
os(−π/6 +π+ (4/5)π) + isin(−π/6 + π+
+ (4/5)π)) = 30(
os(49/30)π + isin(49/30)π),

(z1z2)/z3 = ((2 · 5)/3)(
os(−π/6 + π − (4/5)π) + isin(−π/6 +
+ π − (4/5)π)) = (10/3)(
os(π/30) + isin(π/30)),

z−1
1 = (1/2)(
os(π/6) + isin(π/6)). ⊠Ïðèìåð 5.13. Âû÷èñëèòå

A =
3(
os20◦ − isin20◦) · 2(
os230◦ − isin130◦)

−sin210◦ − i
os210◦ .

� Èñïîëüçóÿ �îðìóëû ïðèâåäåíèÿ è ñâîéñòâà òðèãîíîìåò-ðè÷åñêèõ �óíêöèé, ïðåîáðàçóåì êîìïëåêñíûå ÷èñëà ê òðèãîíî-ìåòðè÷åñêîé �îðìå:
A =

3(
os(−20◦) + isin(−20◦))2(
os230◦ + isin(360◦ − 130◦))

−sin(270◦ − 60◦) − i
os(270◦ − 60◦)
=

=
3(
os(−20◦) + isin(−20◦))2(
os230◦ + isin230◦)
os60◦ + isin60◦ .Òåïåðü, ïðèìåíÿÿ ïðàâèëà óìíîæåíèÿ è äåëåíèÿ êîìïëåêñíûõ84



5.6. Èçâëå÷åíèå êîðíÿ èç êîìïëåêñíîãî ÷èñëà÷èñåë â òðèãîíîìåòðè÷åñêîé �îðìå, âû÷èñëèì:
A =

3 · 2(
os(−20◦ + 230◦) + isin(−20◦ + 230◦))
os60◦ + isin60◦ =

= 6(
os(210◦ − 60◦)+ isin(210◦ − 60◦)) = 6(
os150◦ + isin150◦) =

= 6(
os(180◦ − 30◦) + isin(180◦ − 30◦)) = 6(−
os30◦ + isin30◦) =

= 6

(

−
√

3

2
+ i

1

2

)

= −3
√

3 + 3i.Î ò â å ò: A = −3
√

3 + 3i. ⊠Ïðèìåð 5.14. Âû÷èñëèòå (z1z3)
30, ãäå z1 è z3 � êîìïëåêñ-íûå ÷èñëà èç ïðèìåðà 5.9.

� Ñîãëàñíî òåîðåìàì 5.3, 5.4 èìååì: (z1z3)
30 = (2 · 3)30 ×

× (
os30(−π/6+(4/5)π)+ isin30(−π/6+(4/5)π)) = 630(
os19π+
+ isin19π) = 630(
osπ + isinπ) = −630. ⊠5.6. Èçâëå÷åíèå êîðíÿ èç êîìïëåêñíîãî ÷èñëàÏóñòü n ∈ N, n > 1. Êîðíåì n-é ñòåïåíè èç êîìïëåêñíîãî÷èñëà z íàçûâàåòñÿ òàêîå êîìïëåêñíîå ÷èñëî c, ÷òî cn = z.Êîðåíü n-é ñòåïåíè îáîçíà÷àåòñÿ ÷åðåç n

√
z. Òàêèì îáðàçîì,åñëè c = n

√
z, òî cn = z.Òåîðåìà 5.5. Ïóñòü z � êîìïëåêñíîå è n � íàòóðàëüíîå÷èñëà, n > 1. Â ïîëå êîìïëåêñíûõ ÷èñåë êîðåíü n

√
z ïðè z = 0èìååò åäèíñòâåííîå çíà÷åíèå z = 0, à ïðè z 6= 0 � n ðàçëè÷-íûõ çíà÷åíèé. Åñëè z = |z|(
osϕ+ isinϕ) 6= 0, òî ýòè çíà÷åíèÿíàõîäÿòñÿ ïî �îðìóëå

n
√
z = n

√

|z|
(
osϕ+ 2kπ

n
+ isinϕ+ 2kπ

n

)

, (5.10)
k = 0, 1, . . . , n − 1.Ïðèìåð 5.15. Âû÷èñëèòå 3

√
−5.

� ×èñëî (−5) â òðèãîíîìåòðè÷åñêîé �îðìå çàïèñûâàåòñÿòàê: −5 = 5(
osπ + isinπ). Ïî �îðìóëå (5.10) èìååì:
ck = 3

√
−5 =

3
√

5
(
osπ + 2πk

3
+ isinπ + 2πk

3

)

, k = 0, 1, 2. 85



5. ÊÎÌÏËÅÊÑÍÛÅ ×ÈÑËÀÎòñþäà c0 =
3
√

5
(
os(π/3) + isin(π/3)) = (

3
√

5/2)(1 + i
√

3),
c1 =

3
√

5(
osπ + isinπ) = − 3
√

5,

c2 = 3
√

5(
os(5/3)π + isin(5/3)π) = ( 3
√

5/2)(1 − i
√

3). ⊠Ïðèìåð 5.16. Âû÷èñëèòå (−1 + i
√

3)6, 4
√

−1 + i
√

3.
� Â ïðèìåðå 5.10 íàéäåíà òðèãîíîìåòðè÷åñêàÿ �îðìà êîì-ïëåêñíîãî ÷èñëà −1 + i

√
3, à èìåííî: −1 + i

√
3 = 2(
os(2π/3) +

+ isin(2π/3)). Èç �îðìóëû Ìóàâðà ïðè n = 6 èìååì:
(−1 + i

√
3)6 =

(

2
(
os2π

3
+ isin2π

3

))6
=

= 26
(
os6 · 2π

3
+ isin6 · 2π

3

)

= 64(
os4π + isin4π) =

= 64(
os0 + isin0) = 64.Äëÿ èçâëå÷åíèÿ êîðíÿ èç êîìïëåêñíîãî ÷èñëà èñïîëüçóåì�îðìóëó
n
√

r(
osϕ+ isinϕ) = n
√
r
(
osϕ+ 2πk

n
+ isinϕ+ 2πk

n

)

,ãäå k = 0, 1, . . . , n− 1. Ïîñêîëüêó n = 4, òî
zk =

4

√

−1 + i
√

3 =
4

√

2(
os2π
3

+ isin2π

3
) =

=
4
√

2
(
os2π/3 + 2πk

4
+ isin2π/3 + 2πk

4

)

.Ïîëàãàÿ k = 0, 1, 2, 3, ïîëó÷èì:
z0 = 4

√
2
(
osπ

6 + isinπ
6

)

=
4√2·

√
3

2 + i
4√2
2 ,

z1 = 4
√

2
(
os2π

3 + isin2π
3

)

= − 4√2
2 + i

4√2·
√

3
2 ,

z2 = 4
√

2
(
os7π

6 + isin7π
6

)

= − 4√2·
√

3
2 − i

4√2
2 ,

z3 = 4
√

2
(
os5π

3 + isin5π
3

)

=
4√2
2 − i

4√2·
√

3
2 . ⊠5.7. Êîðíè èç åäèíèöûÌóëüòèïëèêàòèâíàÿ ãðóïïà G íàçûâàåòñÿ öèêëè÷åñêîé, åñ-ëè â íåé èìååòñÿ òàêîé ýëåìåíò a, ÷òî êàæäûé ýëåìåíò b ∈ Gÿâëÿåòñÿ ñòåïåíüþ ýëåìåíòà a, òî åñòü ñóùåñòâóåò öåëîå ÷èñëî86



5.7. Êîðíè èç åäèíèöû
k, òàêîå, ÷òî b = ak. Ýòîò ýëåìåíò a íàçûâàåòñÿ ïîðîæäàþùèìýëåìåíòîì ãðóïïû G. Äëÿ öèêëè÷åñêîé ãðóïïû G ïðèìåíÿþòîáîçíà÷åíèå G = 〈a〉. Çàìåòèì, ÷òî öèêëè÷åñêàÿ ãðóïïà ìîæåòèìåòü íåñêîëüêî ïîðîæäàþùèõ. Íàïðèìåð, àääèòèâíàÿ ãðóïïà
Z öåëûõ ÷èñåë ïîðîæäàåòñÿ êàê ÷èñëîì 1, òàê è ÷èñëîì −1, òîåñòü Z = 〈1〉 = 〈−1〉.Òàê êàê 1 = 
os0 + isin0, òî èç òåîðåìû 5.5 âûòåêàåò ñëåäó-þùàÿ òåîðåìà.Òåîðåìà 5.6. Äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà n ñïðàâåä-ëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) â ïîëå êîìïëåêñíûõ ÷èñåë èìååòñÿ òî÷íî n ðàçëè÷íûõêîðíåé n-é ñòåïåíè èç 1, êîòîðûå íàõîäÿòñÿ ïî �îðìóëå
εk =

n
√

1 = 
os2kπ
n

+ isin2kπ

n
, k = 0, 1, . . . , n− 1;

2) äëÿ ëþáîãî öåëîãî ÷èñëà m âûïîëíÿåòñÿ ðàâåíñòâî εm1 =
= εr, ãäå r � îñòàòîê îò äåëåíèÿ m íà n;

3) êîìïëåêñíûå êîðíè n-é ñòåïåíè èç åäèíèöû îáðàçóþòìóëüòèïëèêàòèâíóþ öèêëè÷åñêóþ ãðóïïó 〈ε1〉 ïîðÿäêà n ñ ïî-ðîæäàþùèì ýëåìåíòîì ε1.Êîðåíü n-é ñòåïåíè èç åäèíèöû íàçûâàåòñÿ ïðèìèòèâíûì(èëè ïåðâîîáðàçíûì), åñëè îí íå ÿâëÿåòñÿ êîðíåì èç 1 íèêàêîéìåíüøåé ñòåïåíè. Èòàê, εm � ïðèìèòèâíûé êîðåíü ñòåïåíè nèç åäèíèöû, åñëè εnm = 1 è εkm 6= 1 äëÿ âñåõ 0 < k < n.Òåîðåìà 5.7. Êîðåíü εm n-é ñòåïåíè èç åäèíèöû áóäåòïðèìèòèâíûì òîãäà è òîëüêî òîãäà, êîãäà m è n âçàèìíîïðîñòû. Â ÷àñòíîñòè, ε1 è εn−1 � ïðèìèòèâíûå êîðíè n-éñòåïåíè èç åäèíèöû.Ïðèìåð 5.17. Âû÷èñëèòå n
√

1 ïðè n ≤ 4.
� Ïðè n = 2 èìååì äâà êîðíÿ: ε0 = 1, ε1 = −1. Ìíîæå-ñòâî {−1, 1} ñ óìíîæåíèåì ÿâëÿåòñÿ öèêëè÷åñêîé ãðóïïîé 〈−1〉ïîðÿäêà 2.Ïðè n = 3 èìååì òðè êîðíÿ:

ε0 = 1, ε1 = 
os2
3
π + isin2

3
π = −1

2
+ i

√
3

2
,

ε2 = 
os4
3
π + isin4

3
π = −1

2
− i

√
3

2
. 87



5. ÊÎÌÏËÅÊÑÍÛÅ ×ÈÑËÀÌíîæåñòâî
{

−1

2
+ i

√
3

2
, −1

2
− i

√
3

2
, 1
}ñ óìíîæåíèåì ÿâëÿåòñÿ öèêëè÷åñêîé ãðóïïîé 〈−1/2 +

√
3i/2〉ïîðÿäêà 3, ïîðîæäåííîé ýëåìåíòîì −1/2 +

√
3i/2. Ñîñòàâèìòàáëèöó óìíîæåíèÿ äëÿ ýòèõ êîðíåé.

1 − 1

2
+ i

√
3

2
− 1

2
− i

√
3

2

1 1 − 1

2
+ i

√
3

2
− 1

2
− i

√
3

2

− 1

2
+ i

√
3

2
− 1

2
+ i

√
3

2
− 1

2
− i

√
3

2
1

− 1

2
− i

√
3

2
− 1

2
− i

√
3

2
1 − 1

2
+ i

√
3

2Â ÷àñòíîñòè,
(

− 1

2
− i

√
3

2

)−1

= −1

2
+ i

√
3

2
,

(

− 1

2
+ i

√
3

2

)−1

= −1

2
− i

√
3

2
.Ïðè n = 4 èìååì ÷åòûðå êîðíÿ:

ε0 = 1, ε1 = 
os2
4
π + isin2

4
π = i,

ε2 = 
osπ + isinπ = −1, ε3 = 
os6
4
π + isin6

4
π = −i.Ìíîæåñòâî {i,−1,−i, 1} ñ óìíîæåíèåì ÿâëÿåòñÿ öèêëè÷åñêîéãðóïïîé 〈i〉 ïîðÿäêà 4, ïîðîæäåííîé ýëåìåíòîì i. Ñîñòàâèìòàáëèöó óìíîæåíèÿ äëÿ ýòèõ êîðíåé.

1 i −1 −i
1 1 i −1 −i
i i −1 −i 1

−1 −1 −i 1 i

−i −i 1 i −1Â ÷àñòíîñòè, i−1 = −i, (−1)−1 = −1, (−i)−1 = i. ⊠Ïðèìåð 5.18. Óêàæèòå ïðèìèòèâíûå êîðíè ÷åòâåðòîé ñòå-ïåíè èç åäèíèöû.
� Ïðèìèòèâíûìè êîðíÿìè ÷åòâåðòîé ñòåïåíè èç åäèíèöûáóäóò êîðíè: ε1 = i è ε3 = −i. ⊠88



5.8. Èíäèâèäóàëüíûå çàäàíèÿ5.8. Èíäèâèäóàëüíûå çàäàíèÿ1. Íàéäèòå z1 + z2, z1 − z2, z1 · z2, z1/z2.
1. 1. z1 = 2 + i, z2 = −3 − 2i.
1. 2. z1 = −1 + 3i, z2 = 2 − i.
1. 3. z1 = 4 − i, z2 = 1 + 3i.
1. 4. z1 = −1 + 4i, z2 = 2 − 3i.
1. 5. z1 = 3 − i, z2 = −2 + 3i.
1. 6. z1 = −4 + i, z2 = 2 − i.
1. 7. z1 = 1 − 3i, z2 = −2 + i.
1. 8. z1 = 4 − 3i, z2 = −2 + 5i.
1. 9. z1 = 2 − 4i, z2 = 3 + i.
1. 10. z1 = −3 + 2i, z2 = 5 − i.
1. 11. z1 = −2 − 5i, z2 = −1 + i.
1. 12. z1 = −4 + 3i, z2 = 6 − i.
1. 13. z1 = 5 − 2i, z2 = 3 + 4i.
1. 14. z1 = −1 − 2i, z2 = 4 + 3i.
1. 15. z1 = 6 − 4i, z2 = 4 + i.2. Íàéäèòå äåéñòâèòåëüíûå çíà÷åíèÿ x è y èç óðàâíåíèÿ

z1 · x+ z2 · y = 2 − 5i, ãäå z1 è z2 � ÷èñëà èç çàäàíèÿ 1.3. Âû÷èñëèòå √z1 è √
z2 â àëãåáðàè÷åñêîé �îðìå äëÿ ÷èñåë

z1 è z2 èç çàäàíèÿ 1.4. �åøèòå óðàâíåíèÿ.
4. 1. x2 − (2 + i)x+ 7i− 1 = 0, x2 − 4x+ 5 = 0.
4. 2. x2 − (3 − 2i)x + 5 − 5i = 0, x2 − 3x+ 4 = 0.
4. 3. x2 − (5 − 3i)x + 2 − 6i = 0, 2x2 − 3x+ 5 = 0.
4. 4. x2 + (2i − 7)x+ 13 − i = 0, x2 + 3x+ 6 = 0.
4. 5. x2 − (1 + i)x+ 6 + 3i = 0, 3x2 − 2x+ 3 = 0.
4. 6. x2 − 5x+ 4 + 10i = 0, −2x2 + x− 1 = 0.
4. 7. (1 − i)x2 + (5 − i)x+ 4 + 2i = 0, −x2 + 2x− 2 = 0.
4. 8. (3 + i)x2 + (1 − i)x− 6i = 0, x2 + x+ 2 = 0.
4. 9. x2 − (7 + i)x+ 16 + 11i = 0, 3x2 − 2x+ 4 = 0.
4. 10. x2 − (3 + 2i)x+ 5i+ 5 = 0, −2x2 + 3x− 2 = 0.
4. 11. x2 + (5i− 1)x− 8 − i = 0, 3x2 + 5x+ 3 = 0.
4. 12. x2 + (4i− 3)x− 7 − i = 0, 2x2 − 4x+ 5 = 0. 89



5. ÊÎÌÏËÅÊÑÍÛÅ ×ÈÑËÀ
4. 13. x2 − (3 − 3i)x+ 6 − 2i = 0, x2 − 2x+ 5 = 0.
4. 14. x2 − (5 − 6i)x+ 1 − 13i = 0, x2 + 3x+ 5 = 0.
4. 15. x2 − 3x+ 11 − 3i = 0, x2 + 5x+ 7 = 0.5. Èçîáðàçèòå íà ïëîñêîñòè è çàïèøèòå â òðèãîíîìåòðè÷å-ñêîé �îðìå ÷èñëà z1 è z2.
5. 1. z1 = 1 − i, z2 = −2i.
5. 2. z1 = 3i, z2 = −1 + i

√
3.

5. 3. z1 = 2 + 2i, z2 = −3.
5. 4. z1 = −

√
3 + i, z2 = −i.

5. 5. z1 =
√

12 − 2i, z2 = 2i.
5. 6. z1 = −4, z2 = 1 + i.
5. 7. z1 = 1, z2 = −

√
12 + 2i.

5. 8. z1 = −1 + i, z2 = −i.
5. 9. z1 = −1 − i, z2 = 6i.
5. 10. z1 = 1 + i

√
3, z2 = −2.

5. 11. z1 = −3i, z2 = −
√

3 − i.
5. 12. z1 = −2 − i

√
12, z2 = −1.

5. 13. z1 = 2, z2 = −1 − i
√

3.
5. 14. z1 =

√
12 + 2i, z2 = −6i.

5. 15. z1 = 5i, z2 = −
√

3 − i.6. Âû÷èñëèòå.
6. 1. 5(
os350◦ − isin(−10◦)) · 2(
os80◦ − isin280◦).
6. 2. 3(
os50◦ − isin670◦) · 4(
os290◦ + isin70◦).
6. 3. 2(
os220◦ + isin140◦)sin40◦ − i
os220◦ .
6. 4. 3(
os230◦ − isin130◦) · 4(sin50◦ + i
os(−50◦)).
6. 5. 2(
os(−13π/7) + isin(6π/7))

6(
os(−13π/7) − isin(6π/7)) .
6. 6. 3(
os 3π

4 − isin 7π
4 ) · (
os7π

4 − i
os 3π
4 ).

6. 7. 5(
os49◦ − isin229◦)
3(
os41◦ − i
os49◦) .

6. 8. 3(
os340◦ − isin20◦) · 2(−sin70◦ − isin160◦).
6. 9. 2(
os430◦ + i
os160◦)

5(
os110◦ − isin250◦) .
6. 10. 5(−
osπ

3 − isin 4π
3 ) · 4(
os 5π

3 − isinπ
3 ).90



5.8. Èíäèâèäóàëüíûå çàäàíèÿ
6. 11. 6(
os42◦ + isin222◦)

5(sin42◦ + isin132◦) .
6. 12. (
os7π

4 − isinπ
4 ) · 3(
os7π

4 − isin3π
4 ).

6. 13. 3(−sin20◦ − isin110◦)
os(−220◦) − isin140◦ .
6. 14. 7(−sin40◦ − isin130◦) · 3(
os40◦ − isin320◦).
6. 15. 3(
os190◦ − isin170◦)

−sin40◦ + isin50◦ .7. Èçîáðàçèòå íà ïëîñêîñòè ìíîæåñòâî êîìïëåêñíûõ ÷èñåë,óäîâëåòâîðÿþùèõ ñèñòåìå íåðàâåíñòâ.
7. 1. {2 6 |z| 6 4

π
2 6 arg( z

1+i

)

6 π.
7. 2. {1 <

∣
∣
∣

z
1+i

√
3

∣
∣
∣ < 2

−π
4 6 argz 6 π

2 .

7. 3. {1 < |z| < 3
π
4 6 arg( z

1−i

)

6 3π
4 .

7. 4. {1 6

∣
∣
∣

z√
12−2i

∣
∣
∣ 6 2

−π
2 6 argz 6 π.

7. 5. {2 6 |z| + 1 6 3
π
3 6 arg( z

1−i
√

3

)

6 5π
6 .

7. 6. {2 <
∣
∣
∣

z
−1−i

√
3

∣
∣
∣ < 3

π
3 6 argz − π

6 6 π
2 .

7. 7. {3 6 |z| 6 5
π
4 < arg( z

−1−i

)

< π
2 .

7. 8. {1 6

∣
∣
∣

z
2−i

√
12

∣
∣
∣ 6 3

−π
6 < argz < π

2 .

7. 9. {1 6

∣
∣
∣

z
1+

√
3

∣
∣
∣ 6 3

−π
4 < argz < 3π

4 .
7. 10. {1 < |z| < 5

−π
4 6 arg( z√

12−2i

)

6 π
3 .

7. 11. {2 <
∣
∣
∣

z
−1−i

√
3

∣
∣
∣ < 3

−π
3 6 argz 6 π

3 .
7. 12. {2 6 |z| 6 6

π
2 < arg( z

1−i
√

3

)

< π.

7. 13. {1 6

∣
∣
∣

z√
3−i

∣
∣
∣ 6 4

−π
4 < argz < 3π

4 .
7. 14. {2 < |z| < 3

−π
4 6 arg( z

1−i

)

6 π.

7. 15. 


2 6

∣
∣
∣

z√
3−i

∣
∣
∣ 6 4

−π
3 < arg( z

2−i
√

12

)

< π
4 .8. Âû÷èñëèòå.

8. 1. (−1 − i
√

3)30, 5
√

−
√

12 + 2i, 3
√
−8.

8. 2. (1 − i)40, 4
√

−
√

12 − 2i, 4
√
−16.

8. 3. (−
√

3 + i)36, 6
√

−2 − i
√

12, 4
√
i. 91



5. ÊÎÌÏËÅÊÑÍÛÅ ×ÈÑËÀ
8. 4. (−1 − i)24, 5

√

1 − i
√

3, 3
√
−1.

8. 5. (−1 + i
√

3)30, 4
√
−16 − 16i, 3

√
−2.

8. 6. (−
√

3 − i)42, 5
√

−2 + i
√

12, 3
√

3i.
8. 7. (1 − i)24, 6

√

−1 − i
√

3, 4
√
−2i.

8. 8. (−1
2 − i

√
3

2 )36, 4
√√

12 + 2i, 5
√
−4.

8. 9. (−
√

12 + 2i)48, 5
√

3 − i3
√

3, 4
√
−81.

8. 10. (−4 − 4i)20, 6
√

−
√

12 + 2i, 3
√
−8i.

8. 11. (1 − i
√

3)54, 4
√
−5 + 5i, 6

√
64.

8. 12. (
√

12 + 2i)48, 5
√

1 − i, 4
√
−4.

8. 13. (−1 + i)28, 6
√√

3 − i, 3
√

8i.
8. 14. (

√
3

3 − 1
3 i)

30, 4
√

−
√

3 − i, 6
√
−1.

8. 15. (2 − i
√

12)36, 5
√

3 − 3i, 4
√
−9.5.9. Äîïîëíèòåëüíûå çàäà÷è1. Äëÿ ÷èñåë z, z1, z2 ∈ C äîêàæèòå ñëåäóþùèå ðàâåíñòâà:

1. 1. z̄1 + z̄2 = z1 + z2. 1. 2. z̄1 · z̄2 = z1z2.
1. 3. |z|2 = zz. 1. 4. z1/z2 = (z1z2)/(|z2|2).
1. 5. z̄k

1 = (z̄1)
k äëÿ ëþáîãî k ∈ N.

1. 6. |z1 + z2| ≤ |z1|+ |z2|, äëÿ êàêèõ êîìïëåêñíûõ ÷èñåë z1,
z2 èìååò ìåñòî ðàâåíñòâî?

1. 7. |z1|− |z2| 6 |z1 − z2|, äëÿ êàêèõ êîìïëåêñíûõ ÷èñåë z1,
z2 èìååò ìåñòî ðàâåíñòâî?2. Äîêàæèòå, ÷òî äëÿ ëþáûõ êîìïëåêñíûõ ÷èñåë z1 è z2âûïîëíÿåòñÿ ðàâåíñòâî

|z1 + z2|2 + |z1 − z2|2 = 2(|z1|2 + |z2|2).Â ÷åì çàêëþ÷àåòñÿ ãåîìåòðè÷åñêèé ñìûñë ýòîãî ðàâåíñòâà?3. Äëÿ ëþáîãî íàòóðàëüíîãî n âû÷èñëèòå: (1 + i)n/(1 − i)n;
in; (1 + i)n+2/(1 − i)n.4. Íàéäèòå z1990 + z−1990, åñëè z2 − z + 1 = 0.5. Âû÷èñëèòå

4

√

(−1 + i
√

3)17 · (
os 19π
12 + isin 19π

12 )

32
√

2(1 − i)7
.6. �åøèòå óðàâíåíèÿ.92



5.9. Äîïîëíèòåëüíûå çàäà÷è
6. 1. x8 − 5x4 − 6 = 0, x ∈ R.
6. 2. x4 + 1 + i

√
3 = 0, x ∈ R.

6. 3. (x+ i)4 + (x− i)4 = 0, x ∈ R.
6. 4. z3 = −z, z ∈ C.
6. 5. (1 − i)z − 3iz = 2 − i, z ∈ C.
6. 6. zz + 2z = 3 + 2i, z ∈ C.
6. 7. zz + 3(z − z) = 4 + 3i, z ∈ C.
6. 8. zz + 3(z + z) = 3i, z ∈ C.7. �åøèòå ñèñòåìû óðàâíåíèé:
{

ix+ (1 + i)y = 3 − i

(1 − i)x− (6 − i)y = 4,

{

(2 + i)x− (3 + i)y = i

(3 − i)x+ (2 + i)y = −i.8. Èçîáðàçèòå íà ïëîñêîñòè ìíîæåñòâî ðåøåíèé ñèñòåìû






|2z − 4 − 2i| 6 6
|iz + 2| > 2

−5π
6 6 arg( 2z

i−
√

3

)

6 π
6 .9. Äîêàæèòå, ÷òî åñëè z1, z2, z3, z4 � ðàçëè÷íûå êîìïëåêñ-íûå ÷èñëà è ÷èñëî

z1 − z3
z2 − z3

/
z1 − z4
z2 − z4äåéñòâèòåëüíîå, òî ÷èñëà z1, z2, z3, z4 ëåæàò íà îäíîé îêðóæ-íîñòè èëè íà îäíîé ïðÿìîé.10. Èçîáðàçèòå íà ïëîñêîñòè ìíîæåñòâî êîìïëåêñíûõ ÷è-ñåë, óäîâëåòâîðÿþùèõ ñèñòåìå íåðàâåíñòâ

{
2 6 |z − 2i| 6 3
π
2 6 argzi 6 π.11. Ïóñòü a è b � �èêñèðîâàííûå ðàçëè÷íûå êîìïëåêñíûå÷èñëà. Íà êîìïëåêñíîé ïëîñêîñòè íàéäèòå âñå òî÷êè, èçîáðà-æàþùèå êîìïëåêñíûå ÷èñëà z, äëÿ êîòîðûõ

z − a

z − b
= 
osϕ+ isinϕ,ãäå ϕ ïðèíèìàåò ïðîèçâîëüíûå äåéñòâèòåëüíûå çíà÷åíèÿ.12. Âûðàçèòå ÷åðåç 
osα è sinα ñ ïîìîùüþ �îðìóëû Ìóàâ-ðà: 
os4α; sin4α; sin5α + 
os3α.13. Äîêàæèòå, ÷òî äëÿ ëþáûõ öåëûõ ÷èñåë a, b, c, d ïðîèçâå-äåíèå (a2+b2)(c2+d2) ìîæíî ïðåäñòàâèòü êàê ñóììó êâàäðàòîâ93



5. ÊÎÌÏËÅÊÑÍÛÅ ×ÈÑËÀ
k2 + l2 öåëûõ ÷èñåë k è l.14. Äîêàæèòå, ÷òî åñëè m è n âçàèìíî ïðîñòû, òî âñå êîðíèñòåïåíè mn èç åäèíèöû ïîëó÷àþòñÿ óìíîæåíèåì êîðíåé n-éñòåïåíè èç åäèíèöû íà êîðíè m-é ñòåïåíè èç åäèíèöû.15. Ñðåäè êîìïëåêñíûõ ÷èñåë, óäîâëåòâîðÿþùèõ óñëîâèþ
|z − 25i| ≤ 15, íàéäèòå ÷èñëî ñ íàèìåíüøèì ïîëîæèòåëüíûìàðãóìåíòîì.16. Äîêàæèòå, ÷òî áèíàðíîå îòíîøåíèå ρ íà ìíîæåñòâåâñåõ êîìïëåêñíûõ ÷èñåë ÿâëÿåòñÿ îòíîøåíèåì ýêâèâàëåíòíî-ñòè. Èçîáðàçèòå êëàññû ýêâèâàëåíòíîñòè íà ïëîñêîñòè:

16. 1. z1ρz2 òîãäà è òîëüêî òîãäà, êîãäà |z1| = |z2|;
16. 2. z1ρz2 òîãäà è òîëüêî òîãäà, êîãäà z1/z2 ∈ R;
16. 3. z1ρz2 òîãäà è òîëüêî òîãäà, êîãäà z1/z2 ∈ R+. Çäåñü

R+ � ìíîæåñòâî âñåõ ïîëîæèòåëüíûõ äåéñòâèòåëüíûõ ÷èñåë.17. Äîêàæèòå, ÷òî îáúåäèíåíèå âñåõ êîðíåé n-é ñòåïåíè èçêîìïëåêñíûõ ÷èñåë z è −z ñîâïàäàåò ñ ìíîæåñòâîì âñåõ êîðíåé
2n-é ñòåïåíè èç z2.18. Ïóñòü n, s ∈ N, s > 2. Âåðíî ëè ðàâåíñòâî ns

√
zs = n

√
z?19. �åøèòå ñëåäóþùèå óðàâíåíèÿ: (z + 1)n + (z − 1)n = 0;

(z + 1)n − (z − 1)n = 0; (z + i)n + (z − i)n = 0.20. Ïóñòü z � ïåðâîîáðàçíûé êîðåíü íå÷åòíîé ñòåïåíè n èçåäèíèöû. Äîêàæèòå, ÷òî (−z) � ïåðâîîáðàçíûé êîðåíü ñòåïåíè
2n èç åäèíèöû.21. Ïóñòü z � ïåðâîîáðàçíûé êîðåíü ñòåïåíè 2n èç åäèíèöû.Äîêàæèòå, ÷òî z èëè (−z) � ïåðâîîáðàçíûé êîðåíü ñòåïåíè nèç åäèíèöû.22. Îáîçíà÷èì ÷åðåç σ(n) ñóììó âñåõ ïåðâîîáðàçíûõ êîðíåéñòåïåíè n > 1 èç åäèíèöû. Äîêàæèòå ñëåäóþùèå óòâåðæäåíèÿ:

22. 1. Σd|nσ(d) = 0;
22. 2. Åñëè p � ïðîñòîå ÷èñëî, òî σ(p) = −1;
22. 3. Åñëè p � ïðîñòîå ÷èñëî, k > 1, òî σ(pk) = 0;
22. 4. Åñëè r è s � âçàèìíî ïðîñòûå íàòóðàëüíûå ÷èñëà,

r > 1, s > 1, òî σ(rs) = σ(r)σ(s).23. ßâëÿåòñÿ ëè ÷èñëî (2 + i)/(2− i) êîðíåì íåêîòîðîé ñòå-ïåíè èç åäèíèöû?24. Íàéäèòå êîìïëåêñíûå ÷èñëà, ñîîòâåòñòâóþùèå ïðîòè-âîïîëîæíûì âåðøèíàì êâàäðàòà, åñëè äâóì äðóãèì âåðøèíàìñîîòâåòñòâóþò êîìïëåêñíûå ÷èñëà z è w.94



5.9. Äîïîëíèòåëüíûå çàäà÷è25. Íàéäèòå êîìïëåêñíûå ÷èñëà, ñîîòâåòñòâóþùèå âåðøè-íàì ïðàâèëüíîãî n-óãîëüíèêà, åñëè äâóì ñìåæíûì âåðøèíàìñîîòâåòñòâóþò êîìïëåêñíûå ÷èñëà z0 è z1.



6. ÌÀÒ�ÈÖÛ6.1. Ìàòðèöû íàä ïîëÿìèÏóñòü P � ïîëå, m è n � íàòóðàëüíûå ÷èñëà. Ìàòðèöåéðàçìåðà m íà n èëè m × n-ìàòðèöåé íàä P íàçîâåì ïðÿìî-óãîëüíóþ òàáëèöó
A =











a11 a12 . . . a1j . . . a1n

a21 a22 . . . a2j . . . a2n

. . .
ai1 ai2 . . . aij . . . ain

. . .
am1 am2 . . . amj . . . amn











, (6.1)ñîñòàâëåííóþ èç ýëåìåíòîâ ïîëÿ P.Äëÿ îáîçíà÷åíèÿ ìàòðèö íàðÿäó ñ êðóãëûìè ñêîáêàìè èñ-ïîëüçóþò êâàäðàòíûå è äâîéíûå ïðÿìûå ñêîáêè:










a11 a12 . . . a1j . . . a1n

a21 a22 . . . a2j . . . a2n

. . .
ai1 ai2 . . . aij . . . ain

. . .
am1 am2 . . . amj . . . amn











,

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

a11 a12 . . . a1j . . . a1n

a21 a22 . . . a2j . . . a2n

. . .
ai1 ai2 . . . aij . . . ain

. . .
am1 am2 . . . amj . . . amn

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

.

Ýëåìåíòû ai1, ai2, . . ., ain èìåþò ïåðâûì èíäåêñîì ÷èñëî iè ñîñòàâëÿþò â ìàòðèöå A åå i-þ ñòðîêó, êîòîðàÿ îáîçíà÷àåòñÿ÷åðåç Ai = (ai1ai2 . . . ain). Ýëåìåíòû a1j , a2j , . . ., amj èìåþòâòîðûì èíäåêñîì ÷èñëî j è ñîñòàâëÿþò j-é ñòîëáåö ìàòðèöû96



6.1. Ìàòðèöû íàä ïîëÿìè
A, êîòîðûé îáîçíà÷àåòñÿ ÷åðåç

Aj =







a1j

a2j

. . .
amj







= [a1ja2j . . . amj ].Ýëåìåíò aij ñòîèò â i-é ñòðîêå è j-ì ñòîëáöå. Ìàòðèöó A çàïè-ñûâàþò â âèäå òàáëèöû (6.1), ëèáî ñîêðàùåííî:
A = (aij), i = 1, 2, . . . ,m, j = 1, 2, . . . , n,ëèáî ïåðå÷èñëèâ âñå åå ñòðîêè:

A =







A1

A2

. . .
Am







= [A1A2 . . . Am],ëèáî ïåðå÷èñëèâ âñå åå ñòîëáöû: A = (A1 A2 . . . An).Ïðè m = n ãîâîðÿò, ÷òî A = (aij) � êâàäðàòíàÿ ìàòðèöàïîðÿäêà n.Äâå ìàòðèöû íàä ïîëåì P ñ÷èòàþòñÿ ðàâíûìè, åñëè îíèèìåþò îäèíàêîâûå ðàçìåðû è ýëåìåíòû, ñòîÿùèå íà îäèíàêî-âûõ ìåñòàõ, ñîâïàäàþò. Äðóãèìè ñëîâàìè, m× n-ìàòðèöà A =
= (aij) è k × l-ìàòðèöà B = (bij) ñ÷èòàþòñÿ ðàâíûìè, åñëè
m = k, n = l, aij = bij äëÿ âñåõ i è j.Ìàòðèöó, âñå ýëåìåíòû êîòîðîé ðàâíû íóëåâîìó ýëåìåíòóïîëÿ P, íàçûâàþò íóëåâîé ìàòðèöåé è îáîçíà÷àþò ÷åðåç O:

O =







0 0 . . . 0
0 0 . . . 0

. . .
0 0 . . . 0






.Êâàäðàòíàÿ n× n-ìàòðèöà









1 0 0 . . . 0 0
0 1 0 . . . 0 0

. . .
0 0 0 . . . 1 0
0 0 0 . . . 0 1







íàçûâàåòñÿ åäèíè÷íîé è îáîçíà÷àåòñÿ ÷åðåç En. Çäåñü 1 � åäè-íè÷íûé ýëåìåíò ïîëÿ P. Åñëè èç êîíòåêñòà ïîíÿòåí ðàçìåð ìà-97



6. ÌÀÒ�ÈÖÛòðèöû, òî âìåñòî En áóäåì ïèñàòü E.Äèàãîíàëüíîé ìàòðèöåé íàçûâàþò êâàäðàòíóþ n × n-ìà-òðèöó, ó êîòîðîé íà äèàãîíàëè íàõîäÿòñÿ ýëåìåíòû a, b, . . . c, dèç ïîëÿ P, à âíå äèàãîíàëè � íóëåâîé ýëåìåíò ïîëÿ P:








a 0 0 . . . 0 0
0 b 0 . . . 0 0

. . .
0 0 0 . . . c 0
0 0 0 . . . 0 d









.Ïðè a = b = . . . = c = d äèàãîíàëüíóþ ìàòðèöó íàçûâàþòñêàëÿðíîé è îáîçíà÷àþò ÷åðåç aEn:
aEn =









a 0 0 . . . 0 0
0 a 0 . . . 0 0

. . .
0 0 0 . . . a 0
0 0 0 . . . 0 a









.Âåðõíåé òðåóãîëüíîé ìàòðèöåé íàçûâàþò n× n-ìàòðèöó








a11 a12 a13 . . . a1n−1 a1n

0 a22 a23 . . . a2n−1 a2n

. . .
0 0 0 . . . an−1n−1 an−1n

0 0 0 . . . 0 ann









,à íèæíåé òðåóãîëüíîé ìàòðèöåé � ìàòðèöó








a11 0 0 . . . 0 0
a21 a22 0 . . . 0 0

. . .
an−11 an−12 an−13 . . . an−1n−1 0
an1 an2 an3 . . . ann−1 ann









.Ñòóïåí÷àòîé íàçûâàåòñÿ ìàòðèöà A = (aij), îáëàäàþùàÿñëåäóþùèìè äâóìÿ ñâîéñòâàìè: åñëè i-ÿ ñòðîêà íóëåâàÿ, òî (i+
+ 1)-ÿ ñòðîêà òàêæå íóëåâàÿ; åñëè ïåðâûå íåíóëåâûå ýëåìåíòû
i-é è (i+ 1)-é ñòðîê ðàñïîëàãàþòñÿ â ñòîëáöàõ ñ íîìåðàìè k è
l, òî k < l. Îáðàòèì âíèìàíèå íà òî, ÷òî â îïðåäåëåíèè ñòó-ïåí÷àòîé ìàòðèöû íå òðåáóåòñÿ, ÷òîáû îíà áûëà êâàäðàòíîé.98



6.2. Îïåðàöèè íàä ìàòðèöàìèÍàïðèìåð, èç ñëåäóþùèõ ÷åòûðåõ ìàòðèö ïåðâûå äâå �ñòóïåí÷àòûå, à äâå ïîñëåäíèå íå ÿâëÿþòñÿ ñòóïåí÷àòûìè:




1 2 3 0
0 4 5 1
0 0 6 0



,





1 2 3
0 0 1
0 0 0



,





1 2 1
0 1 0
0 2 6



,

(
0 2 2
1 0 0

)

.6.2. Îïåðàöèè íàä ìàòðèöàìèÏóñòü òåïåðü A = (aij) è B = (bij) � m × n-ìàòðèöû íàäïîëåì P. ÑóììîéA+B ìàòðèö A èB íàçûâàåòñÿm×n-ìàòðèöà
C = (cij), òàêàÿ, ÷òî cij = aij + bij äëÿ âñåõ i è j, òî åñòü





a11 . . . a1n

. . .
am1 . . . amn



+





b11 . . . b1n

. . .
bm1 . . . bmn



 =

=





a11 + b11 . . . a1n + b1n

. . .
am1 + bm1 . . . amn + bmn



. (6.2)Òåîðåìà 6.1. Ïóñòü P � ïîëå, m è n � íàòóðàëüíûå ÷èñ-ëà, è Mm,n(P) � ñîâîêóïíîñòü âñåõ m × n-ìàòðèö ñ ýëåìåí-òàìè èç P. Òîãäà Mm,n(P) ñ îïåðàöèåé ñëîæåíèÿ (6.2) ÿâëÿ-åòñÿ àääèòèâíîé àáåëåâîé ãðóïïîé. Â ÷àñòíîñòè, ñëîæåíèåìàòðèö îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:
1) ñëîæåíèå ìàòðèö êîììóòàòèâíî, òî åñòü

A+B = B +A;

2) ñëîæåíèå ìàòðèö àññîöèàòèâíî, òî åñòü
(A+B) + C = A+ (B + C);

3) A+O = O +A = A, ãäå O � íóëåâàÿ ìàòðèöà.Çäåñü A, B è C � ëþáûå ýëåìåíòû ãðóïïû Mm,n(P).Ïðîèçâåäåíèåì uA ýëåìåíòà u ∈ P è m × n-ìàòðèöû Aíàçûâàåòñÿ m× n-ìàòðèöà D = (dij), òàêàÿ, ÷òî dij = uaij äëÿâñåõ i è j, òî åñòü
u





a11 . . . a1n

. . .
am1 . . . amn



 =





ua11 . . . ua1n

. . .
uam1 . . . uamn



. 99



6. ÌÀÒ�ÈÖÛÒåîðåìà 6.2. Ïóñòü A,B ∈ Mm,n(P), 0 è 1 � íóëåâîé èåäèíè÷íûé ýëåìåíòû ïîëÿ P, (−1) � ïðîòèâîïîëîæíûé ê 1ýëåìåíò, u, v ∈ P. Òîãäà:
1) 1A = A, 0A = O;
2) A+ (−1)A = (−1)A+A = O;
3) (uv)A = u(vA);
4) u(A+B) = uA+ uB;
5) (u+ v)A = uA+ vA.Ìàòðèöà (−1)A íàçûâàåòñÿ ïðîòèâîïîëîæíîé ê ìàòðèöå

A è îáîçíà÷àåòñÿ ÷åðåç −A.�àññìîòðèì òåïåðü óìíîæåíèå ìàòðèö. Ïóñòü A = (aij) �
m × k-ìàòðèöà, B = (bij) � k × n-ìàòðèöà. Îáðàòèì âíèìà-íèå íà òî, ÷òî ñðàçó òðåáóåòñÿ, ÷òîáû ÷èñëî ñòîëáöîâ ïåðâîéìàòðèöû áûëî ðàâíî ÷èñëó ñòðîê âòîðîé ìàòðèöû. Ïðîèçâå-äåíèå i-é ñòðîêè Ai ìàòðèöû A íà j-é ñòîëáåö Bj ìàòðèöû Bîïðåäåëÿåòñÿ òàê:

AiB
j = (ai1ai2 . . . aik)[b1jb2j . . . bkj] =

= ai1b1j + ai2b2j + . . .+ aikbkj =
k∑

l=1

ailblj. (6.3)Èòàê, ïðîèçâåäåíèåì ñòðîêè íà ñòîëáåö ÿâëÿåòñÿ ýëåìåíòïîëÿ P, êîòîðûé âû÷èñëÿåòñÿ ïî �îðìóëå (6.3).Ïðîèçâåäåíèåì m × k-ìàòðèöû A = (aij) è k × n-ìàòðèöû
B = (bij) íàçûâàåòñÿ m× n-ìàòðèöà

AB =







A1B
1 A1B

2 . . . A1B
n

A2B
1 A2B

2 . . . A2B
n

. . .
AmB

1 AmB
2 . . . AmB

n






. (6.4)Äëÿ ïîëó÷åíèÿ ïåðâîé ñòðîêè ïðîèçâåäåíèÿ AB íàäî ïåð-âóþ ñòðîêó ìàòðèöû A óìíîæèòü íà êàæäûé ñòîëáåö ìàòðèöû

B. Äëÿ ïîëó÷åíèÿ âòîðîé ñòðîêè ïðîèçâåäåíèÿ AB íàäî âòî-ðóþ ñòðîêó ìàòðèöû A óìíîæèòü íà êàæäûé ñòîëáåö ìàòðèöû
B è ò. ä. Ïîýòîìó â ïðîèçâåäåíèè AB íà ïåðåñå÷åíèè i-é ñòðîêèè j-ãî ñòîëáöà ñòîèò ýëåìåíò ïîëÿ P, ðàâíûé ïðîèçâåäåíèþ i-éñòðîêè ìàòðèöû A íà j-é ñòîëáåö ìàòðèöû B.Âûâîä. 1. Óìíîæàòü ìîæíî ìàòðèöû A è B ïðè óñëîâèè,÷òî ÷èñëî ñòîëáöîâ ïåðâîãî ñîìíîæèòåëÿ ðàâíî ÷èñëó ñòðîê100



6.2. Îïåðàöèè íàä ìàòðèöàìèâòîðîãî ñîìíîæèòåëÿ. Åñëè ýòî òðåáîâàíèå âûïîëíÿåòñÿ, òî ãî-âîðÿò, ÷òî óìíîæåíèå ìàòðèö A è B îïðåäåëåíî. Îòìåòèì, ÷òîóìíîæåíèå êâàäðàòíûõ ìàòðèö îäíîãî ïîðÿäêà âñåãäà îïðåäå-ëåíî.2. Óìíîæàòü ìàòðèöû ñëåäóåò ïî ïðàâèëó ¾ñòðîêè íà ñòîë-áåö¿. Ñòðîêà ïåðâîãî ñîìíîæèòåëÿ óìíîæàåòñÿ íà ñòîëáåö âòî-ðîãî ñîìíîæèòåëÿ ïî �îðìóëå (6.3).3. Ïðîèçâåäåíèåì ÿâëÿåòñÿ m × n-ìàòðèöà, îïðåäåëÿåìàÿ�îðìóëîé (6.4). Çäåñü m � ÷èñëî ñòðîê ïåðâîãî ñîìíîæèòåëÿ,
n � ÷èñëî ñòîëáöîâ âòîðîãî ñîìíîæèòåëÿ.Ïðèìåð 6.1. Íàéäèòå ïðîèçâåäåíèå ìàòðèö

(
1 2
0 −1

)

,

(
1 4 3
−1 0 2

)

.

� Ïî �îðìóëàì (6.3) è (6.4) ïîëó÷àåì:
(

1 2
0 −1

)(
1 4 3
−1 0 2

)

=

=

(
1 · 1 + 2(−1) 1 · 4 + 2 · 0 1 · 3 + 2 · 2

0 · 1 + (−1)(−1) 0 · 4 + (−1)0 0 · 3 + (−1)2

)

=

=

(
−1 4 7
1 0 −2

)

.Îòìåòèì, ÷òî óìíîæåíèå ýòèõ æå ìàòðèö â îáðàòíîì ïî-ðÿäêå íå îïðåäåëåíî. ⊠Ïðèìåð 6.2. Âû÷èñëèòå çíà÷åíèå ìíîãî÷ëåíà f(x) = x2 −
− 2x+ 3 îò ìàòðèöû

A =

(
2 0
1 −1

)

.

� Òàê êàê f(A) = A2 − 2A+ 3E2, òî
f

((
2 0
1 −1

))

=

(
2 0
1 −1

)(
2 0
1 −1

)

− 2

(
2 0
1 −1

)

+

+3

(
1 0
0 1

)

=

(
3 0
−1 6

)

.Î ò â å ò: f((2 0
1 −1

))

=

(
3 0
−1 6

). ⊠101



6. ÌÀÒ�ÈÖÛÏðèìåð 6.3. Íàéäèòå 2× 2-ìàòðèöó X, óäîâëåòâîðÿþùóþóñëîâèþ
2

(
1 2
3 4

)

−X =

(
3 0
0 3

)

.

� Ïóñòü X =

(
x11 x12

x21 x22

), òîãäà
2

(
1 2
3 4

)

−
(
x11 x12

x21 x22

)

=

(
3 0
0 3

)

,

(
2 − x11 4 − x12

6 − x21 8 − x22

)

=

(
3 0
0 3

)

.Äâå ìàòðèöû ðàâíû, åñëè ðàâíû ýëåìåíòû, ñòîÿùèå íà îäè-íàêîâûõ ìåñòàõ. Ïîýòîìó ïîñëåäíåå ðàâåíñòâî ìàòðèö ïðèâî-äèò ê óðàâíåíèÿì: 2−x11 = 3, 4−x12 = 0, 6−x21 = 0, 8−x22 = 3.Îòêóäà x11 = −1, x12 = 4, x21 = 6, x22 = 5.Î ò â å ò: X =

(
−1 4
6 5

)

. ⊠Òåîðåìà 6.3. Îïåðàöèè íàä ìàòðèöàìè îáëàäàþò ñëåäó-þùèìè ñâîéñòâàìè:
1) åñëè A � m× n-ìàòðèöà, òî AEn = EmA = A;
2) óìíîæåíèå ìàòðèö àññîöèàòèâíî; áîëåå òî÷íî: åñëèîïðåäåëåíî îäíî èç ïðîèçâåäåíèé (AB)C, A(BC), òî îïðåäå-ëåíî è äðóãîå, è (AB)C = A(BC);
3) óìíîæåíèå è ñëîæåíèå ìàòðèö ñâÿçàíû äâóìÿ çàêîíà-ìè äèñòðèáóòèâíîñòè; áîëåå òî÷íî:

3. 1) åñëè îïðåäåëåíî îäíî èç âûðàæåíèé (A+B)C, AC +
+BC, òî îïðåäåëåíî è äðóãîå, è (A+B)C = AC +BC;

3. 2) åñëè îïðåäåëåíî îäíî èç âûðàæåíèé A(B+C), AB+
+AC, òî îïðåäåëåíî è äðóãîå, è A(B + C) = AB +AC;

4) u(AB) = (uA)B = A(uB) äëÿ ëþáîãî u ∈ P è ëþáûõìàòðèö A è B, äëÿ êîòîðûõ óìíîæåíèå AB îïðåäåëåíî.Çàìåòèì, ÷òî óìíîæåíèå ìàòðèö íåêîììóòàòèâíî. Ïðèìå-ðîì ñëóæàò ñëåäóþùèå ìàòðèöû:
A =

(
1 0
2 3

)

, B =

(
−1 2
−2 3

)

.102



6.2. Îïåðàöèè íàä ìàòðèöàìèÄëÿ ýòèõ ìàòðèö AB =

(
1 0
2 3

)(
−1 2
−2 3

)

=

=

(
1(−1) + 0(−2) 1 · 2 + 0 · 3
2(−1) + 3(−2) 2 · 2 + 3 · 3

)

=

(
−1 2
−8 13

)

,

BA =

(
−1 2
−2 3

)(
1 0
2 3

)

=

(
3 6
4 9

)

.Òåîðåìà 6.4. Ïóñòü P � ïîëå, m � íàòóðàëüíîå ÷èñëî,è Mm(P) � ñîâîêóïíîñòü âñåõ êâàäðàòíûõ m × m-ìàòðèö ñýëåìåíòàìè èç P. Òîãäà Mm(P) ñ îïåðàöèÿìè ñëîæåíèÿ (6.2)è óìíîæåíèÿ (6.4) ÿâëÿåòñÿ íåêîììóòàòèâíûì êîëüöîì ñåäèíèöåé Em.Êîëüöî Mm(P) íàçûâàåòñÿ ïîëíûì ìàòðè÷íûì êîëüöîìðàçìåðíîñòè m íàä ïîëåì P.Ïóñòü A = (aij) � m × n-ìàòðèöà. Ìàòðèöà, ó êîòîðîé i-éñòîëáåö ñîâïàäàåò ñ i-é ñòðîêîé ìàòðèöû A ïðè ëþáîì i =
= 1, 2, 3, . . . ,m, íàçûâàåòñÿ òðàíñïîíèðîâàííîé ê ìàòðèöå A èîáîçíà÷àåòñÿ ÷åðåç AT . Äëÿ ìàòðèöû

A =











a11 a12 . . . a1j . . . a1n

a21 a22 . . . a2j . . . a2n

. . .
ai1 ai2 . . . aij . . . ain

. . .
am1 am2 . . . amj . . . amn









òðàíñïîíèðîâàííàÿ ìàòðèöà èìååò âèä:

AT =











a11 a21 . . . ai1 . . . am1

a12 a22 . . . ai2 . . . am2

. . .
a1j a2j . . . aij . . . amj

. . .
a1n a2n . . . ain . . . amn











.Òåîðåìà 6.5. Ïóñòü A = (aij), B = (bij) � m× n-ìàòðè-öû, u ∈ P. Òîãäà:
1) (AT )T = A;
2) u(AT ) = (uA)T ;
3) (A+B)T = AT +BT ; 103



6. ÌÀÒ�ÈÖÛ
4) åñëè m = n, òî (AB)T = BTAT .Ïðèìåð 6.4. Âû÷èñëèòå 2A−BC + 3AT , åñëè
A =

(
−2i 4
i i− 3

)

, B =

(
3 0 2
0 1 2

)

, C =





1 −2
2 −1
−1 1



 .

� Íàéäåì ïðîèçâåäåíèå ìàòðèö B è C:
BC =

(
3 0 2
0 1 2

)




1 −2
2 −1
−1 1



 =

=

(
3 · 1 + 0 · 2 + 2(−1) 3(−2) + 0(−1) + 2 · 1
0 · 1 + 1 · 2 + 2(−1) 0(−2) + 1(−1) + 2 · 1

)

=

=

(
3 − 2 −6 + 2
2 − 2 −1 + 2

)

=

(
1 −4
0 1

)

.Òîãäà 2A−BC + 3AT =

= 2

(
−2i 4
i i− 3

)

−
(

1 −4
0 1

)

+ 3

(
−2i i
4 i− 3

)

=

=

(
−4i 8
2i 2i− 6

)

−
(

1 −4
0 1

)

+

(
−6i 3i
12 3i− 9

)

=

=

(

−4i− 1 − 6i 8 − (−4) + 3i
2i− 0 + 12 2i− 6 − 1 + 3i− 9

)

=

(

−1 − 10i 12 + 3i
12 + 2i −16 + 5i

)

.Î ò â å ò: (−1 − 10i 12 + 3i
12 + 2i −16 + 5i

). ⊠Ïðèìåð 6.5. �åøèòå ìàòðè÷íîå óðàâíåíèå
−2X −AT + (B − 3A)T = A,ãäå A =

(
1 −1
2 3

)

, B =

(
−1 0
1 −2

).
� Èñõîäíîå óðàâíåíèå èìååò âèä:

−2X −
(

1 −1
2 3

)T

+

((
−1 0
1 −2

)

− 3

(
1 −1
2 3

))T

=

(
1 −1
2 3

)

,

−2X −
(

1 2
−1 3

)

+

(
−4 3
−5 −11

)T

=

(
1 −1
2 3

)

,104



6.2. Îïåðàöèè íàä ìàòðèöàìè
−2X +

(
−1 −2
1 −3

)

+

(
−4 −5
3 −11

)

=

(
1 −1
2 3

)

,

−2X +

(
−5 −7
4 −14

)

=

(
1 −1
2 3

)

,

−2X =

(
1 −1
2 3

)

−
(
−5 −7
4 −14

)

=

(
6 6
−2 17

)

,

X =
−1

2

(
6 6
−2 17

)

=

(
−3 −3
1 −17/2

)

.Î ò â å ò: X =

(
−3 −3
1 −17/2

). ⊠Ïðèìåð 6.6. �åøèòå ñèñòåìó ìàòðè÷íûõ óðàâíåíèé






2X − Y =

(
0 1
−1 0

)

3X + 2Y =

(
1 −2
0 1

)

.

� Óìíîæèì ïåðâîå óðàâíåíèå ñèñòåìû íà 2 è ñëîæèì ñîâòîðûì:
4X − 2Y + 3X + 2Y = 2

(
0 1
−1 0

)

+

(
1 −2
0 1

)

,

7X =

(
1 0
−2 1

)

, X =
1

7

(
1 0
−2 1

)

=

(
1/7 0
−2/7 1/7

)

.Óìíîæèì ïåðâîå óðàâíåíèå ñèñòåìû íà (−3) è ñëîæèì åãî ñîâòîðûì, óìíîæåííûì íà 2:
−6X + 3Y + 6X + 4Y = −3

(
0 1
−1 0

)

+ 2

(
1 −2
0 1

)

,

7Y =

(
2 −7
3 2

)

, Y =
1

7

(
2 −7
3 2

)

=

(
2/7 −1
3/7 2/7

)

.Î ò â å ò: X =

(
1/7 0
−2/7 1/7

)

, Y =

(
2/7 −1
3/7 2/7

). ⊠105



6. ÌÀÒ�ÈÖÛÏðèìåð 6.7. Íàéäèòå ìàòðèöû A =

(
a b
b a

) íàä ïîëåì C,äëÿ êîòîðûõ A2 − 4A + 5E = O. Çäåñü E,O � åäèíè÷íàÿ èíóëåâàÿ 2 × 2-ìàòðèöû.
� Ñîãëàñíî óñëîâèþ
(
a b
b a

)(
a b
b a

)

− 4

(
a b
b a

)

+ 5

(
1 0
0 1

)

=

(
0 0
0 0

)

,

(
a2 + b2 2ab

2ab a2 + b2

)

−
(

4a 4b
4b 4a

)

+

(
5 0
0 5

)

=

(
0 0
0 0

)

,

(
a2 + b2 − 4a+ 5 2ab− 4b

2ab− 4b a2 + b2 − 4a+ 5

)

=

(
0 0
0 0

)

.Èç ïîñëåäíåãî ðàâåíñòâà ïîëó÷èì ñèñòåìó
{

a2 + b2 − 4a+ 5 = 0

2ab− 4b = 0.Èç âòîðîãî óðàâíåíèÿ b(2a − 4) = 0 ñëåäóåò, ÷òî ëèáî b = 0,ëèáî 2a − 4 = 0. Åñëè b = 0, òî èç ïåðâîãî óðàâíåíèÿ ñèñòåìû
a2−4a+5 = 0 ïîëó÷èì: a1 = 2−i, a2 = 2+i. Åñëè 2a−4 = 0, òîåñòü a = 2, òî èç ïåðâîãî óðàâíåíèÿ ïîëó÷àåì b2 = −1, îòêóäà
b1 = i, b2 = −i.Î ò â å ò: A1 =

(
2 − i 0

0 2 − i

), A2 =

(
2 + i 0

0 2 + i

),
A3 =

(
2 i
i 2

), A4 =

(
2 −i
−i 2

). ⊠6.3. Ýëåìåíòàðíûå ïðåîáðàçîâàíèÿ ñòðîê ìàòðèöÏóñòü A = (aij) � k × l-ìàòðèöà íàä ïîëåì P. Ýëåìåíòàð-íûìè ïðåîáðàçîâàíèÿìè ñòðîê ìàòðèöû A íàçûâàþòñÿ ñëåäó-þùèå ïðåîáðàçîâàíèÿ:1) óìíîæåíèå êàêîé-ëèáî ñòðîêè ìàòðèöû A íà íåíóëåâîéýëåìåíò ïîëÿ P;2) ïðèáàâëåíèå ê ñòðîêå ìàòðèöû A äðóãîé åå ñòðîêè, óìíî-æåííîé íà ýëåìåíò ïîëÿ P.106



6.4. Îáðàòíàÿ ìàòðèöàËåììà 6.6. 1. Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèéìîæíî ïîìåíÿòü ìåñòàìè ëþáûå äâå ñòðîêè ìàòðèöû.
2. Ýëåìåíòàðíûå ïðåîáðàçîâàíèÿ îáðàòèìû, òî åñòü åñëèìàòðèöà B ïîëó÷àåòñÿ èç A â ðåçóëüòàòå êàêîãî-íèáóäü ýëå-ìåíòàðíîãî ïðåîáðàçîâàíèÿ, òî è ìàòðèöà A ìîæåò áûòüïîëó÷åíà èç B â ðåçóëüòàòå ýëåìåíòàðíîãî ïðåîáðàçîâàíèÿ.Ââèäó ï. 1 ëåììû 6.6 ïåðåñòàíîâêó ñòðîê òàêæå ìîæíî ïðè-÷èñëÿòü ê ýëåìåíòàðíûì ïðåîáðàçîâàíèÿì.Òåîðåìà 6.7. Âñÿêóþ ìàòðèöó ñ ïîìîùüþ ýëåìåíòàðíûõïðåîáðàçîâàíèé ìîæíî ïðèâåñòè ê ñòóïåí÷àòîìó âèäó.Ïðèìåð 6.8. Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèéñòðîê ïðèâåäèòå ê ñòóïåí÷àòîìó âèäó ìàòðèöó

A =





−1 2 3 −4
2 −1 1 0
3 −1 2 1



 .

� Óìíîæèì ïåðâóþ ñòðîêó ìàòðèöû A íà 2 è ñëîæèì ñîâòîðîé ñòðîêîé. Çàòåì ïåðâóþ ñòðîêó óìíîæèì íà 3 è ñëîæèìñ òðåòüåé. Â èòîãå ïîëó÷èì:




−1 2 3 −4
0 3 7 −8
0 5 11 −11



 .Òåïåðü âòîðóþ ñòðîêó óìíîæèì íà (−5/3) è ñëîæèì ñ òðåòüåé:




−1 2 3 −4
0 3 7 −8
0 0 −2/3 7/3



. ⊠6.4. Îáðàòíàÿ ìàòðèöàÊâàäðàòíàÿ ìàòðèöà A ïîðÿäêà n íàçûâàåòñÿ îáðàòèìîé,åñëè ñóùåñòâóåò ìàòðèöà B, òàêàÿ, ÷òî AB = BA = En. Â ýòîìñëó÷àå ìàòðèöà B íàçûâàåòñÿ îáðàòíîé ê ìàòðèöå A. Åñëèìàòðèöà A � îáðàòèìàÿ ìàòðèöà, òî îáðàòíàÿ ê íåé ìàòðèöàîáîçíà÷àåòñÿ ÷åðåç A−1.Ëåììà 6.8. 1. Åñëè ìàòðèöà îáðàòèìà, òî ñóùåñòâóåòòî÷íî îäíà åé îáðàòíàÿ ìàòðèöà. 107



6. ÌÀÒ�ÈÖÛ
2. Åñëè A è B � îáðàòèìûå ìàòðèöû îäíîãî ïîðÿäêà, òî

AB îáðàòèìà è (AB)−1=B−1A−1.Òåîðåìà 6.9. Îáðàòèìóþ ìàòðèöó A ñ ïîìîùüþ ýëåìåí-òàðíûõ ïðåîáðàçîâàíèé ìîæíî ïðåâðàòèòü â åäèíè÷íóþ ìà-òðèöó. Ïðèìåíÿÿ ýòè æå ïðåîáðàçîâàíèÿ â òîì æå ïîðÿäêåê åäèíè÷íîé ìàòðèöå, ïîëó÷èì îáðàòíóþ ìàòðèöó A−1.Íà ïðàêòèêå óäîáíî ïîñòóïàòü òàê. Ê ìàòðèöå A äîïèñûâà-þò ñïðàâà åäèíè÷íóþ ìàòðèöó E è íàä ïîëó÷åííîé ìàòðèöåé(A | E) ïðîâîäÿò ýëåìåíòàðíûå ïðåîáðàçîâàíèÿ, â ðåçóëüòàòåêîòîðûõ ïðèõîäÿò ê ìàòðèöå (E | A−1).Ïðèìåð 6.9. Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèéíàéäèòå îáðàòíóþ ìàòðèöó äëÿ ìàòðèöû
A =





1 1 −1
2 1 0
−1 0 1



.

� Çàïèøåì ìàòðèöó (A | E), ãäå E � åäèíè÷íàÿ ìàòðè-öà, è ïðåîáðàçóåì åå ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèéòàê, ÷òîáû ïîëó÷èëàñü ìàòðèöà âèäà (E | B). Ìàòðèöà B áóäåòîáðàòíîé ê ìàòðèöå A. Âûïèøåì ìàòðèöó (A | E):
(A | E) =





1 1 −1 1 0 0
2 1 0 0 1 0
−1 0 1 0 0 1



.Ñäåëàåì ñëåäóþùèå ýëåìåíòàðíûå ïðåîáðàçîâàíèÿ: ïåðâóþñòðîêó ìàòðèöû (A | E) óìíîæèì íà (−2) è ïðèáàâèì êî âòî-ðîé, çàòåì ïåðâóþ ñòðîêó ïðèáàâèì ê òðåòüåé. Â èòîãå ïîëó-÷èì:




1 1 −1 1 0 0
0 −1 2 −2 1 0
0 1 0 1 0 1



.Òåïåðü âòîðóþ ñòðîêó ïðèáàâèì ê òðåòüåé:




1 1 −1 0 0 0
0 −1 2 −2 1 0
0 0 2 −1 1 1



.108



6.4. Îáðàòíàÿ ìàòðèöàÂòîðóþ ñòðîêó óìíîæèì íà (−1), à òðåòüþ � íà (1/2):




1 1 −1 1 0 0
0 1 −2 2 −1 0
0 0 1 −1/2 1/2 1/2



.Òðåòüþ ñòðîêó óìíîæèì íà 2 è ïðèáàâèì êî âòîðîé, à çàòåìòðåòüþ ïðèáàâèì ê ïåðâîé:




1 1 0 1/2 1/2 1/2
0 1 0 1 0 1
0 0 1 −1/2 1/2 1/2



.Âòîðóþ ñòðîêó óìíîæèì íà (−1) è ïðèáàâèì ê ïåðâîé:




1 0 0 −1/2 1/2 −1/2
0 1 0 1 0 1
0 0 1 −1/2 1/2 1/2



.Â èòîãå ïîëó÷èëè ìàòðèöó âèäà (E | B), ïîýòîìó
A−1 =





−1/2 1/2 −1/2
1 0 1

−1/2 1/2 1/2



.Ñäåëàåì ïðîâåðêó:
AA−1 =





1 1 −1
2 1 0
−1 0 1









−1/2 1/2 −1/2
1 0 1

−1/2 1/2 1/2



 =





1 0 0
0 1 0
0 0 1



,

A−1A =





−1/2 1/2 −1/2
1 0 1

−1/2 1/2 1/2









1 1 −1
2 1 0
−1 0 1



 =





1 0 0
0 1 0
0 0 1



.Î ò â å ò: A−1 =





−1/2 1/2 −1/2
1 0 1

−1/2 1/2 1/2



. ⊠Ïðèìåð 6.10. C ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèéíàéäèòå îáðàòíóþ ìàòðèöó äëÿ ìàòðèöû
A =

(
−2i 4
i i− 3

)

.

� Çàïèøåì ìàòðèöó (A|E) è ïðèâåäåì åå ñ ïîìîùüþ ýëå-109



6. ÌÀÒ�ÈÖÛìåíòàðíûõ ïðåîáðàçîâàíèé ñòðîê ê ìàòðèöå (E|B).
(A|E) =

(
−2i 4 1 0
i i− 3 0 1

)

.Óìíîæèì ïåðâóþ ñòðîêó íà (1/2) è ïðèáàâèì êî âòîðîé ñòðîêå:
(
−2i 4 1 0
0 i− 1 1/2 1

)

.Óìíîæèì ïåðâóþ ñòðîêó íà (1/2)i, à âòîðóþ � íà (−1/2)(i+1):
(

1 2i (1/2)i 0
0 1 −(1/4)i − 1/4 −(1/2)i − 1/2

)

.Ê ïåðâîé ñòðîêå ïðèáàâèì âòîðóþ, óìíîæåííóþ íà (−2i):
(

1 0 −1/2 + i −1 + i
0 1 −1/4 − (1/4)i −1/2 − (1/2)i

)

.Ïîëó÷èì ìàòðèöó âèäà (E|B), ïîýòîìó
A−1 =

(
−1/2 + i −1 + i

−1/4 − (1/4)i −1/2 − (1/2)i

)

.Ñäåëàåì ïðîâåðêó:
AA−1 =

(
−2i 4
i i− 3

)(
−1/2 + i −1 + i

−1/4− (1/4)i −1/2− (1/2)i

)

=

(
1 0
0 1

)

,

A−1A =

(
−1/2 + i −1 + i

−1/4 − (1/4)i −1/2− (1/2)i

)(
−2i 4
i i− 3

)

=

(
1 0
0 1

)

.Î ò â å ò: ( −1/2 + i −1 + i
−1/4 − (1/4)i −1/2 − (1/2)i

). ⊠6.5. Èíäèâèäóàëüíûå çàäàíèÿ1. Âû÷èñëèòå AB, BA, BTA, ABC, CBA, BTC:
1. 1. A =





2 0 1
−1 2 3
2 1 1



, B =





1 2
−2 −4
−1 −2



,
C =

(
i −2
1 3i

).110



6.5. Èíäèâèäóàëüíûå çàäàíèÿ
1. 2. A =





0 1 −2
−2 0 −1
1 −1 −1



, B =

(
2 1 −1
−4 −2 2

),
C =

(
i− 1 1

2 i

).
1. 3. A =





1 0 2
1 −1 4
2 −2 1



, B =





−3 2
1 −4
−2 −2



,
C =

(
2i −3
0 i+ 2

).
1. 4. A =





−2 3 1
0 2 1
1 2 −1



, B =

(
1 −3 2
−2 6 −4

),
C =

(
2 i+ 1
−1 i

).
1. 5. A =





−3 0 1
0 2 3
−1 −1 1



, B =





4 3
−5 2
−1 5



,
C =

(
−1 −i
2i 3

).
1. 6. A =





3 1 −1
−2 0 1
2 −1 3



, B =





5 −1
2 −3
3 2



,
C =

(
2i 0
−2 i− 1

).
1. 7. A =





4 0 5
−2 1 3
−1 1 −1



, B =

(
1 −3 −1
3 −9 −3

),
C =

(
0 −2

i− 1 3i

).
1. 8. A =





1 3 1
0 2 −1
1 −2 5



, B =





−2 1
1 2
−3 −1



,
C =

(
−1 i
2 4i

). 111



6. ÌÀÒ�ÈÖÛ
1. 9. A =





−1 2 4
0 5 1
1 1 4



, B =

(
2 −4 −6
1 −2 −3

),
C =

(
−2i 0
i− 2 −1

).
1. 10. A =





−2 1 1
1 2 0
−1 1 2



, B =





−4 3
−1 2
−3 1



,
C =

(
i+ 2 −3

1 i

).
1. 11. A =





3 −4 1
1 0 5
−1 1 −1



, B =

(
−4 2 4
2 −1 −2

),
C =

(
i i− 3
0 2

).
1. 12. A =





1 3 1
−2 1 3
1 0 2



, B =





−2 1
4 5
2 6



,
C =

(
0 −3
i 2i

).
1. 13. A =





3 1 −2
1 3 2
−2 4 0



, B =

(
1 −2 −2
−2 4 4

),
C =

(
−1 i

−i+ 1 0

).
1. 14. A =





−3 2 0
1 4 3
2 1 1



, B =





−2 1
3 5
5 4



,
C =

(
−i− 1 2

0 −1

).
1. 15. A =





1 4 −3
2 1 0
−3 1 1



, B =

(
−2 1 −1
4 −2 2

),
C =

(
−2 1
i− 2 2i

).112



6.5. Èíäèâèäóàëüíûå çàäàíèÿ2. Äëÿ ìàòðèöû C èç çàäàíèÿ 1 âû÷èñëèòå
C3 − 5C2 + 2C + 4E2.3. �åøèòå ìàòðè÷íîå óðàâíåíèå

5X + 3A− 2CT = (2A− 3C)T ,ãäå C � ìàòðèöà èç çàäàíèÿ 1, à A =

(
2 −1
−3 4

).4. �åøèòå ñèñòåìó ìàòðè÷íûõ óðàâíåíèé






X + Y =

(
n− 8 1

0 n+ 3

)

2X + (n− 16)Y =

(
n+ 5 0
−2 4

)

,ãäå n ∈ {1, 2, . . . , 15}.5. Íàéäèòå ìàòðèöû A =

(
z ω
ω z

) íàä ïîëåì C, óäîâëåòâî-ðÿþùèå óñëîâèþ.
5. 1. A2 +A+ E2 = O. 5. 2. 2A2 −A+ 2E2 = O.
5. 3. 3A2 +A+ E2 = O. 5. 4. A2 + 2A+ 5E2 = O.
5. 5. −2A2 + 3A− 2E2 = O. 5. 6. −A2 +A− 2E2 = O.
5. 7. 5A2 + 3A+ 2E2 = O. 5. 8. A2 + 3A+ 4E2 = O.
5. 9. 2A2 − 3A+ 5E2 = O. 5. 10. 3A2 − 2A+ E2 = O.
5. 11. 4A2 + 3A+ 2E2 = O. 5. 12. −2A2 + 3A− 4E2 = O.
5. 13. 6A2 − 2A+ E2 = O. 5. 14. 5A2 − 2A+ 2E2 = O.
5. 15. −3A2 +A− 2E2 = O.6. Ïðèâåäèòå ìàòðèöû èç çàäàíèÿ 1 ê ñòóïåí÷àòîìó âèäó.7. Äëÿ ìàòðèöû F ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâà-íèé ñòðîê âû÷èñëèòå îáðàòíóþ ìàòðèöó.

7. 1. F =






1 1 −1 2
2 3 −3 7
−3 −3 2 −4
1 2 −3 6




. 7. 2. F =






−2 1 1 1
−4 1 5 4
0 −1 4 0
−2 0 5 2




.

7. 3. F =






−1 −1 0 2
−2 −1 3 3
3 3 −1 −2
−1 0 2 6




. 7. 4. F =






1 −1 1 0
2 −1 −1 5
−3 3 −2 −1
1 0 −1 5




.113



6. ÌÀÒ�ÈÖÛ
7. 5. F =






1 1 2 −1
−3 −4 −3 8
2 2 3 −4
1 0 4 3




. 7. 6. F =






1 −2 1 1
3 −5 5 6
−2 4 −3 2
1 −1 2 7




.

7. 7. F =






−1 1 0 1
−2 4 1 −1
3 −3 1 −1
−1 3 2 1




. 7. 8. F =






1 −1 2 0
2 0 5 3
−3 3 −5 −2
1 1 4 2




.

7. 9. F =






2 −1 1 1
−4 1 −3 1
2 −1 0 5
2 −2 −1 9




. 7. 10. F =






1 −1 −1 −2
−1 0 3 5
2 −2 −3 0
1 −2 0 6




.

7. 11. F =






2 1 0 −1
−2 0 3 0
4 2 1 −4
2 2 4 −3




. 7. 12. F =






1 1 −3 −1
−2 0 7 5
3 3 −8 −4
1 3 −1 2




.

7.13.F =






1 2 −1 3
−2 −5 5 −4
3 6 −4 13
1 1 1 10




. 7.14.F =






−2 1 3 4
4 −1 −1 −9
2 −1 −2 0
−2 2 9 6




.

7. 15. F =






−1 1 4 5
1 0 −6 −4
2 −2 −9 −7
−1 2 1 10




.8. Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé íàéäèòå ìà-òðèöó, îáðàòíóþ ìàòðèöå C èç çàäàíèÿ 1.6.6. Äîïîëíèòåëüíûå çàäà÷è1. Âû÷èñëèòå ïðè ëþáîì íàòóðàëüíîì n.

1. 1. (4 −3
5 −4

)n. 1. 2. (i i
0 i

)n. 1. 3. (1 a
0 1

)n.
1. 4. 2 1 0

0 1 0
0 0 2





n. 1. 5. 1 0 b
0 1 0
0 0 1





n.
1. 6. ( cosϕ sinϕ

− sinϕ cosϕ

)n.2. Â êîëüöàõ M2(P) è M3(P), P ∈ {R,C,Z2,Z3,Z5}, íàéäèòåâñå ìàòðèöû, êâàäðàòû êîòîðûõ ðàâíû:114



6.6. Äîïîëíèòåëüíûå çàäà÷è
2. 1. íóëåâîé ìàòðèöå; 2. 2. åäèíè÷íîé ìàòðèöå;
2. 3. ñêàëÿðíîé ìàòðèöå; 2. 4. äèàãîíàëüíîé ìàòðèöå.
2. 5. âåðõíåé òðåóãîëüíîé ìàòðèöå;
2. 6. íèæíåé òðåóãîëüíîé ìàòðèöå.3. Ïóñòü f(x) = x2 − (a + d)x + (ad − bc) è A =

(
a b
c d

).Äîêàæèòå, ÷òî f(A) = O.4. �åøèòå è èññëåäóéòå óðàâíåíèå
(
a b
c d

)(
x y
z u

)

=

(
1 0
0 1

)îòíîñèòåëüíî ïåðåìåííûõ x, y, z, u.5. �åøèòå ñèñòåìû ìàòðè÷íûõ óðàâíåíèé.
5. 1. 



X + Y =

(
1 1
0 1

)

2X + 3Y =

(
1 0
0 1

)

.
5. 2. 



2X − Y =

(
0 1
−1 0

)

−4X + 2Y =

(
0−2
2 0

)

.6. Äîêàæèòå, ÷òî äëÿ ìàòðèö A,B ∈ Mn(R) íåâîçìîæíîðàâåíñòâî AB −BA = E.7. Ïóñòü A ∈Mn(R), A2 = A. Äîêàæèòå, ÷òî (2A−E)2 = E.8. Äâå êâàäðàòíûå ìàòðèöû A è B îäíîãî ïîðÿäêà íàçûâà-þòñÿ ïåðåñòàíîâî÷íûìè, åñëè AB = BA. Äîêàæèòå, ÷òî ñóììàè ïðîèçâåäåíèå ìàòðèö, ïåðåñòàíîâî÷íûõ ñ äàííîé ìàòðèöåé,òàêæå ïåðåñòàíîâî÷íû ñ íåé.9. Ïóñòü A ∈ Mn(R). Äîêàæèòå, ÷òî ìàòðèöà A ïåðåñòà-íîâî÷íà ñ êàæäîé äèàãîíàëüíîé ìàòðèöåé ïîðÿäêà n òîãäà èòîëüêî òîãäà, êîãäà ìàòðèöà A ñàìà äèàãîíàëüíàÿ.10. Äîêàæèòå, ÷òî ìàòðèöû
A =





1 a12 a13

0 1 a23

0 0 1



, B =





1 b12 b13
0 1 b23
0 0 1



ïåðåñòàíîâî÷íû òîãäà è òîëüêî òîãäà, êîãäà a12b23 = b12a23.11. Ïóñòü A è B � êâàäðàòíûå ìàòðèöû îäíîãî ïîðÿäêà íàäïîëåì R. Äîêàæèòå ðàâíîñèëüíîñòü ñëåäóþùèõ óòâåðæäåíèé:
11. 1. (A+B)2 = A2 + 2AB +B2;
11. 2. (A+B)(A−B) = A2 −B2;
11. 3. ìàòðèöû A è B ïåðåñòàíîâî÷íû. 115



6. ÌÀÒ�ÈÖÛ12. Ïóñòü A � îáðàòèìàÿ êâàäðàòíàÿ ìàòðèöà. Äîêàæèòå,÷òî (A−1)T = (AT )−1.13. Ìàòðèöà S íàçûâàåòñÿ ñèììåòðè÷åñêîé, åñëè ST = S.Ïóñòü A � ïðîèçâîëüíàÿ êâàäðàòíàÿ ìàòðèöà. Äîêàæèòå, ÷òîñèììåòðè÷åñêèìè ÿâëÿþòñÿ ìàòðèöû AT , AAT , A+AT .14. Ìàòðèöà K íàçûâàåòñÿ êîñîñèììåòðè÷åñêîé, åñëè
KT = −K. Ïóñòü A � ïðîèçâîëüíàÿ êâàäðàòíàÿ ìàòðèöà. Äî-êàæèòå, ÷òî A−AT � êîñîñèììåòðè÷åñêàÿ ìàòðèöà.15. Äîêàæèòå, ÷òî êàæäàÿ êâàäðàòíàÿ ìàòðèöà ïðåäñòàâè-ìà â âèäå ñóììû ñèììåòðè÷åñêîé è êîñîñèììåòðè÷åñêîé ìà-òðèö.16. Äîêàæèòå ñëåäóþùèå óòâåðæäåíèÿ:

16. 1. ïðîèçâåäåíèå äâóõ ñèììåòðè÷åñêèõ èëè êîñîñèììåò-ðè÷åñêèõ ìàòðèö ÿâëÿåòñÿ ñèììåòðè÷åñêîé ìàòðèöåé òîãäà èòîëüêî òîãäà, êîãäà ýòè ìàòðèöû ïåðåñòàíîâî÷íû;
16. 2. ïðîèçâåäåíèå ñèììåòðè÷åñêîé è êîñîñèììåòðè÷åñêîéìàòðèö ÿâëÿåòñÿ êîñîñèììåòðè÷åñêîé ìàòðèöåé òîãäà è òîëüêîòîãäà, êîãäà ýòè ìàòðèöû ïåðåñòàíîâî÷íû.17. Íàéäèòå âñå êâàäðàòíûå ìàòðèöû, ïåðåñòàíîâî÷íûå ñîâñåìè êâàäðàòíûìè ìàòðèöàìè òîãî æå ïîðÿäêà.18. Íàéäèòå âñå âåðõíèå òðåóãîëüíûå ìàòðèöû, ïåðåñòàíî-âî÷íûå ñî âñåìè âåðõíèìè òðåóãîëüíûìè ìàòðèöàìè òîãî æåïîðÿäêà.19. Äîêàæèòå, ÷òî â êîëüöå êâàäðàòíûõ ìàòðèö íàä ïîëåìñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:
19. 1. îáðàòèìàÿ ìàòðèöà íå ÿâëÿåòñÿ äåëèòåëåì íóëÿ;
19. 2. ëþáàÿ ìàòðèöà ëèáî îáðàòèìà, ëèáî ÿâëÿåòñÿ äåëè-òåëåì íóëÿ.20. Ïóñòü A è B � êâàäðàòíûå ìàòðèöû îäíîãî ïîðÿäêà.Äîêàæèòå, ÷òî åñëè ìàòðèöà E + AB îáðàòèìà, òî ìàòðèöà

E +BA òàêæå îáðàòèìà.21. C ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ñòðîê ïðèâå-äèòå ê ñòóïåí÷àòîìó âèäó ñëåäóþùèå ìàòðèöû.




0 1 1 1
1 1 0 1
1 0 1 0



 ∈M2(Z2), 0 2 0 0
0 1 0 2
0 1 0 0



 ∈M2(Z3).22. Äîêàæèòå, ÷òî ýëåìåíòàðíîå ïðåîáðàçîâàíèå ñòðîê ìà-116



6.6. Äîïîëíèòåëüíûå çàäà÷èòðèöû ðàâíîñèëüíî óìíîæåíèþ ñëåâà íà íåêîòîðóþ îáðàòèìóþìàòðèöó.23. ßâëÿþòñÿ ëè êîëüöàìè ñëåäóþùèå ìíîæåñòâà ìàòðèö ñîïåðàöèÿìè ñëîæåíèÿ è óìíîæåíèÿ?
23. 1. {(a 3b

b a

)

| a, b ∈ Z

}. 23. 2. {(a −b
b a

)

| a, b ∈ 3Z

}.
23. 3. {(a b

b a

)

| a, b ∈ Q

}.24. Äîêàæèòå, ÷òî ìàòðèöà A ∈M2(R) ÿâëÿåòñÿ äåëèòåëåìíóëÿ. Íàéäèòå âñå òàêèå ìàòðèöû B ∈ M2(R), äëÿ êîòîðûõ
AB = O.
24. 1. A =

(
1 0
2 0

). 24. 2. A =

(
0 0
2 3

). 24. 3. A =

(
1 1
2 2

).
24. 4. A =

(
1 2
2 4

). 24. 5. A =

(
0 1
0 3

).



7. ÎÏ�ÅÄÅËÈÒÅËÈ7.1. Îïðåäåëèòåëü ìàòðèöû è åãî ñâîéñòâàÁóäåì ðàññìàòðèâàòü òîëüêî êâàäðàòíûå ìàòðèöû. Ïóñòü
A = (aij) � êâàäðàòíàÿ ìàòðèöà ïîðÿäêà n íàä ïîëåì P. Íóëå-âîé è åäèíè÷íûé ýëåìåíòû ïîëÿ P áóäåì íàçûâàòü òàêæå íóëåìè åäèíèöåé è îáîçíà÷àòü ÷åðåç 0 è 1.Îïðåäåëèòåëåì (èëè äåòåðìèíàíòîì)ìàòðèöû A íàçûâà-åòñÿ ýëåìåíò detA ïîëÿ P, êîòîðûé âû÷èñëÿåòñÿ ïî ñëåäóþùåé�îðìóëå: detA =

∑

τ∈Sn

sgnτa1τ(1)a2τ(2) . . . anτ(n). (7.1)Çäåñü ñóììèðîâàíèå âåäåòñÿ ïî âñåì ïåðåñòàíîâêàì èç ñèì-ìåòðè÷åñêîé ãðóïïû Sn ñòåïåíè n, ïîýòîìó â ïðàâîé ÷àñòè �îð-ìóëû (7.1) ÷èñëî ñëàãàåìûõ ðàâíî n!. Äëÿ êàæäîé ïåðåñòàíîâ-êè τ ∈ Sn âû÷èñëÿåòñÿ ñâîå ñëàãàåìîå sgnτa1τ(1)a2τ(2) . . . anτ(n).Êàæäîå ïðîèçâåäåíèå
a1τ(1)a2τ(2) . . . anτ(n) (7.2)ñîñòîèò èç n ñîìíîæèòåëåé. Ïîñêîëüêó ïåðâûå èíäåêñû �ýòî íîìåðà ñòðîê ìàòðèöû A, òî ïðîèçâåäåíèå (7.2) ñîäåðæèòýëåìåíò èç êàæäîé ñòðîêè. Ïåðåñòàíîâêà ðàçëè÷íûå ýëåìåí-òû ïåðåâîäèò â ðàçëè÷íûå, ïîýòîìó ñðåäè âòîðûõ èíäåêñîâ

τ(1), τ(2), . . . , τ(n) íåò ñîâïàäàþùèõ. Íî âòîðûå èíäåêñû � íî-ìåðà ñòîëáöîâ ìàòðèöû A, çíà÷èò â ïðîèçâåäåíèè (7.2) èìå-åòñÿ ýëåìåíò èç êàæäîãî ñòîëáöà. Òàê êàê sgnτ ∈ {−1,+1},òî êàæäîå ñëàãàåìîå (7.2) óìíîæàåòñÿ íà (−1) èëè íà (+1) âçàâèñèìîñòè îò òîãî, íå÷åòíàÿ ïåðåñòàíîâêà τ èëè ÷åòíàÿ.Òàêèì îáðàçîì, îïðåäåëèòåëü ìàòðèöû A � ýòî ñóììà
n! âñåâîçìîæíûõ ïðîèçâåäåíèé sgnτai1j1ai2j2 . . . ainjn ýëåìåíòîâìàòðèöû A, âçÿòûõ ïî îäíîìó èç êàæäîé ñòðîêè è êàæäîãîñòîëáöà, ãäå

τ =

(
i1 i2 . . . in
j1 j2 . . . jn

)

∈ Sn.118



7.1. Îïðåäåëèòåëü ìàòðèöû è åãî ñâîéñòâàÎïðåäåëèòåëü ìàòðèöû òàêæå îáîçíà÷àåòñÿ ÷åðåç
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 . . . a1n

a21 a22 . . . a2n

. . .
an1 an2 . . . ann

∣
∣
∣
∣
∣
∣
∣
∣

.Ýòà çàïèñü îñîáåííî óäîáíà ïðè ðåøåíèè ïðèìåðîâ.Ïðèìåð 7.1. Âûáåðèòå íàòóðàëüíûå ÷èñëà i, j, k òàêèìîáðàçîì, ÷òîáû ñëàãàåìîå a4ia2ka32aj4 âõîäèëî â ðàçâåðíóòîåâûðàæåíèå îïðåäåëèòåëÿ ÷åòâåðòîãî ïîðÿäêà ñî çíàêîì ìèíóñ.
� Â ðàçâåðíóòîå âûðàæåíèå îïðåäåëèòåëÿ (7.1) ïðè n = 4äàííîå ñëàãàåìîå âõîäèò â âèäå sgnτa4ia2ka32aj4, ãäå ïåðåñòà-íîâêà

τ =

(
4 2 3 j
i k 2 4

)

.Î÷åâèäíî, ÷òî j = 1, à äëÿ i è k âîçìîæíû 2 ñëó÷àÿ:1) i = 1, k = 3. Òîãäà
τ =

(
4 2 3 1
1 3 2 4

)

= (41)(23), sgnτ = (−1)4−2 = 1.2) i = 3, k = 1. Òîãäà
τ =

(
4 2 3 1
3 1 2 4

)

= (4321), sgnτ = (−1)4−1 = −1.Òàêèì îáðàçîì, ïðè i = 3, j = 1, k = 1 ñëàãàåìîå a4ia2ka32aj4èìååò çíàê ìèíóñ.Î ò â å ò: i = 3, j = 1, k = 1. ⊠Ïðèìåð 7.2. Âû÷èñëèòå îïðåäåëèòåëè ìàòðèö ïîðÿäêà n 6

6 3.
� Î÷åâèäíî, 1×1-ìàòðèöà (a) èìååò îïðåäåëèòåëü, ðàâíûéýëåìåíòó a. Ïóñòü n = 2. Òîãäà

A =

(
a11 a12

a21 a22

)

, S2 =

{(
1 2
1 2

)

,

(
1 2
2 1

)}

.Ïðèìåíÿÿ �îðìóëó (7.1), ïîëó÷àåì:
∣
∣
∣
∣

a11 a12

a21 a22

∣
∣
∣
∣
=
∑

τ∈S2

sgnτa1τ(1)a2τ(2) = a11a22 − a12a21. 119



7. ÎÏ�ÅÄÅËÈÒÅËÈÏóñòü n = 3. Òîãäà
A =





a11 a12 a13

a21 a22 a23

a31 a32 a33



,

S3 =

{(
1 2 3
1 2 3

)

,

(
1 2 3
2 3 1

)

,

(
1 2 3
3 1 2

)

,

(
1 2 3
3 2 1

)

,

(
1 2 3
2 1 3

)

,

(
1 2 3
1 3 2

)}

.Ïðèìåíÿÿ �îðìóëó (7.1), ïîëó÷àåì:
∣
∣
∣
∣
∣
∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣
∣
∣
∣
∣
∣

=
∑

τ∈S3

sgnτa1τ(1)a2τ(2)a3τ(3) =

= a11a22a33 + a12a23a31 + a13a21a32 − a13a22a31 − a12a21a33 −
− a11a23a32. ⊠Ôîðìóëû âû÷èñëåíèÿ îïðåäåëèòåëåé âòîðîãî è òðåòüåãî ïî-ðÿäêîâ ëåã÷å çàïîìíèòü ñ ïîìîùüþ ñëåäóþùèõ ðèñóíêîâ:, .Ïðèìåð 7.3. Âû÷èñëèòå îïðåäåëèòåëè:
∣
∣
∣
∣

i −1
2 i+ 2

∣
∣
∣
∣
, ∣∣∣∣
∣
∣

3 −1 2
1 4 0
−1 2 1

∣
∣
∣
∣
∣
∣

.
� Âîñïîëüçóåìñÿ ïðèâåäåííûìè ðèñóíêàìè.∣
∣
∣
∣

i −1
2 i+ 2

∣
∣
∣
∣
= i(i+ 2) − (−1)2 = i2 + 2i+ 2 = 1 + 2i.

∣
∣
∣
∣
∣
∣

3 −1 2
1 4 0
−1 2 1

∣
∣
∣
∣
∣
∣

= 3 · 4 · 1 + 1 · 2 · 2 + (−1)0(−1) − 2 · 4(−1)−

−3 · 0 · 2 − (−1)1 · 1 = 12 + 4 + 8 + 1 = 25.Î ò â å ò: 1 + 2i, 25. ⊠120



7.1. Îïðåäåëèòåëü ìàòðèöû è åãî ñâîéñòâàÏðèìåð 7.4. Âû÷èñëèòå îïðåäåëèòåëü âåðõíåé òðåóãîëüíîéìàòðèöû
A =









a11 a12 . . . a1n−1 a1n

0 a22 . . . a2n−1 a2n

. . .
0 0 . . . an−1n−1 an−1n

0 0 . . . 0 ann









. (7.3)
� Â ñóììå (7.1) èíòåðåñíû òîëüêî íåíóëåâûå ñëàãàåìûå.Î÷åâèäíî, anτ(n) ìîæåò áûòü îòëè÷íî îò íóëÿ òîëüêî ïðè

τ(n) = n. Ýëåìåíò an−1τ(n−1) 6= 0 òîëüêî ïðè τ(n− 1) = n− 1 èò. ä. Èòàê, â ñóììå (7.1) òîëüêî îäíî ñëàãàåìîå a11a22 . . . ann ìî-æåò áûòü îòëè÷íî îò íóëÿ. Ýòî ñëàãàåìîå ñîîòâåòñòâóåò òîæäå-ñòâåííîé ïåðåñòàíîâêå, çíàê êîòîðîé ðàâåí (+1). Òàêèì îáðà-çîì, îïðåäåëèòåëü òðåóãîëüíîé ìàòðèöû ðàâåí ïðîèçâåäåíèþäèàãîíàëüíûõ ýëåìåíòîâ detA = a11a22 . . . ann. ⊠Àíàëîãè÷íî, îïðåäåëèòåëü íèæíåé òðåóãîëüíîé ìàòðèöû








a11 0 0 . . . 0 0
a21 a22 0 . . . 0 0

. . .
an−11 an−12 an−13 . . . an−1n−1 0
an1 an2 an3 . . . ann−1 ann







ðàâåí ïðîèçâåäåíèþ äèàãîíàëüíûõ ýëåìåíòîâ.Â ÷àñòíîñòè, îïðåäåëèòåëü äèàãîíàëüíîé ìàòðèöû ðàâåíïðîèçâåäåíèþ äèàãîíàëüíûõ ýëåìåíòîâ, à îïðåäåëèòåëü åäè-íè÷íîé ìàòðèöû ðàâåí åäèíè÷íîìó ýëåìåíòó ïîëÿ.�àññìîòðèì òåïåðü ñâîéñòâà îïðåäåëèòåëåé. Ïîñêîëüêó âëþáîì ñëàãàåìîì ñóììû (7.1) åñòü ïðåäñòàâèòåëü êàæäîé ñòðî-êè è êàæäîãî ñòîëáöà, òî âûïîëíÿþòñÿ ñëåäóþùèå ñâîéñòâà.Ñâîéñòâî 1. Îïðåäåëèòåëü ìàòðèöû ñ íóëåâîé ñòðîêîéèëè íóëåâûì ñòîëáöîì ðàâåí íóëþ.Ñâîéñòâî 2. Ïðè òðàíñïîíèðîâàíèè ìàòðèöû îïðåäåëè-òåëü íå ìåíÿåòñÿ, òî åñòü detA = detAT .Ñâîéñòâî 2 ïîçâîëÿåò âñå óòâåðæäåíèÿ îá îïðåäåëèòåëå ìà-òðèöû, âûñêàçàííûå äëÿ ñòðîê, ïåðåíîñèòü íà îïðåäåëèòåëèìàòðèö, ñâÿçàííûå ñî ñòîëáöàìè.Ñâîéñòâî 3. Åñëè ìàòðèöà B ïîëó÷àåòñÿ èç ìàòðèöû121



7. ÎÏ�ÅÄÅËÈÒÅËÈ
A ïîñëå óìíîæåíèÿ êàæäîãî ýëåìåíòà íåêîòîðîé ñòðîêè íàýëåìåíò v ∈ P, òî detB = vdetA. Äðóãèìè ñëîâàìè, ïðèâû÷èñëåíèè îïðåäåëèòåëÿ îáùèé ìíîæèòåëü âñåõ ýëåìåíòîâíåêîòîðîé ñòðîêè (ñòîëáöà) ìîæíî âûíîñèòü çà çíàê îïðå-äåëèòåëÿ.Ïðèìåð 7.5. Ïóñòü v ∈ P, A = (aij) ∈ Mn(P). Âû÷èñëèòådet(vA).

� Ïðîèçâåäåíèåì vA ÿâëÿåòñÿ ìàòðèöà
vA =





va11 . . . va1n

. . .
van1 . . . vann



.Âûíîñÿ ÷èñëî v èç êàæäîé ñòðîêè ìàòðèöû vA, ïîëó÷àåì,÷òî det(vA) = vndetA. ⊠Ñâîéñòâî 4. Åñëè êàæäûé ýëåìåíò k-é ñòðîêè ìàòðèöû
A åñòü ñóììà äâóõ ñëàãàåìûõ aki + a′ki, òî îïðåäåëèòåëü ìà-òðèöû A ðàâåí ñóììå îïðåäåëèòåëåé äâóõ ìàòðèö, ó êîòîðûõâñå ñòðîêè, êðîìå k-é, ïðåæíèå, à k-ÿ ñòðîêà ïåðâîé ìàòðè-öû ñîñòîèò èç ïåðâûõ ñëàãàåìûõ aki, à âòîðîé � èç âòîðûõñëàãàåìûõ a′ki, òî åñòüdet




a11 . . . a1n

. . .
ak1 + a′k1 . . . akn + a′kn

. . .
an1 . . . ann









=

= det



a11 . . . a1n

. . .
ak1 . . . akn

. . .
an1 . . . ann









+ det



a11 . . . a1n

. . .
a′k1 . . . a′kn

. . .
an1 . . . ann









.Ñâîéñòâî 5. Åñëè ìàòðèöà B ïîëó÷àåòñÿ èç ìàòðèöû Aâ ðåçóëüòàòå ïåðåñòàíîâêè äâóõ ñòðîê, òî detB = −detA.Ñâîéñòâî 6. Îïðåäåëèòåëü ìàòðèöû ñ ïðîïîðöèîíàëüíû-ìè ñòðîêàìè ðàâåí íóëþ. Â ÷àñòíîñòè, íóëþ ðàâåí îïðåäåëè-òåëü ìàòðèöû, ñîäåðæàùåé äâå îäèíàêîâûå ñòðîêè.Ñâîéñòâî 7. Åñëè âñå ýëåìåíòû íåêîòîðîé ñòðîêè óìíî-122



7.1. Îïðåäåëèòåëü ìàòðèöû è åãî ñâîéñòâàæèòü íà ýëåìåíò v ∈ P è ñëîæèòü ñ ýëåìåíòàìè äðóãîéñòðîêè, òî ïîëó÷èì ìàòðèöó, îïðåäåëèòåëü êîòîðîé ðàâåíîïðåäåëèòåëþ èñõîäíîé ìàòðèöû.Ïðèìåð 7.6. Èñïîëüçóÿ ñâîéñòâà 1�7, âû÷èñëèòå:
∣
∣
∣
∣

57 823 −23 251
56 823 −22 251

∣
∣
∣
∣
,

∣
∣
∣
∣
∣
∣

2 −1 −2
−1 −2 1
−1 1 2

∣
∣
∣
∣
∣
∣

.

� Âòîðóþ ñòðîêó ïåðâîãî îïðåäåëèòåëÿ óìíîæèì íà (−1)è ïðèáàâèì ê ïåðâîé ñòðîêå:
∣
∣
∣
∣

57 823 −23 251
56 823 −22 251

∣
∣
∣
∣
=

∣
∣
∣
∣

1000 −1000
56 823 −22 251

∣
∣
∣
∣
.Âûíåñåì èç ïåðâîé ñòðîêè îáùèé ìíîæèòåëü:

∣
∣
∣
∣

1000 −1000
56 823 −22 251

∣
∣
∣
∣
= 1000

∣
∣
∣
∣

1 −1
56 823 −22 251

∣
∣
∣
∣
.Òåïåðü ïåðâûé ñòîëáåö ïðèáàâèì ê âòîðîìó:

1000

∣
∣
∣
∣

1 −1
56 823 −22 251

∣
∣
∣
∣
= 1000

∣
∣
∣
∣

1 0
56 823 34 572

∣
∣
∣
∣
=

= 1000 · 1 · 34 572 = 34 572 000.Âòîðîé îïðåäåëèòåëü âû÷èñëèì, ïðèâåäÿ åãî ê òðåóãîëüíî-ìó âèäó. Âíà÷àëå ïîìåíÿåì ìåñòàìè ïåðâóþ è âòîðóþ ñòðîêè,à çàòåì ïîëó÷èâøóþñÿ ïåðâóþ ñòðîêó óìíîæèì íà 2 è íà (−1)è ñëîæèì ñîîòâåòñòâåííî ñî âòîðîé è òðåòüåé ñòðîêàìè:
∣
∣
∣
∣
∣
∣

2 −1 −2
−1 −2 1
−1 1 2

∣
∣
∣
∣
∣
∣

= −

∣
∣
∣
∣
∣
∣

−1 −2 1
2 −1 −2

−1 1 2

∣
∣
∣
∣
∣
∣

= −

∣
∣
∣
∣
∣
∣

−1 −2 1
0 −5 0
0 3 1

∣
∣
∣
∣
∣
∣

.Ïîìåíÿåì ìåñòàìè âòîðîé è òðåòèé ñòîëáåö, à çàòåì âòîðóþ èòðåòüþ ñòðîêó:
−

∣
∣
∣
∣
∣
∣

−1 −2 1
0 −5 0
0 3 1

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

−1 1 −2
0 0 −5
0 1 3

∣
∣
∣
∣
∣
∣

= −

∣
∣
∣
∣
∣
∣

−1 1 −2
0 1 3
0 0 −5

∣
∣
∣
∣
∣
∣

= −5.Î ò â å ò: 34 572 000, −5. ⊠Ïðèìåð 7.7. Äîêàæèòå, ÷òî íà ÷èñëî 11 äåëèòñÿ îïðåäåëè-123



7. ÎÏ�ÅÄÅËÈÒÅËÈòåëü ìàòðèöû:
A =







0 0 1 1
0 1 2 1
1 0 8 9
0 6 0 5







∈M4(R).

� Òàê êàê ÷èñëà 11, 121, 1089 è 605 äåëÿòñÿ íà 11, òî, óìíî-æàÿ ïåðâûé ñòîëáåö íà 1000, âòîðîé � íà 100, òðåòèé � íà 10è ïðèáàâëÿÿ âñå ýòî ê ÷åòâåðòîìó ñòîëáöó, ïîëó÷èì ìàòðèöó
B =







0 0 1 11
0 1 2 121
1 0 8 1089
0 6 0 605






.Ïî ñâîéñòâó 7 detB = detA, à ïî ñâîéñòâó 3 îïðåäåëèòåëüìàòðèöû B äåëèòñÿ íà 11, òàê êàê íà 11 äåëÿòñÿ âñå ýëåìåíòûïîñëåäíåãî ñòîëáöà. ⊠Îïðåäåëèòåëü âèäà

V =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 . . . 1
a1 a2 . . . an

a2
1 a2

2 . . . a2
n

. . .

an−1
1 an−1

2 . . . an−1
n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣íàçûâàåòñÿ îïðåäåëèòåëåì Âàíäåðìîíäà. Ìîæíî äîêàçàòü, ÷òîîí âû÷èñëÿåòñÿ ïî �îðìóëå

V =
∏

1≤j<i≤n

(ai − aj).Îïðåäåëèòåëü
∣
∣
∣
∣
∣
∣

1 2 4
1 5 25
1 −1 1

∣
∣
∣
∣
∣
∣ïîñëå òðàíñïîíèðîâàíèÿ ñòàíîâèòñÿ îïðåäåëèòåëåì Âàíäåð-ìîíäà, ïîýòîìó

∣
∣
∣
∣
∣
∣

1 2 4
1 5 25
1 −1 1

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

1 2 4
1 5 25
1 −1 1

∣
∣
∣
∣
∣
∣

T

=

∣
∣
∣
∣
∣
∣

1 1 1
2 5 −1
4 25 1

∣
∣
∣
∣
∣
∣

=124



7.2. Îïðåäåëèòåëü ïðîèçâåäåíèÿ ìàòðèö
=

∣
∣
∣
∣
∣
∣

1 1 1
2 5 −1
22 52 (−1)2

∣
∣
∣
∣
∣
∣

= (5 − 2)(−1 − 2)(−1 − 5) = 54.7.2. Îïðåäåëèòåëü ïðîèçâåäåíèÿ ìàòðèöÏóñòü äàíû äâå êâàäðàòíûå ìàòðèöû
A =





a11 . . . a1n

. . .
an1 . . . ann



, B =





b11 . . . b1m

. . .
bm1 . . . bmm



ïîðÿäêîâ n è m ñîîòâåòñòâåííî íàä ïîëåì P. Ââåäåì ìàòðèöó
X =

(
A C
0 B

)

=











a11 . . . a1n a1n+1 . . . a1n+m

. . . . . .
an1 . . . ann ann+1 . . . ann+m

0 . . . 0 b11 . . . b1m

. . . . . .
0 . . . 0 bm1 . . . bmm











.ßñíî, ÷òî
C =





a1n+1 . . . a1n+m

. . .
ann+1 . . . ann+m



áóäåò n×m-ìàòðèöåé, à X ÿâëÿåòñÿ (n+m)×(n+m)-ìàòðèöåé.Àíàëîãè÷íî ñòðîÿòñÿ ìàòðèöû
(

0 A
B C

)

,

(
A 0
C B

)

,

(
C A
B 0

)

.Òåîðåìà 7.1. Äëÿ ïîñòðîåííûõ ìàòðèö ñïðàâåäëèâû ðà-âåíñòâà:
1) det(A C

0 B

)

= det(A 0
C B

)

= detAdetB;

2) det(0 A
B C

)

= det(C A
B 0

)

= (−1)nmdetAdetB. 125



7. ÎÏ�ÅÄÅËÈÒÅËÈÏðèìåð 7.8. Âû÷èñëèòå îïðåäåëèòåëü ìàòðèöû
A =







a 0 a 0
b 0 −b 0
0 c 0 c
d d −d −d






.

� Ïåðåñòàâèâ 2-é è 3-é ñòîëáöû, ïîëó÷èì ìàòðèöó
B =







a a 0 0
b −b 0 0
0 0 c c
d −d d −d






.Òàê êàê detA = −detB, àdetB = det(a a

b −b

) det(c c
d −d

)ïî òåîðåìå 7.1, òî detA = −4abcd. ⊠Òåîðåìà 7.2. Îïðåäåëèòåëü ïðîèçâåäåíèÿ ìàòðèö ðàâåíïðîèçâåäåíèþ îïðåäåëèòåëåé, òî åñòü åñëè A è B � êâàäðàò-íûå ìàòðèöû îäíîãî ïîðÿäêà, òî detAB = detAdetB.Íåâûðîæäåííîé íàçûâàþò ìàòðèöó, îïðåäåëèòåëü êîòîðîéîòëè÷åí îò íóëåâîãî ýëåìåíòà ïîëÿ.Òåîðåìà 7.3. 1. Îáðàòèìàÿ ìàòðèöà ÿâëÿåòñÿ íåâûðî-æäåííîé.
2. Åñëè A � îáðàòèìàÿ ìàòðèöà, òî det(A−1) = (detA)−1.7.3. Ìèíîðû è àëãåáðàè÷åñêèå äîïîëíåíèÿÏóñòü A = (aij) ∈ Mn(P). Ìèíîðîì ýëåìåíòà akl íàçûâà-åòñÿ îïðåäåëèòåëü ìàòðèöû, ïîëó÷åííîé èç ìàòðèöû A ïîñëåâû÷åðêèâàíèÿ k-é ñòðîêè è l-ãî ñòîëáöà. Ìèíîð ýëåìåíòà aklîáîçíà÷èì ÷åðåç Mkl. Ìèíîð ÿâëÿåòñÿ ýëåìåíòîì ïîëÿ P. Ýëå-ìåíò (−1)k+lMkl ∈ P íàçûâàåòñÿ àëãåáðàè÷åñêèì äîïîëíåíèåìýëåìåíòà akl è îáîçíà÷àåòñÿ ÷åðåç Akl.Ëåììà 7.4. Åñëè ðàâíû íóëþ âñå ýëåìåíòû íåêîòîðîéñòðîêè (ñòîëáöà) êâàäðàòíîé ìàòðèöû, êðîìå îäíîãî, òîîïðåäåëèòåëü ðàâåí ïðîèçâåäåíèþ ýòîãî ýëåìåíòà íà åãî àë-ãåáðàè÷åñêîå äîïîëíåíèå.126



7.4. �àíã ìàòðèöûÒåîðåìà 7.5. Îïðåäåëèòåëü êâàäðàòíîé ìàòðèöû A =
= (aij) ðàâåí ñóììå ïðîèçâåäåíèé ýëåìåíòîâ êàêîé-ëèáî ñòðî-êè (ñòîëáöà) íà èõ àëãåáðàè÷åñêèå äîïîëíåíèÿ, òî åñòüdetA = ak1Ak1 + ak2Ak2 + . . .+ aknAkn =

= a1lA1l + a2lA2l + . . .+ anlAnl.Ïðèìåð 7.9. Âû÷èñëèòå îïðåäåëèòåëü
∣
∣
∣
∣
∣
∣
∣
∣

1 2 −1 −2
a b c d
2 −1 −2 1
−2 −1 1 2

∣
∣
∣
∣
∣
∣
∣
∣

.

� Ïðèìåíèì òåîðåìó 7.5 ê ýëåìåíòàì âòîðîé ñòðîêè
∣
∣
∣
∣
∣
∣
∣
∣

1 2 −1 −2
a b c d
2 −1 −2 1
−2 −1 1 2

∣
∣
∣
∣
∣
∣
∣
∣

= −a

∣
∣
∣
∣
∣
∣

2 −1 −2
−1 −2 1
−1 1 2

∣
∣
∣
∣
∣
∣

+

+b

∣
∣
∣
∣
∣
∣

1 −1 −2
2 −2 1
−2 1 2

∣
∣
∣
∣
∣
∣

− c

∣
∣
∣
∣
∣
∣

1 2 −2
2 −1 1
−2 −1 2

∣
∣
∣
∣
∣
∣

+ d

∣
∣
∣
∣
∣
∣

1 2 −1
2 −1 −2
−2 −1 1

∣
∣
∣
∣
∣
∣

=

= 5(a+ b+ c+ d). ⊠Òåîðåìà 7.6. Ñóììà ïðîèçâåäåíèé ýëåìåíòîâ êàêîé-ëèáîñòðîêè (ñòîëáöà) êâàäðàòíîé ìàòðèöû A = (aij) íà àëãåáðàè-÷åñêèå äîïîëíåíèÿ ñîîòâåòñòâóþùèõ ýëåìåíòîâ äðóãîé ñòðî-êè (ñòîëáöà) ðàâíà íóëþ, òî åñòü:
ak1Ai1 + ak2Ai2 + . . .+ aknAin = 0 ïðè k 6= i,
a1lA1j + a2lA2j + . . .+ anlAnj = 0 ïðè l 6= j.7.4. �àíã ìàòðèöûÏóñòü A = (aij) � k× l-ìàòðèöà. Çà�èêñèðóåì íàòóðàëüíîå÷èñëî r, íå ïðåâîñõîäÿùåå k è l. Âûäåëèì â ìàòðèöå r ñòðîêñ íîìåðàìè i1 < i2 < . . . < ir è r ñòîëáöîâ ñ íîìåðàìè j1 <

< j2 < . . . < jr. Ýëåìåíòû ìàòðèöû A, ñòîÿùèå íà ïåðåñå÷åíèèîòìå÷åííûõ ñòðîê è îòìå÷åííûõ ñòîëáöîâ, îáðàçóþò êâàäðàò-127



7. ÎÏ�ÅÄÅËÈÒÅËÈíóþ ìàòðèöó






ai1j1 ai1j2 . . . ai1jr

ai2j1 ai2j2 . . . ai2jr

. . .
airj1 airj2 . . . airjr





ïîðÿäêà r. Îïðåäåëèòåëü ýòîé ìàòðèöû íàçûâàåòñÿ ìèíîðîì

r-ãî ïîðÿäêà ìàòðèöû A. Êîíå÷íî, äëÿ êàæäîãî r < min{k, l}ìîæíî ñîñòàâèòü íåñêîëüêî ìèíîðîâ r-ãî ïîðÿäêà.�àíåå ðàññìàòðèâàëñÿ ìèíîð Mij ýëåìåíòà êâàäðàòíîé ìà-òðèöû A ïîðÿäêà n. ßñíî, ÷òî ìèíîð Mij ýëåìåíòà áóäåò ìè-íîðîì (n− 1)-ãî ïîðÿäêà ìàòðèöû A.Ëåììà 7.7. Åñëè â ìàòðèöå âñå ìèíîðû r-ãî ïîðÿäêà ðàâ-íû íóëþ, òî ðàâíû íóëþ âñå ìèíîðû áîëåå âûñîêîãî ïîðÿäêà.�àíãîì íåíóëåâîé ìàòðèöû A íàçûâàåòñÿ òàêîå íàòóðàëü-íîå ÷èñëî r, ÷òî ñðåäè ìèíîðîâ r-ãî ïîðÿäêà ìàòðèöû A èìå-åòñÿ õîòÿ áû îäèí íå ðàâíûé íóëþ, à âñå ìèíîðû (r + 1)-ãîïîðÿäêà, åñëè òàêèå ìîæíî ñîñòàâèòü, ðàâíû íóëþ. �àíã ìàòðè-öû A îáîçíà÷àåòñÿ ÷åðåç r(A). �àíã íåíóëåâîé ìàòðèöû âñåãäà
≥ 1. Ó íóëåâîé ìàòðèöû âñå ýëåìåíòû ðàâíû íóëþ è åå ðàíãñ÷èòàþò ðàâíûì 0.Åñëè r(A) = r, òî äëÿ m > r â ñèëó ëåììû 7.7 â ìàòðèöå Aâñå ìèíîðû m-ãî ïîðÿäêà ðàâíû íóëþ. Ïîýòîìó ðàíã íåíóëå-âîé ìàòðèöû A � ýòî íàèâûñøèé ïîðÿäîê îòëè÷íûõ îò íóëÿìèíîðîâ.Ïðèìåð 7.10. Íàéäèòå ðàíã ìàòðèöû

A =





1 1 1 1
2 2 2 2
3 3 3 3



.

� Â ìàòðèöå A ñòðîêè ïðîïîðöèîíàëüíû. Ïî ñâîéñòâó 6îïðåäåëèòåëåé ëþáîé ìèíîð r-ãî ïîðÿäêà, r ≥ 2, ýòîé ìàòðèöûðàâåí íóëþ. Ïîýòîìó åå ðàíã ðàâåí 1. ⊠Òåîðåìà 7.8. Ïðè ýëåìåíòàðíûõ ïðåîáðàçîâàíèÿõ ðàíãìàòðèöû íå ìåíÿåòñÿ. Â ÷àñòíîñòè, ïðè ýëåìåíòàðíûõ ïðå-îáðàçîâàíèÿõ íåâûðîæäåííàÿ êâàäðàòíàÿ ìàòðèöà îñòàåòñÿíåâûðîæäåííîé.128



7.4. �àíã ìàòðèöûÒåîðåìà 7.9. �àíã ñòóïåí÷àòîé ìàòðèöû ðàâåí ÷èñëó ååíåíóëåâûõ ñòðîê.Èç òåîðåì 7.8 è 7.9 ïîëó÷àåì, ÷òî äëÿ âû÷èñëåíèÿ ðàíãàìàòðèöû A ñëåäóåò:1) ïðèâåñòè ìàòðèöó A ê ñòóïåí÷àòîìó âèäó ñ ïîìîùüþýëåìåíòàðíûõ ïðåîáðàçîâàíèé;2) ÷èñëî íåíóëåâûõ ñòðîê ïîëó÷èâøåéñÿ ñòóïåí÷àòîé ìà-òðèöû áóäåò ðàíãîì ìàòðèöû A.Ïðèìåð 7.11. Âû÷èñëèòå ðàíã ìàòðèöû
A =







1 −2 1 −4 2
2 −4 3 1 0
0 1 −1 3 1
4 −7 4 −4 5






.

� Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ïðèâåäåì ìà-òðèöó A ê ñòóïåí÷àòîìó âèäó:
A =







1 −2 1 −4 2
2 −4 3 1 0
0 1 −1 3 1
4 −7 4 −4 5







7→







1 −2 1 −4 2
0 0 1 9 −4
0 1 −1 3 1
0 1 0 12 −3







7→

7→







1 −2 1 −4 2
0 1 −1 3 1
0 0 1 9 −4
0 1 0 12 −3







7→







1 −2 1 −4 2
0 1 −1 3 1
0 0 1 9 −4
0 0 1 9 −4







7→

7→







1 −2 1 −4 2
0 1 −1 3 1
0 0 1 9 −4
0 0 0 0 0






.Î ò â å ò: r(A) = 3. ⊠Ïðèìåð 7.12. Âû÷èñëèòå ðàíã ìàòðèöû

A =







5 4 3 −2 0
−11 −9 −5 1 0
11 9 5 −1 0
−22 −18 −10 2 1






. 129



7. ÎÏ�ÅÄÅËÈÒÅËÈ
� Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé íàïîëíèì íó-ëÿìè âåðõíèé ïðàâûé óãîë ìàòðèöû.

A =






5 4 3 −2 0
−11 −9 −5 1 0
11 9 5 −1 0
−22 −18 −10 2 1




 7→






−17 −14 −7 0 0
0 0 0 0 0
11 9 5 −1 0
−22 −18 −10 2 1




 7→

7→







0 0 0 0 0
−17 −14 −7 0 0
11 9 5 −1 0
−22 −18 −10 2 1






.Î ò â å ò: r(A) = 3. ⊠7.5. Ôîðìóëà îáðàòíîé ìàòðèöûÄëÿ êâàäðàòíîé ìàòðèöû A = (aij) ïîðÿäêà n ïîñòðîèììàòðèöó

A′ =







A11 A21 . . . An1

A12 A22 . . . An2

. . .
A1n A2n . . . Ann






,êîòîðóþ íàçîâåì ïðèñîåäèíåííîé (èëè âçàèìíîé) ìàòðèöåé êìàòðèöå A. ×òîáû ïîëó÷èòü ïðèñîåäèíåííóþ ìàòðèöó A′, íà-äî ïîñòàâèòü âìåñòî êàæäîãî ýëåìåíòà aij åãî àëãåáðàè÷åñêîåäîïîëíåíèå Aij , à çàòåì ïåðåéòè ê òðàíñïîíèðîâàííîé ìàòðèöå.Åñëè a � íåíóëåâîé ýëåìåíò ïîëÿ P, òî îáðàòíûé åìó ýëå-ìåíò a−1 óñëîâèìñÿ òàêæå îáîçíà÷àòü ÷åðåç 1/a. Â ÷àñòíîñòè,îáðàòíûé ýëåìåíò ê îïðåäåëèòåëþ detA íåâûðîæäåííîé ìà-òðèöû A áóäåì îáîçíà÷àòü ÷åðåç 1/detA.Òåîðåìà 7.10. Êâàäðàòíàÿ ìàòðèöà îáðàòèìà òîãäà èòîëüêî òîãäà, êîãäà îíà íåâûðîæäåíà. Åñëè A íåâûðîæäåíà,òî A−1 = (1/detA)A′.Èòàê, äëÿ íåâûðîæäåííîé ìàòðèöû A �îðìóëà îáðàòíîé130



7.5. Ôîðìóëà îáðàòíîé ìàòðèöûìàòðèöû èìååò âèä:
A−1 =

1detAA′ =
1detA A11 A21 . . . An1

A12 A22 . . . An2

. . .
A1n A2n . . . Ann






.Ïðèìåð 7.13. Íàéäèòå îáðàòíóþ ê ìàòðèöå 2-ãî ïîðÿäêà.

� Ïóñòü
A =

(
a11 a12

a21 a22

)

.Íàéäåì âñå àëãåáðàè÷åñêèå äîïîëíåíèÿ:
A11 = a22, A12 = −a21, A21 = −a12, A22 = a11.Ïîýòîìó ïðèñîåäèíåííàÿ ìàòðèöà ïðèíèìàåò âèä:

A′ =

(
a22 −a12

−a21 a11

)

.Åñëè detA = a11a22 − a12a21 6= 0, òî
A−1 =

1

a11a22 − a12a21

(
a22 −a12

−a21 a11

)

.

⊠Ïðèìåð 7.14. Íàéäèòå îáðàòíóþ ê ìàòðèöå
A =

(
i −2

1 − i 3i

)

.

� Âû÷èñëèì îïðåäåëèòåëü ìàòðèöû A:
∣
∣
∣
∣

i −2
1 − i 3i

∣
∣
∣
∣
= i3i− (−2(1 − i)) = −1 − 2i.Íàéäåì âñå àëãåáðàè÷åñêèå äîïîëíåíèÿ: A11 = 3i, A12 = −1 +

+ i, A21 = 2, A22 = i. Ñëåäîâàòåëüíî,
A−1 =

1

−1 − 2i

(
3i 2

−1 + i i

)

=

=

(
−6/5 − (3/5)i −2/5 + (4/5)i
−1/5 − (3/5)i −2/5 − (1/5)i

)

.Ñäåëàåì ïðîâåðêó:
A−1A =

(
−6/5 − (3/5)i −2/5 + (4/5)i
−1/5 − (3/5)i −2/5 − (1/5)i

)(
i −2

1 − i 3i

)

= E.131



7. ÎÏ�ÅÄÅËÈÒÅËÈÀíàëîãè÷íî,
AA−1 =

(
i −2

1 − i 3i

)(
−6/5 − (3/5)i −2/5 + (4/5)i
−1/5 − (3/5)i −2/5 − (1/5)i

)

= E.Î ò â å ò: A−1 =

(
−6/5 − (3/5)i −2/5 + (4/5)i
−1/5 − (3/5)i −2/5 − (1/5)i

). ⊠Ïðèìåð 7.15. Íàéäèòå îáðàòíóþ ê ìàòðèöå
A =





1 2 1
1 4 1
−1 5 2



.

� Âû÷èñëèì îïðåäåëèòåëü ìàòðèöû A, à çàòåì íàéäåìïðèñîåäèíåííóþ ìàòðèöó.
∣
∣
∣
∣
∣
∣

1 2 1
1 4 1
−1 5 2

∣
∣
∣
∣
∣
∣

= 8 + 5 + 4 − 2 − 5 − 4 = 6.
A11 =

∣
∣
∣
∣

4 1
5 2

∣
∣
∣
∣
= 3, A12 = −

∣
∣
∣
∣

1 1
−1 2

∣
∣
∣
∣
= −3,

A13 =

∣
∣
∣
∣

1 4
−1 5

∣
∣
∣
∣
= 9, A21 = −

∣
∣
∣
∣

2 1
5 2

∣
∣
∣
∣
= 1,

A22 =

∣
∣
∣
∣

1 1
−1 2

∣
∣
∣
∣
= 3, A23 = −

∣
∣
∣
∣

1 2
−1 5

∣
∣
∣
∣
= −7,

A31 =

∣
∣
∣
∣

2 1
4 1

∣
∣
∣
∣
= −2, A32 = −

∣
∣
∣
∣

1 1
1 1

∣
∣
∣
∣
= 0,

A33 =

∣
∣
∣
∣

1 2
1 4

∣
∣
∣
∣
= 2.

A′ =





3 1 −2
−3 3 0
9 −7 2



, A−1 =
1

6





3 1 −2
−3 3 0
9 −7 2



.Ñäåëàåì ïðîâåðêó:
A−1A =

1

6





3 1 −2
−3 3 0
9 −7 2









1 2 1
1 4 1
−1 5 2



 =





1 0 0
0 1 0
0 0 1



.Àíàëîãè÷íî, AA−1 = E.132



7.5. Ôîðìóëà îáðàòíîé ìàòðèöûÎ ò â å ò: A−1 = 1/6





3 1 −2
−3 3 0
9 −7 2



. ⊠Ïðèìåð 7.16. Íàéäèòå îáðàòíóþ ê ìàòðèöå
A =





1 1 −1
2 1 0
−1 0 1



 .

� Âû÷èñëèì A−1 ïî �îðìóëå îáðàòíîé ìàòðèöû.
A−1 =

1detA  A11 A21 A31

A12 A22 A32

A13 A23 A33



 .Íàéäåì detA ñ ïîìîùüþ ðàçëîæåíèÿ ïî ýëåìåíòàì âòîðîéñòðîêè: detA =

∣
∣
∣
∣
∣
∣

1 1 −1
2 1 0
−1 0 1

∣
∣
∣
∣
∣
∣

= 2(−1)2+1

∣
∣
∣
∣

1 −1
0 1

∣
∣
∣
∣
+

+1(−1)2+2

∣
∣
∣
∣

1 −1
−1 1

∣
∣
∣
∣
+ 0(−1)2+3

∣
∣
∣
∣

1 1
−1 0

∣
∣
∣
∣
= −2.Òàê êàê detA = −2 6= 0, òî îáðàòíàÿ ìàòðèöà A−1 ñóùåñòâóåò.Íàéäåì àëãåáðàè÷åñêèå äîïîëíåíèÿ:

A11 = (−1)1+1

∣
∣
∣
∣

1 0
0 1

∣
∣
∣
∣
= 1, A21 = (−1)2+1

∣
∣
∣
∣

1−1
0 1

∣
∣
∣
∣
= −1,

A31 = (−1)3+1

∣
∣
∣
∣

1−1
1 0

∣
∣
∣
∣
= 1, A12 = (−1)1+2

∣
∣
∣
∣

2 0
−1 1

∣
∣
∣
∣
= −2,

A22 = (−1)2+2

∣
∣
∣
∣

1 −1
−1 1

∣
∣
∣
∣
= 0, A32 = (−1)3+2

∣
∣
∣
∣

1−1
2 0

∣
∣
∣
∣
= −2,

A13 = (−1)1+3

∣
∣
∣
∣

2 1
−1 0

∣
∣
∣
∣
= 1, A23 = (−1)2+3

∣
∣
∣
∣

1 1
−1 0

∣
∣
∣
∣
= −1,

A33 = (−1)3+3

∣
∣
∣
∣

1 1
2 1

∣
∣
∣
∣
= −1. 133



7. ÎÏ�ÅÄÅËÈÒÅËÈÒàêèì îáðàçîì,
A−1 =

−1

2





1 −1 1
−2 0 −2
1 −1 −1



 =





−1/2 1/2 −1/2
1 0 1

−1/2 1/2 1/2



 .Âû÷èñëèì A−1 ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèéñòðîê. Çàïèøåì ìàòðèöó (A | E) è ïðåîáðàçóåì åå ñ ïîìîùüþýëåìåíòàðíûõ ïðåîáðàçîâàíèé ê âèäó (E | B). Ìàòðèöà B èáóäåò îáðàòíîé äëÿ ìàòðèöû A.
(A | E) =





1 1 −1
2 1 0
−1 0 1

∣
∣
∣
∣
∣
∣

1 0 0
0 1 0
0 0 1



 7→





1 1 −1
0 −1 2
0 1 0

∣
∣
∣
∣
∣
∣

1 0 0
−2 1 0
1 0 1



 7→

7→





1 1 −1
0 −1 2
0 0 2

∣
∣
∣
∣
∣
∣

1 0 0
−2 1 0
−1 1 1



 7→





1 1 −1
0 1 −2
0 0 1

∣
∣
∣
∣
∣
∣

1 0 0
2 −1 0
−1

2
1
2

1
2



 7→

7→





1 1 0
0 1 0
0 0 1

∣
∣
∣
∣
∣
∣

1
2

1
2

1
2

1 0 1
−1

2
1
2

1
2



 7→





1 0 0
0 1 0
0 0 1

∣
∣
∣
∣
∣
∣

−1
2

1
2 −1

2
1 0 1
−1

2
1
2

1
2



 = (E | A−1).Î ò â å ò: A−1 =





−1/2 1/2 −1/2
1 0 1

−1/2 1/2 1/2



. ⊠7.6. Èíäèâèäóàëüíûå çàäàíèÿ1. Íàéäèòå òàêèå çíà÷åíèÿ i, j, k, ÷òîáû ïðîèçâåäåíèå mâõîäèëî â �îðìóëó (7.1) îïðåäåëèòåëÿ ìàòðèöû øåñòîãî ïî-ðÿäêà ñî çíàêîì ìèíóñ.
1. 1. m = a2ia41aj3a5ka12a64. 1. 2. m = aj3a14a5iak1a26a45.
1. 3. m = a32ai1a46a1ja2ka63. 1. 4. m = a62ai1a4ja25a5ka34.
1. 5. m = a4iaj2a36ak5a61a53. 1. 6. m = aija13a4ka62a54a31.
1. 7. m = a2ia32aj6ak5a51a63. 1. 8. m = a16ai3a4jak1a25a32.
1. 9. m = a44a2jak3a65ai6a31. 1.10.m = a26a3ja1ka55a64ai1.
1.11.m = a11a2ia63a4kaj6a34. 1.12.m = ai6a2ja5ka13a34a62.
1.13.m = a15ai2aj4a51a36a2k. 1.14.m = a23a4kaj6a5ia11a34.
1.15.m = a42ai5a66a3ja1ka51.134



7.6. Èíäèâèäóàëüíûå çàäàíèÿ2. Âû÷èñëèòå îïðåäåëèòåëè ìàòðèö A, B, C.
2. 1. A =

(
3i −1
2 3i

), B =

(
13 547 13 647
28 423 28 523

),
C =





2 −1 −3
8 −7 −6

−3 4 2



.
2. 2. A =

(
2 − i 1

2 i

), B =

(
23 528 43 621
24 528 44 621

),
C =





3 5 −6
2 4 3

−3 1 1



.
2. 3. A =

(
3 − i 2i
−1 −1

), B =

(
10 159 6523
11 259 7623

),
C =





2 1 −1
2 −1 1
1 0 1



.
2. 4. A =

(
−1 2 + i
3i i+ 1

), B =

(
12 353 17 829
12 363 17 839

),
C =





−6 1 11
9 2 5
0 3 7



.
2. 5. A =

(
6 − i 8
−2i 1

), B =

(
21 351 −22 351
16 273 −17 273

),
C =





3 1 2
−1 0 2

1 2 1



.
2. 6. A =

(
4i 3 + 2i
5 −5 + i

), B =

(
−13 297 26 153
−13 397 26 253

),
C =





2 3 2
1 3 −1
4 1 3



.
2. 7. A =

(
8i 9 − i
−1 3i+ 2

), B =

(
17 324 −11 526
27 324 −21 526

),135



7. ÎÏ�ÅÄÅËÈÒÅËÈ
C =





6 7 3
3 1 0
2 2 1



.
2. 8. A =

(
−3 − i 2

1 6 + i

), B =

(
14 326 15 326

−95 623 −96 623

),
C =





−2 3 4
3 −1 −4

−1 2 2



.
2. 9. A =

(
4 + i 6 − i

9i 2

), B =

(
−35 201 26 731

35 211 −26 741

),
C =





1 7 3
−4 9 4

0 3 2



.
2. 10. A =

(
−7 + i 6i

6 − i 7

), B =

(
27 802 28 802
11 935 12 935

),
C =





2 6 1
1 3 2
0 1 1



.
2. 11. A =

(
5 − 2i −2

−i 4 + 3i

), B =

(
17 932 25 113
13 932 21 113

),
C =





1 0 3
3 1 7
2 1 8



.
2. 12. A =

(
6 − i 7 + 2i

8i 1

), B =

(
33 253 −16 821
31 253 −14 821

),
C =





6 9 4
−1 −1 1
10 1 7



.
2. 13. A =

(
−4i 2 + 3i
−1 1 + 2i

), B =

(
71 815 −23 526
71 805 −23 516

),
C =





5 1 −2
1 3 −1
8 4 −1



.
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7.6. Èíäèâèäóàëüíûå çàäàíèÿ
2. 14. A =

(
3i− 1 2

i 2i+ 3

), B =

(
84 434 −84 534
12 796 −12 896

),
C =





2 2 5
3 3 6
4 3 4



.
2. 15. A =

(
−4 + 3i 2i

5 − i −3

), B =

(
66 437 41 432

−66 337 −41 332

),
C =





1 −2 5
3 0 6
4 3 4



.3. Âû÷èñëèòå îïðåäåëèòåëè ìàòðèö F è H ïðèâåäåíèåì èõê òðåóãîëüíîìó âèäó.
3. 1. F =







1 1−1 2
2 3−3 7

−3−3 2−4
1 2−3 6






, H =









1 0 2 3 1
2 1 3 4−2

−1 0 0 1 3
0 1−1 0 3
1 1 2−1 3









.
3. 2. F =







−2 1 1 1
−4 1 5 4

0−1 4 0
−2 0 5 2






, H =









−2 3 1 4 0
1−2 4 3 1
1 0 1−3 4
3 2 1 6−4
3 1 5 2 0









.
3. 3. F =







−1−1 0 2
−2−1 3 3

3 3−1−2
−1 0 2 6






, H =









−3 4 4 5 6
1−1 0 1 4

−2 1 4 3−2
0 3 1 4 5
1−1 4 3 2









.
3. 4. F =







1−1 1 0
2−1−1 5

−3 3−2−1
1 0−1 5






, H =









−2 0 1 3 5
2 1 4 3 5
1 1−1 2 4
0 1 5 3 2
3−1 4 5 0









.
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7. ÎÏ�ÅÄÅËÈÒÅËÈ
3. 5. F =







1 1 2−1
−3−4−3 8

2 2 3−4
1 0 4 3






, H =









4 3 0 1 3
−1−1 2 4 5

3 0 1−1 0
2−1 1 0 1
0 1 1 4 5









.
3. 6. F =







1−2 1 1
3−5 5 6

−2 4−3 2
1−1 2 7






, H =









1 3−2 0 1
0 1 5 3 1
2 2−3 0 1

−3 1 4 3 5
4−1 0 1−1









.
3. 7. F =







−1 1 0 1
−2 4 1−1

3−3 1−1
−1 3 2 1






, H =









0 1 5 3 2
4 3−1 2 0
1 4 3 2 0

−1 5 6 0 1
2 4−3 0 1









.
3. 8. F =







1−1 2 0
2 0 5 3

−3 3−5−2
1 1 4 2






, H =









−4 3 2 0 1
−1 1 0 2 1

0 1 5 3 2
2 1−4 4 3
3−3 0 1 2









.
3. 9. F =







2−1 1 1
−4 1−3 1

2−1 0 5
2−2−1 9






, H =









−1 4 3 5 2
2 1 5 3 0

−3 4 5 0 1
0 1 5−3 2
4 5−1 1 0









.
3. 10. F =







1−1−1−2
−1 0 3 5

2−2−3 0
1−2 0 6






, H =









−2 1 3 5 0
1 4 3−1 2
0 1 5 0 2

−3 2 4 1 1
5−3 2 0 1









.
3. 11. F =







2 1 0−1
−2 0 3 0

4 2 1−4
2 2 4−3






, H =









−3 1 4 3 5
0 1 5 3 2
1−1 0 1 2
2 3 5 6 1

−4 3 4 2 1








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7.6. Èíäèâèäóàëüíûå çàäàíèÿ
3. 12. F =







1 1−3−1
−2 0 7 5

3 3−8−4
1 3−1 2






, H =









−1 4 3 2−1
3−2 1 4 3

−4 2 1 5 0
0 1 3 2−1
2 1 5 3−4









.
3. 13. F =







1 2−1 3
−2−5 5−4

3 6−4 13
1 1 1 10






, H =









2 1 4 3 5
−1−1 3 0 1

0 1 2−1 0
3 2 4 5 1
4−3 1 0 2









.
3. 14. F =







−2 1 3 4
4−1−1−9
2−1−2 0

−2 2 9 6






, H =









−3 1 4 5−1
2 1 5−3 2
0−1 1 5−3
3−2 1 5 1
1 1−2 1 3









.
3. 15. F =







−1 1 4 5
1 0−6−4
2−2−9−7

−1 2 1 10






, H =









4 3−1 2 1
−3−4 2 1 3

0−1 2 1 4
1−1 0 1 3
2 4 1−3 0









.4. Âû÷èñëèòå îïðåäåëèòåëü.
4. 1. ∣∣∣∣∣∣

∣
∣
∣
∣

1 2 4 8 16
1−3 9−27 81
1 1 1 1 1
1−1 1 −1 1
1−4 16−64 256

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

. 4. 2. ∣∣∣∣∣∣
∣
∣
∣
∣

1 1 1 1 1
−3 4 2−2 1

9 16 4 4 1
−27 64 8−8 1

81 256 16 16 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.
4. 3. ∣∣∣∣∣

∣
∣
∣

1−3 9−81
1 6 36 216
1 5 25 125
1−4 16−64

∣
∣
∣
∣
∣
∣
∣
∣

. 4. 4. ∣∣∣∣∣
∣
∣
∣

1 1 1 1
−4 5 2 −3
16 25 4 9

−64 125 8−27

∣
∣
∣
∣
∣
∣
∣
∣

.
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4. 5. ∣∣∣∣∣∣

∣
∣
∣
∣

1 1 1 1 1
1−9 81−729 6561
1 8 64 512 4096
1 4 16 64 256
1−2 4 −8 16

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

. 4. 6. ∣∣∣∣∣∣
∣
∣
∣
∣

1 1 1 1 1
7 3 −4−2 5

49 9 16 4 25
343 27−64−8 125

2401 81 256 16 625

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.
4. 7. ∣∣∣∣∣

∣
∣
∣

1−8 64−512
1−6 36−216
1 2 4 8
1−4 16 −64

∣
∣
∣
∣
∣
∣
∣
∣

. 4. 8. ∣∣∣∣∣
∣
∣
∣

1 1 1 1
11 −5 4 7

121 25 16 49
1331−125 64 343

∣
∣
∣
∣
∣
∣
∣
∣

.
4. 9. ∣∣∣∣∣∣

∣
∣
∣
∣

1−3 9−27 81
1 5 25 125 625
1 2 4 8 16
1−1 1 −1 1
1 6 36 216 1296

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

. 4. 10. ∣∣∣∣∣∣
∣
∣
∣
∣

1 1 1 1 1
−2 4 −5 7−1

4 16 25 49 1
−8 64−125 343−1
16 256 625 2401 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.
4. 11. ∣∣∣∣∣

∣
∣
∣

1 12 144 1728
1−9 81−729
1 7 49 343
1−3 9 −27

∣
∣
∣
∣
∣
∣
∣
∣

. 4. 12. ∣∣∣∣∣
∣
∣
∣

1 1 1 1
−4 7 11 −8
16 49 121 64

−64 343 1331−512

∣
∣
∣
∣
∣
∣
∣
∣

.
4. 13. ∣∣∣∣∣∣

∣
∣
∣
∣

1−4 16 −64 256
1−6 36−216 1296
1 2 4 8 16
1−8 64−512 4096
1 9 81 729 6561

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

. 4. 14. ∣∣∣∣∣∣
∣
∣
∣
∣

1 1 1 1 1
−7 2 1 −4 5
49 4 1 16 25

−343 8 1−64 125
2401 16 1 256 625

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.
4. 15. ∣∣∣∣∣

∣
∣
∣

1 −6 36 −216
1 7 49 343
1−12 144−1728
1 4 16 64

∣
∣
∣
∣
∣
∣
∣
∣

.5. Âû÷èñëèòå îïðåäåëèòåëü ìàòðèöû C èç çàäàíèÿ 2 ðàçëî-æåíèåì ïî ýëåìåíòàì âòîðîãî ñòîëáöà, à îïðåäåëèòåëü ìàòðè-öû F èç çàäàíèÿ 3 ïî ýëåìåíòàì òðåòüåé ñòðîêè.6. Âû÷èñëèòå îïðåäåëèòåëü.140



7.6. Èíäèâèäóàëüíûå çàäàíèÿ
6. 1. ∣∣∣∣∣

∣
∣
∣

5x 1 2 3
x x 1 2
1 2 x 3
x 1 2 x

∣
∣
∣
∣
∣
∣
∣
∣

. 6. 2. ∣∣∣∣∣
∣
∣
∣

x 1 2 3
1 x 3 2
3 1 x 2
5 3 1 x

∣
∣
∣
∣
∣
∣
∣
∣

. 6. 3. ∣∣∣∣∣
∣
∣
∣

2x x 1 2
1 x 1−1
3 2 x 1
1 1 1 x

∣
∣
∣
∣
∣
∣
∣
∣

.
6. 4. ∣∣∣∣∣

∣
∣
∣

1 x 2 1
x−1 1 0
2−1 x 1
1 1−1x

∣
∣
∣
∣
∣
∣
∣
∣

. 6. 5. ∣∣∣∣∣
∣
∣
∣

3x−1 1 1
2 x−2 1
1 x−1 3
0 1 3 x

∣
∣
∣
∣
∣
∣
∣
∣

. 6. 6. ∣∣∣∣∣
∣
∣
∣

−x −1 x 2
1−x 3 0
2 1 1 0

−1 4 x 3

∣
∣
∣
∣
∣
∣
∣
∣

.
6. 7. ∣∣∣∣∣

∣
∣
∣

1 x−x 4
x 1 −1 2
1 x 3 0
0 4−x 2

∣
∣
∣
∣
∣
∣
∣
∣

. 6. 8. ∣∣∣∣∣
∣
∣
∣

−2 1 x−1
x 1 2 x
0 x 3 0
1−1 x 1

∣
∣
∣
∣
∣
∣
∣
∣

. 6. 9. ∣∣∣∣∣
∣
∣
∣

3x−1 2 0
1 x−1 2
3 x−2 x
1 0 1−x

∣
∣
∣
∣
∣
∣
∣
∣

.
6. 10. ∣∣∣∣∣

∣
∣
∣

−1 x 1 2
3 1 x−1
0 2 1 x
1−1x 3

∣
∣
∣
∣
∣
∣
∣
∣

. 6. 11. ∣∣∣∣∣
∣
∣
∣

−1 x−2 0
x 1 4 3
2 1 x 0
0 1 x 3

∣
∣
∣
∣
∣
∣
∣
∣

. 6. 12. ∣∣∣∣∣
∣
∣
∣

−2 1 x 4
x 3 1 0

−1 x 3 2
0 1 4 x

∣
∣
∣
∣
∣
∣
∣
∣

.
6. 13. ∣∣∣∣∣

∣
∣
∣

2x −1 x 3
4−x 2 3

−1 1 4 1
x 2 1 3

∣
∣
∣
∣
∣
∣
∣
∣

. 6. 14. ∣∣∣∣∣
∣
∣
∣

−3 1 4 x
2 x−1 0
x 3 2 1
3 0 x 1

∣
∣
∣
∣
∣
∣
∣
∣

. 6. 15. ∣∣∣∣∣
∣
∣
∣

4x−2 3 1
0 x 2 1
x 3 0 1
4−1 x 3

∣
∣
∣
∣
∣
∣
∣
∣

.7. Âû÷èñëèòå ðàíã ìàòðèöû ïðè x = 0 è ïðè x = 1.
7. 1. 



5x 1 2 3
x x 1 2
1 2 x 3
x 1 2 x






. 7. 2. 



x 1 2 3
1 x 3 2
3 1 x 2
5 3 1 x






. 7. 3. 



2x x 1 2
1 x 1−1
3 2 x 1
1 1 1 x






.

7. 4.  1 x 2 1
x−1 1 0
2−1 x 1
1 1 −1 x




. 7.5. 3x−1 1 1

2 x−2 1
1 x−1 3
0 1 3 x




. 7. 6. −x −1 x 2

1−x 3 0
2 1 1 0

−1 4 x 3




.

7. 7.  1 x−x 4
x 1 −1 2
1 x 3 0
0 4−x 2




. 7.8. −2 1 x−1

x 1 2 x
0 x 3 0
1−1 x 1




. 7.9.3x−1 2 0

1 x−1 2
3 x−2 x
1 0 1 −x




.

7.10.−1 x 1 2
3 1 x−1
0 2 1 x
1−1 x 3




. 7. 11. −1 x−2 0

x 1 4 3
2 1 x 0
0 1 x 3




. 7. 12. −2 1 x 4

x 3 1 0
−1 x 3 2

0 1 4 x




.141
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7. 13.  2x −1 x 3

4−x 2 3
−1 1 4 1
x 2 1 3




. 7. 14. −3 1 4 x

2 x−1 0
x 3 2 1
3 0 x 1




. 7. 15. 4x−2 3 1

0 x 2 1
x 3 0 1
4−1 x 3




.8. Ñ ïîìîùüþ àëãåáðàè÷åñêèõ äîïîëíåíèé íàéäèòå ìàòðè-öû, îáðàòíûå ìàòðèöàì A è C èç çàäàíèÿ 2.7.7. Äîïîëíèòåëüíûå çàäà÷è1. Âû÷èñëèòå îïðåäåëèòåëè.

1. 1. ∣∣∣∣
∣
∣

a b c
b c a
c a b

∣
∣
∣
∣
∣
∣

. 1. 2. ∣∣∣∣
∣
∣

sinα cosα 1
sinβ cos β 1
sin γ cos γ 1

∣
∣
∣
∣
∣
∣

. 1. 3. ∣∣∣∣
∣
∣

1 0 1 + i
0 1 i

1 − i−i 1

∣
∣
∣
∣
∣
∣

.
1. 4. ∣∣∣∣

∣
∣

1 z z2

z2 1 z
z z2 1

∣
∣
∣
∣
∣
∣

, z = −1/2 + i(
√

3/2).
1. 5. ∣∣∣∣

∣
∣

1 1 1
1 z z2

1 z2 z

∣
∣
∣
∣
∣
∣

, z = cos(4/3)π + i sin(4/3)π.2. Âû÷èñëèòå êîý��èöèåíòû ïðè x3 è x4 â ìíîãî÷ëåíå
f(x) =

∣
∣
∣
∣
∣
∣
∣
∣

2x 1 3 1
x x 2 1
1 1 x 1
2 −1 1 x

∣
∣
∣
∣
∣
∣
∣
∣

.3. Âû÷èñëèòå îïðåäåëèòåëü ìàòðèöû íàä ïîëåì Z2




1 1 1
1 1 0
1 0 1



.4. Âû÷èñëèòå îïðåäåëèòåëü n× n-ìàòðèöû.
4. 1. 





0 1 1 . . . 1 1
1 0 2 . . . 2 2
1 2 0 . . . 2 2

. . .
1 2 2 . . . 0 2
1 2 2 . . . 2 0











. 4. 2. 



1 2 2 . . . 2
2 2 2 . . . 2
2 2 3 . . . 2

. . .
2 2 2 . . . n









. 4. 3. 



2 1 0 0 . . . 0
1 2 1 0 . . . 0
0 1 2 1 . . . 0

. . .
0 0 0 0 . . . 2









.
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7.7. Äîïîëíèòåëüíûå çàäà÷è
4. 4. 





1 2 3 . . . n
0 1 2 . . . n− 1
0 0 1 . . . n− 2

. . .
0 0 0 . . . 2
n n− 1 n− 2 . . . 1











.5. �åøèòå óðàâíåíèå
∣
∣
∣
∣
∣
∣
∣
∣

1 1 2 2
−1 3 − x2 3 3
4 4 5 5
−4 −4 6 x2 − 3

∣
∣
∣
∣
∣
∣
∣
∣

= 0.6. Äîêàæèòå òîæäåñòâî
(a2 + b2)(c2 + d2) = (ac− bd)2 + (ad+ bc)2,âû÷èñëèâ îïðåäåëèòåëü

∣
∣
∣
∣

(
a b
−b a

)(
c d
−d c

)∣
∣
∣
∣äâóìÿ ñïîñîáàìè: êàê îïðåäåëèòåëü ïðîèçâåäåíèÿ ìàòðèö è êàêïðîèçâåäåíèå îïðåäåëèòåëåé ìàòðèö.7. Âû÷èñëÿÿ îïðåäåëèòåëü ïðîèçâåäåíèÿ ìàòðèö ðàçíûìèñïîñîáàìè, ïîëó÷èòå ñîîòâåòñòâóþùèå òîæäåñòâà äëÿ ýëåìåí-òîâ a, b, c, d.

7. 1. ( a b
5b a

)(
a d
5d c

). 7. 2. (c −3d
d c

)(
a −3b
b a

).8. Êàê èçìåíèòñÿ îïðåäåëèòåëü êâàäðàòíîé ìàòðèöû, åñëèâûïîëíÿåòñÿ ñëåäóþùåå óñëîâèå?
8. 1. Êàæäûé ýëåìåíò ìàòðèöû çàìåíèòü íà ïðîòèâîïîëîæ-íûé.
8. 2. Êàæäûé ýëåìåíò ìàòðèöû óìíîæèòü íà �èêñèðîâàí-íûé ýëåìåíò ïîëÿ.
8. 3. Êàæäûé ýëåìåíò aik ìàòðèöû óìíîæèòü íà ci−k, ãäå

c � íåíóëåâîé ýëåìåíò ïîëÿ.9. Êàê èçìåíèòñÿ îïðåäåëèòåëü êâàäðàòíîé ìàòðèöû, åñëèâûïîëíÿåòñÿ ñëåäóþùåå óñëîâèå?
9. 1. Ñòðîêè çàïèñàòü â îáðàòíîì ïîðÿäêå.
9. 2. Ïåðâóþ ñòðîêó ïîñòàâèòü íà ìåñòî ïîñëåäíåé ñòðîêè,à îñòàëüíûå ñòðîêè ñäâèíóòü ââåðõ, íå ìåíÿÿ èõ ïîðÿäîê. 143



7. ÎÏ�ÅÄÅËÈÒÅËÈ
9. 3. Ê êàæäîé ñòðîêå, íà÷èíàÿ ñî âòîðîé, ïðèáàâèòü ïðå-äûäóùóþ ñòðîêó.
9. 4. Ê êàæäîé ñòðîêå, íà÷èíàÿ ñî âòîðîé, ïðèáàâèòü âñåïðåäûäóùèå ñòðîêè.10. ×åìó ðàâåí îïðåäåëèòåëü êâàäðàòíîé ìàòðèöû, ó êî-òîðîé ñóììà ñòðîê ñ ÷åòíûìè íîìåðàìè ðàâíà ñóììå ñòðîê ñíå÷åòíûìè íîìåðàìè?11. Ïóñòü A � êâàäðàòíàÿ ìàòðèöà íàä ïîëåì C êîìïëåêñ-íûõ ÷èñåë. Çàìåíÿÿ ýëåìåíòû ìàòðèöû A ñîïðÿæåííûìè êîì-ïëåêñíûìè ÷èñëàìè, ïîëó÷èì ìàòðèöó B. Êàê ñâÿçàíû ìåæäóñîáîé îïðåäåëèòåëè ìàòðèö A è B?12. Ïóñòü ïîëå P èìååò õàðàêòåðèñòèêó 6= 2. Äîêàæèòå, ÷òîîïðåäåëèòåëü êîñîñèììåòðè÷åñêîé ìàòðèöû íå÷åòíîãî ïîðÿäêàíàä ïîëåì P ðàâåí 0.13. Ïóñòü A′ � ïðèñîåäèíåííàÿ ìàòðèöà ê êâàäðàòíîé ìà-òðèöå A ïîðÿäêà n. Äîêàæèòå, ÷òî:
13. 1. AA′ = A′A = |A|En; 13. 2. (A′)T = (AT )′;
13. 3. |A′| = |A|n−1;
13. 4. |A′| = 0 òîãäà è òîëüêî òîãäà, êîãäà |A| = 0;
13. 5. åñëè A � ñèììåòðè÷åñêàÿ ìàòðèöà, òî åñòü AT = A,òî A′ òàêæå ÿâëÿåòñÿ ñèììåòðè÷åñêîé ìàòðèöåé.14. Ïóñòü âñå ýëåìåíòû ìàòðèö A è A−1 ÿâëÿþòñÿ öåëûìè÷èñëàìè. ×åìó ðàâíû îïðåäåëèòåëè ýòèõ ìàòðèö?15. Íàéäèòå ñóììó àëãåáðàè÷åñêèõ äîïîëíåíèé âñåõ ýëåìåí-òîâ ìàòðèöû.15.1. 



a1 0 0 . . . 0
0 a2 0 . . . 0

. . .
0 0 0 . . . an






. 15.2. 



0 0 . . . 0 a1

0 0 . . . a2 0
. . .

an 0 . . . 0 0






.16. Ïðèâåäèòå ìàòðèöû ê ñòóïåí÷àòîìó âèäó è èññëåäóéòåçàâèñèìîñòü ðàíãà ìàòðèöû îò ïàðàìåòðîâ α, β, γ.

16. 1.  1 1 1
α β γ
α2 β2 γ2



. 16. 2. α 1 0
1 α 1
0 1 α



.
16. 3. 1 α 2 3

1 1 −2 −2
3 1 2 4



.144



7.7. Äîïîëíèòåëüíûå çàäà÷è17. Ïðè êàêèõ îãðàíè÷åíèÿõ íà ïàðàìåòðû ñëåäóþùèå ìà-òðèöû îáðàòèìû? Äëÿ îáðàòèìûõ ìàòðèö íàéäèòå îáðàòíûå.
(
α β
−β α

), (
cosα sinα
− sinα cosα

), 



1 1 1
α β γ
α2 β2 γ2



.18. Îáðàòèìû ëè ìàòðèöû íàä ïîëåì Z5? Åñëè äà, òî íàé-äèòå ê íèì îáðàòíûå ìàòðèöû.




1 4 0
0 1 4
1 4 4



, 



1 1 0
0 1 4
3 4 0



, 



1 1 2
1 0 1
4 2 1



.19. Íàéäèòå íàèáîëüøåå çíà÷åíèå îïðåäåëèòåëÿ êâàäðàò-íîé ìàòðèöû òðåòüåãî ïîðÿäêà, ýëåìåíòàìè êîòîðîé ÿâëÿþòñÿ÷èñëà: 0 è 1; 1 è −1.20. Ïóñòü A, B, C, D � êâàäðàòíûå ìàòðèöû ïîðÿäêà n,ïðè÷åì CD = DC è îäíà èç ìàòðèö C èëè D íåâûðîæäåíà.Äîêàæèòå, ÷òî
∣
∣
∣
∣

A B
C D

∣
∣
∣
∣
=| AD −BC | .21. Äîêàæèòå, ÷òî ñóììà àëãåáðàè÷åñêèõ äîïîëíåíèé âñåõýëåìåíòîâ ìàòðèöû íå èçìåíèòñÿ, åñëè ê êàæäîìó ýëåìåíòóïðèáàâèòü îäèí è òîò æå ýëåìåíò ïîëÿ.22. Äîêàæèòå, ÷òî ñ îïåðàöèåé óìíîæåíèÿ ìàòðèö ãðóïïà-ìè ÿâëÿþòñÿ ñëåäóþùèå ìíîæåñòâà êâàäðàòíûõ ìàòðèö ïîðÿä-êà n íàä ïîëåì P:

22. 1. ìíîæåñòâî âñåõ íåâûðîæäåííûõ ìàòðèö;
22. 2. ìíîæåñòâî âñåõ ìàòðèö, îïðåäåëèòåëü êîòîðûõ ðàâåíåäèíè÷íîìó ýëåìåíòó ïîëÿ;
22. 3. ìíîæåñòâî âñåõ ìàòðèö, ó êîòîðûõ îïðåäåëèòåëü ðà-âåí åäèíè÷íîìó ýëåìåíòó ïîëÿ èëè ýëåìåíòó, ïðîòèâîïîëîæíî-ìó ê åäèíè÷íîìó;
22. 4. ìíîæåñòâî âñåõ ñêàëÿðíûõ íåâûðîæäåííûõ ìàòðèö;
22. 5. ìíîæåñòâî âñåõ íåâûðîæäåííûõ âåðõíèõ òðåóãîëü-íûõ ìàòðèö;
22. 6. ìíîæåñòâî âñåõ âåðõíèõ òðåóãîëüíûõ ìàòðèö ñ åäè-íè÷íûìè ýëåìåíòàìè íà äèàãîíàëè.23. Äîêàæèòå, ÷òî ãðóïïà âñåõ ñêàëÿðíûõ íåâûðîæäåííûõìàòðèö ïîðÿäêà n íàä ïîëåì P èçîìîð�íà ìóëüòèïëèêàòèâíîé145



7. ÎÏ�ÅÄÅËÈÒÅËÈãðóïïå ïîëÿ P.24. Äîêàæèòå, ÷òî ìíîæåñòâî âñåõ ìàòðèö
(
a+ bi c+ di
−c+ di a− bi

)

, a, b, c, d ∈ R,ñ îïåðàöèÿìè ñëîæåíèÿ è óìíîæåíèÿ ìàòðèö îáðàçóåò íåêîì-ìóòàòèâíîå êîëüöî ñ åäèíèöåé, â êîòîðîì êàæäûé íåíóëåâîéýëåìåíò îáðàòèì.25. Äîêàæèòå, ÷òî ìíîæåñòâî âñåõ ìàòðèö âèäà
(
a b
−b a

)

, a, b ∈ R,ñ îïåðàöèÿìè ñëîæåíèÿ è óìíîæåíèÿ ìàòðèö îáðàçóåò ïîëå,èçîìîð�íîå ïîëþ C êîìïëåêñíûõ ÷èñåë.



8. ÑÈÑÒÅÌÛ ËÈÍÅÉÍÛÕ Ó�ÀÂÍÅÍÈÉ8.1. Ñèñòåìû ëèíåéíûõ óðàâíåíèé, èõ ìàòðè÷íàÿçàïèñüÑèñòåìîé k ëèíåéíûõ óðàâíåíèé ñ l íåèçâåñòíûìè
x1, x2, . . . , xl íàä ïîëåì P íàçûâàåòñÿ ñîâîêóïíîñòü óðàâíåíèé







a11x1 + a12x2 + . . . + a1lxl = b1

a21x1 + a22x2 + . . . + a2lxl = b2

. . .

ak1x1 + ak2x2 + . . .+ aklxl = bk.

(8.1)Çäåñü aij � ýëåìåíòû ïîëÿ P, êîòîðûå íàçûâàþò êîý��èöèåí-òàìè, ýëåìåíòû bi òàêæå ïðèíàäëåæàò P, èõ íàçûâàþò ñâîáîä-íûìè êîý��èöèåíòàìè ñèñòåìû.�åøåíèåì ñèñòåìû (8.1) íàçûâàþò ñîâîêóïíîñòü c1, c2, . . .
. . . , cl ýëåìåíòîâ ïîëÿ P, êîòîðûå ïîñëå ïîäñòàíîâêè ñîîòâåò-ñòâåííî âìåñòî x1, x2, . . . , xl ïðåâðàùàþò êàæäîå óðàâíåíèå ñè-ñòåìû (8.1) â èñòèííîå ðàâåíñòâî. Ñèñòåìà, èìåþùàÿ õîòÿ áûîäíî ðåøåíèå, íàçûâàåòñÿ ñîâìåñòíîé, à ñèñòåìà, íå èìåþùàÿíè îäíîãî ðåøåíèÿ, � íåñîâìåñòíîé.Îòíîñèòåëüíî ñèñòåìû (8.1) âîçíèêàþò ñëåäóþùèå âîïðî-ñû. Ñîâìåñòíà ëè ñèñòåìà? Åñëè ñèñòåìà ñîâìåñòíà, òî ñêîëüêîîíà èìååò ðåøåíèé? Êàê íàéòè âñå ðåøåíèÿ ñèñòåìû?Öåëü ýòîé ãëàâû � îòâåòèòü íà ïîñòàâëåííûå âîïðîñû.Èç êîý��èöèåíòîâ ïðè íåèçâåñòíûõ â ñèñòåìå (8.1) ñîñòà-âèì k × l-ìàòðèöó

A =





a11 . . . a1l

. . .
ak1 . . . akl



.Ýòó ìàòðèöó íàçûâàþò ìàòðèöåé ñèñòåìû óðàâíåíèé (8.1).Åñëè ê íåé äîïèñàòü ñòîëáåö ñâîáîäíûõ êîý��èöèåíòîâ, òî ïî-ëó÷èì ðàñøèðåííóþ ìàòðèöó ñèñòåìû óðàâíåíèé (8.1):
Ã =





a11 . . . a1l b1
. . .

ak1 . . . akl bk



. 147



8. ÑÈÑÒÅÌÛ ËÈÍÅÉÍÛÕ Ó�ÀÂÍÅÍÈÉÍåèçâåñòíûå îáðàçóþò l × 1-ìàòðèöó
X =







x1

x2

. . .
xl






,à ñâîáîäíûå êîý��èöèåíòû � k × 1-ìàòðèöó

B =







b1
b2
. . .
bk






.Ïåðåìíîæèâ ìàòðèöû A è X, ïîëó÷èì ìàòðèöó

AX =







a11x1 + . . . + a1lxl

a21x1 + . . . + a2lxl

. . .
ak1x1 + . . . + aklxl






.Ìàòðèöà AX ÿâëÿåòñÿ k × 1-ìàòðèöåé. Ñèñòåìà (8.1) òðå-áóåò, ÷òîáû ìàòðèöû AX è B áûëè ðàâíû. Ìû ïðèõîäèì êìàòðè÷íîìó óðàâíåíèþ

AX = B. (8.2)Óðàâíåíèå (8.2) � åñòü ìàòðè÷íàÿ çàïèñü ñèñòåìû (8.1).Ïîä ýëåìåíòàðíûìè ïðåîáðàçîâàíèÿìè ñèñòåìû ëèíåéíûõóðàâíåíèé (8.1) ïîíèìàþòñÿ ñëåäóþùèå ïðåîáðàçîâàíèÿ:1) óìíîæåíèå êàêîãî-ëèáî óðàâíåíèÿ íà íåíóëåâîé ýëåìåíòïîëÿ P;2) ïðèáàâëåíèå ê îäíîìó óðàâíåíèþ äðóãîãî óðàâíåíèÿ,óìíîæåííîãî íà ïðîèçâîëüíûé ýëåìåíò ïîëÿ P.Ïîñëå ýëåìåíòàðíîãî ïðåîáðàçîâàíèÿ ïîëó÷àåòñÿ íîâàÿ ñè-ñòåìà. Î÷åâèäíî, ÷òî êàæäîìó ýëåìåíòàðíîìó ïðåîáðàçîâàíèþñèñòåìû ñîîòâåòñòâóåò àíàëîãè÷íîå ýëåìåíòàðíîå ïðåîáðàçîâà-íèå íàä ñòðîêàìè ðàñøèðåííîé ìàòðèöû, è íàîáîðîò, êàæäî-ìó ýëåìåíòàðíîìó ïðåîáðàçîâàíèþ íàä ñòðîêàìè ðàñøèðåííîéìàòðèöû ñîîòâåòñòâóåò íåêîòîðîå ýëåìåíòàðíîå ïðåîáðàçîâà-íèå ñèñòåìû. Ïðèìåíÿÿ ëåììó 6.6, ñ. 107, ïîëó÷àåì ñëåäóþùèåóòâåðæäåíèÿ.Ëåììà 8.1. 1. Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé148



8.2. Ìåòîä �àóññàìîæíî ïîìåíÿòü ìåñòàìè ëþáûå äâà óðàâíåíèÿ ñèñòåìû.
2. Ýëåìåíòàðíûå ïðåîáðàçîâàíèÿ ñèñòåìû îáðàòèìû, òîåñòü åñëè â ðåçóëüòàòå ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ïåðå-øëè îò ïåðâîé ñèñòåìû êî âòîðîé, òî ìîæíî ïîëó÷èòü ïåð-âóþ ñèñòåìó â ðåçóëüòàòå ýëåìåíòàðíûõ ïðåîáðàçîâàíèé íàäâòîðîé.Ýòà ëåììà ïîçâîëÿåò ïåðåñòàíîâêó óðàâíåíèé ïðè÷èñëÿòüê ýëåìåíòàðíûì ïðåîáðàçîâàíèÿì ñèñòåìû (8.1).Äâå ñèñòåìû ëèíåéíûõ óðàâíåíèé îò îäíèõ è òåõ æå íåèç-âåñòíûõ íàçûâàþòñÿ ðàâíîñèëüíûìè, åñëè êàæäîå ðåøåíèå îä-íîé èç íèõ ÿâëÿåòñÿ ðåøåíèåì äðóãîé è íàîáîðîò, ëèáî îáåñèñòåìû íåñîâìåñòíû.Òåîðåìà 8.2. Ïðè ýëåìåíòàðíûõ ïðåîáðàçîâàíèÿõ ñèñòå-ìà ïåðåõîäèò â ðàâíîñèëüíóþ ñèñòåìó.8.2. Ìåòîä �àóññàÌåòîä �àóññà (èëè ìåòîä ïîñëåäîâàòåëüíîãî èñêëþ÷åíèÿíåèçâåñòíûõ), îñíîâàí íà ïðèâåäåíèè ñèñòåìû ëèíåéíûõ óðàâ-íåíèé ê ñòóïåí÷àòîìó âèäó. Ñèñòåìà ëèíåéíûõ óðàâíåíèé íà-çûâàåòñÿ ñòóïåí÷àòîé, åñëè åå ðàñøèðåííàÿ ìàòðèöà ñòóïåí-÷àòàÿ (ñì. ãë. 6). Â ñèëó òåîðåìû 6.7, ñ. 107, ñïðàâåäëèâà ñëå-äóþùàÿ òåîðåìà.Òåîðåìà 8.3. Âñÿêóþ ñèñòåìó ëèíåéíûõ óðàâíåíèé ñïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ìîæíî ïðèâåñòè êñòóïåí÷àòîìó âèäó.Ìåòîä �àóññà çàêëþ÷àåòñÿ â òîì, ÷òîáû âíà÷àëå ñäåëàòü ñè-ñòåìó ëèíåéíûõ óðàâíåíèé ñòóïåí÷àòîé ñèñòåìîé. Ïîñëå ýòîãîóæå íå ïðåäñòàâëÿåò òðóäà ðàçîáðàòüñÿ â âîïðîñå î ñîâìåñòíî-ñòè ñòóïåí÷àòîé ñèñòåìû. Îòìåòèì åùå ðàç, ÷òî â ñèëó òåîðå-ìû 8.2 ðåøåíèÿ ñòóïåí÷àòîé ñèñòåìû ñîâïàäàþò ñ ðåøåíèÿìèèñõîäíîé ñèñòåìû.Ñäåëàåì äâà çàìå÷àíèÿ. Åñëè â ïðîöåññå ýëåìåíòàðíûõ ïðå-îáðàçîâàíèé ïîëó÷àåì óðàâíåíèå

0x1 + 0x2 + . . . + 0xl = 0,òî åìó óäîâëåòâîðÿþò âñå ýëåìåíòû ïîëÿ P. Ýòî óðàâíåíèå íåâëèÿåò íà ïîèñê ðåøåíèé ñèñòåìû. Ïîýòîìó òàêîå óðàâíåíèå149



8. ÑÈÑÒÅÌÛ ËÈÍÅÉÍÛÕ Ó�ÀÂÍÅÍÈÉìîæíî óáðàòü èç ñèñòåìû.Åñëè æå ïðèõîäèì ê óðàâíåíèþ
0x1 + 0x2 + . . . + 0xl = b, b 6= 0,òî åìó íå óäîâëåòâîðÿåò íè îäèí íàáîð ýëåìåíòîâ ïîëÿ P. Ïî-ýòîìó ñèñòåìà ñ òàêèì óðàâíåíèåì áóäåò íåñîâìåñòíîé.Äëÿ èëëþñòðàöèè ìåòîäà �àóññà ðàññìîòðèì íåñêîëüêîïðèìåðîâ.Ïðèìåð 8.1. �åøèòå íàä ïîëåì Q ñèñòåìó






x1 + 2x2 − 3x3 + 5x4 = 1
x1 + 3x2 − 13x3 + 22x4 = −1
3x1 + 5x2 + x3 − 2x4 = 5
2x1 + 3x2 + 4x3 − 7x4 = 4.

� Ïîëüçóÿñü ýëåìåíòàðíûìè ïðåîáðàçîâàíèÿìè, ïðèâåäåìñèñòåìó ê ñòóïåí÷àòîìó âèäó. Äëÿ ýòîãî ïåðâîå óðàâíåíèåóìíîæèì íà (−1) è ïðèáàâèì êî âòîðîìó. Çàòåì ïåðâîå óðàâ-íåíèå óìíîæèì íà (−3) è ïðèáàâèì ê òðåòüåìó. È íàêîíåö,ïåðâîå óðàâíåíèå óìíîæèì íà (−2) è ïðèáàâèì ê ÷åòâåðòîìó:






x1 + 2x2 − 3x3 + 5x4 = 1
x2 − 10x3 + 17x4 = −2
−x2 + 10x3 − 17x4 = 2
−x2 + 10x3 − 17x4 = 2.Âòîðîå óðàâíåíèå ïðèáàâèì ê òðåòüåìó è ÷åòâåðòîìó:







x1 + 2x2 − 3x3 + 5x4 = 1
x2 − 10x3 + 17x4 = −2
0 = 0
0 = 0.Ïîñëåäíèå äâà óðàâíåíèÿ ïðåâðàòèëèñü â óðàâíåíèÿ âèäà

0 · x1 + 0 · x2 + 0 · x3 + 0 · x4 = 0.Ýòèì óðàâíåíèÿì óäîâëåòâîðÿþò ëþáûå çíà÷åíèÿ íåèçâåñò-íûõ. Ïîýòîìó äâà ïîñëåäíèõ óðàâíåíèÿ ìîæíî óáðàòü.Ïðèäàäèì íåèçâåñòíûì x3 è x4 ïðîèçâîëüíûå çíà÷åíèÿ èçïîëÿ: x3 = λ3, x4 = λ4. Òîãäà èç âòîðîãî óðàâíåíèÿ çíà÷åíèå
x2 íàõîäèòñÿ îäíîçíà÷íî: x2 = 10λ3 − 17λ4 − 2. Èç ïåðâîãîóðàâíåíèÿ çíà÷åíèå x1 òàêæå íàõîäèòñÿ îäíîçíà÷íî:
x1 = −2(10λ3 − 17λ4 − 2) + 3λ3 − 5λ4 + 1 = −17λ3 + 29λ4 + 5.150



8.2. Ìåòîä �àóññàÒàê êàê ïîñëåäíÿÿ ñèñòåìà ðàâíîñèëüíà èñõîäíîé, òî �îðìóëû






x1 = −17λ3 + 29λ4 + 5

x2 = 10λ3 − 17λ4 − 2

x3 = λ3

x4 = λ4

(8.3)ïðè ïðîèçâîëüíûõ λ3 è λ4 äàþò íàì âñå ðåøåíèÿ çàäàííîé ñè-ñòåìû.Î ò â å ò: ñèñòåìà èìååò áåñêîíå÷íî ìíîãî ðåøåíèé, êîòîðûåîïðåäåëÿþòñÿ �îðìóëàìè (8.3). ⊠Ïðèìåð 8.2. �åøèòå íàä ïîëåì Q ñèñòåìó






x1 + 2x2 + 3x3 − 2x4 = 1

2x1 − x2 − 2x3 − 3x4 = 2

3x1 + 2x2 − x3 + 2x4 = −5

2x1 − 3x2 + 2x3 + x4 = 11.

� Òàê êàê êàæäîìó ýëåìåíòàðíîìó ïðåîáðàçîâàíèþ ñèñòå-ìû ñîîòâåòñòâóåò ýëåìåíòàðíîå ïðåîáðàçîâàíèå ðàñøèðåííîéìàòðèöû ýòîé ñèñòåìû, òî âìåñòî ñèñòåìû ìîæíî îïåðèðîâàòüñ ðàñøèðåííîé ìàòðèöåé.





1 2 3 −2 1
2−1−2−3 2
3 2 −1 2 −5
2−3 2 1 11




 7→






1 2 3 −2 1
0 −5 −8 1 0
0 −4−10 8 −8
0 −7 −4 5 9




 7→






1 2 3 −2 1
0 1 −2 7 −8
0−4−10 8 −8
0−7 −4 5 9




 7→

7→






1 2 3 −2 1
0 1 −2 7 −8
0 0−18 36 −40
0 0−18 54 −47




 7→






1 2 3 −2 1
0 1 −2 7 −8
0 0−18 36 −40
0 0 0 18 −7




.Çäåñü ïðîèçâåäåíû ñëåäóþùèå ýëåìåíòàðíûå ïðåîáðàçîâà-íèÿ. Ïåðâóþ ñòðîêó èñõîäíîé ìàòðèöû óìíîæàëè íà (−2),

(−3), (−2) è ñêëàäûâàëè ñî âòîðîé, òðåòüåé è ÷åòâåðòîé ñòðî-êàìè ñîîòâåòñòâåííî. Â ðåçóëüòàòå ïîëó÷èëè âòîðóþ ìàòðèöó.Âî âòîðîé ìàòðèöå êî âòîðîé ñòðîêå ïðèáàâèëè òðåòüþ, óìíî-æåííóþ íà (−1), à çàòåì ïîëó÷èâøóþñÿ âòîðóþ ñòðîêó óìíî-æèëè íà (−1). Ïðèøëè ê òðåòüåé ìàòðèöå. Â òðåòüåé ìàòðèöåâòîðóþ ñòðîêó óìíîæàëè íà 4 è 7 è ñêëàäûâàëè ñ òðåòüåé è÷åòâåðòîé ñòðîêàìè ñîîòâåòñòâåííî. Ïîëó÷èëè ÷åòâåðòóþ ìà-151



8. ÑÈÑÒÅÌÛ ËÈÍÅÉÍÛÕ Ó�ÀÂÍÅÍÈÉòðèöó. Â ýòîé ìàòðèöå òðåòüþ ñòðîêó óìíîæèëè íà (−1) è ïðè-áàâèëè ê ÷åòâåðòîé ñòðîêå. Â èòîãå ïîëó÷èëè ïÿòóþ ìàòðèöó.Òàêèì îáðàçîì, íà÷àëüíàÿ ñèñòåìà ðàâíîñèëüíà ñëåäóþùåéñòóïåí÷àòîé ñèñòåìå:






x1 + 2x2 + 3x3 − 2x4 = 1
x2 − 2x3 + 7x4 = −8
−18x3 + 36x4 = −40
18x4 = −7.Ýòà ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå

x4 = − 7

18
, x3 =

13

9
, x2 = −43

18
, x1 =

2

3
.Ëåãêî ïðîâåðèòü, ÷òî ýòè çíà÷åíèÿ ïðåâðàùàþò êàæäîå óðàâ-íåíèå èñõîäíîé ñèñòåìû â âåðíîå ðàâåíñòâî.Î ò â å ò: ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå

x1 = 2/3, x2 = −43/18, x3 = 13/9, x4 = −7/18. ⊠Ïðèìåð 8.3. �åøèòå íàä ïîëåì C ñèñòåìó






x1 − 2ix2 − (3 − 2i)x3 = −1
2ix1 − x2 + 3x3 = 3i
−ix1 + 3x2 + ix3 = −4i.

� Òàê êàê êàæäîìó ýëåìåíòàðíîìó ïðåîáðàçîâàíèþ ñèñòå-ìû ñîîòâåòñòâóåò ýëåìåíòàðíîå ïðåîáðàçîâàíèå ðàñøèðåííîéìàòðèöû ýòîé ñèñòåìû, òî âìåñòî ñèñòåìû ìîæíî îïåðèðîâàòüñ ðàñøèðåííîé ìàòðèöåé.
Ã =





1 −2i−3 + 2i −1
2i −1 3 3i
−i 3 i −4i



 7→





1−2i−3 + 2i −1
0 −5 7 + 6i 5i
0 5 −2 − 2i−5i



 7→

7→





1−2i−3 + 2i−1
0 −5 7 + 6i 5i
0 0 5 + 4i 0



 = B.Çäåñü ïðîèçâåäåíû ñëåäóþùèå ýëåìåíòàðíûå ïðåîáðàçîâàíèÿ.Ïåðâóþ ñòðîêó ìàòðèöû Ã óìíîæàëè íà (−2i), i è ñêëàäûâàëèñî âòîðîé è òðåòüåé ñòðîêàìè ñîîòâåòñòâåííî. Â ðåçóëüòàòå ïî-ëó÷èëè âòîðóþ ìàòðèöó. Âî âòîðîé ìàòðèöå ê òðåòüåé ñòðîêåïðèáàâèëè âòîðóþ. Â ðåçóëüòàòå ïîëó÷èëè ìàòðèöó B. Òàêèìîáðàçîì, èñõîäíàÿ ñèñòåìà ðàâíîñèëüíà ñëåäóþùåé ñòóïåí÷à-152



8.2. Ìåòîä �àóññàòîé ñèñòåìå: 





x1 − 2ix2 + (−3 + 2i)x3 = −1
−5x2 + (7 + 6i)x3 = 5i
(5 + 4i)x3 = 0.Ýòà ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå x3 = 0, x2 = −i, x1 =

= 1. Ëåãêî ïðîâåðèòü, ÷òî ýòè çíà÷åíèÿ íåèçâåñòíûõ ïðåâðà-ùàþò êàæäîå óðàâíåíèå èñõîäíîé ñèñòåìû â âåðíîå ðàâåíñòâî.Î ò â å ò: ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå x1 = 1, x2 =
= −i, x3 = 0. ⊠Ïðèìåð 8.4. �åøèòå íàä ïîëåì R ñèñòåìó







x1 − 2x2 + 3x3 − 4x4 = 2
3x1 + 3x2 − 5x3 + x4 = −3
−2x1 + x2 + 2x3 − 3x4 = 5
3x1 + 3x3 − 10x4 = 8.

� Ïðèâåäåì ðàñøèðåííóþ ìàòðèöó ýòîé ñèñòåìû ê ñòóïåí-÷àòîìó âèäó.





1 −2 3 −4 2
3 3 −5 1 −3
−2 1 2 −3 5
3 0 3 −10 8




 7→






1−2 3 −4 2
0 9 −14 13 −9
0−3 8 −11 9
0 6 −6 2 2




 7→

7→






1−2 3 −4 2
0−3 8 −11 9
0 9 −14 13 −9
0 6 −6 2 2




 7→






1−2 3 −4 2
0−3 8 −11 9
0 0 10−20 18
0 0 10−20 20




 7→






1−2 3 −4 2
0−3 8 −11 9
0 0 10−20 18
0 0 0 0 2




.Òàêèì îáðàçîì, èñõîäíàÿ ñèñòåìà ðàâíîñèëüíà ñëåäóþùåéñèñòåìå:







x1 − 2x2 + 3x3 − 4x4 = 2
−3x2 + 8x3 − 11x4 = 9
10x3 − 20x4 = 18
0 = 2.Ïîñëåäíåå óðàâíåíèå 0x1+0x2+0x3+0x4 = 2 íå ìîæåò áûòüóäîâëåòâîðåíî íèêàêèìè çíà÷åíèÿìè íåèçâåñòíûõ. Ïîýòîìó ñè-ñòåìà íåñîâìåñòíà.Î ò â å ò: ñèñòåìà íåñîâìåñòíà. ⊠153



8. ÑÈÑÒÅÌÛ ËÈÍÅÉÍÛÕ Ó�ÀÂÍÅÍÈÉ8.3. Òåîðåìà ÊðàìåðàÂåðíåìñÿ ê èñõîäíîé ñèñòåìå (8.1):






a11x1 + a12x2 + . . .+ a1lxl = b1

a21x1 + a22x2 + . . .+ a2lxl = b2

. . .

ak1x1 + ak2x2 + . . .+ aklxl = bk.Ýòà ñèñòåìà ëèíåéíûõ óðàâíåíèé íàçûâàåòñÿ êðàìåðîâñêîé,åñëè ÷èñëî óðàâíåíèé ðàâíî ÷èñëó íåèçâåñòíûõ è îïðåäåëèòåëüìàòðèöû ñèñòåìû îòëè÷åí îò íóëÿ, òî åñòü k = l èdetA =

∣
∣
∣
∣
∣
∣

a11 . . . a1l

. . .
ak1 . . . akl

∣
∣
∣
∣
∣
∣

6= 0.Òåîðåìà 8.4 (Êðàìåðà). Êðàìåðîâñêàÿ ñèñòåìà èìååòåäèíñòâåííîå ðåøåíèå, êîòîðîå îïðåäåëÿåòñÿ �îðìóëàìè
xi =

∆i

∆
, i = 1, 2, . . . , k, (8.4)ãäå ∆ = detA � îïðåäåëèòåëü ìàòðèöû ñèñòåìû, à ∆i � îïðå-äåëèòåëü ìàòðèöû, ó êîòîðîé â i-ì ñòîëáöå ñòîÿò ñâîáîäíûåêîý��èöèåíòû b1, . . . , bk, à âñå îñòàëüíûå ñòîëáöû � êàê è óìàòðèöû A.Ôîðìóëû (8.4) íàçûâàþòñÿ �îðìóëàìè Êðàìåðà.Ïðèìåð 8.5. �åøèòå ñèñòåìó óðàâíåíèé







x1 + 2x2 + 3x3 = 7
2x1 − x2 + x3 = 9
x1 − 4x2 + 2x3 = 11.

� Âû÷èñëèì îïðåäåëèòåëü ìàòðèöû ñèñòåìû
∆ =

∣
∣
∣
∣
∣
∣

1 2 3
2−1 1
1−4 2

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

1 2 3
0−5−5
0−6−1

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣

−5−5
−6−1

∣
∣
∣
∣
= −25.Âû÷èñëèì îïðåäåëèòåëè ∆i, i = 1, 2, 3, ãäå ∆i � îïðåäåëè-òåëü ìàòðèöû, ó êîòîðîé â i-ì ñòîëáöå ñòîÿò ñâîáîäíûå êîý�-154



8.4. Òåîðåìà Êðîíåêåðà�Êàïåëëè�èöèåíòû 7, 9, 11, à îñòàëüíûå ñòîëáöû � êàê ó ìàòðèöû A.
∆1 =

∣
∣
∣
∣
∣
∣

7 2 3
9 −1 1
11−4 2

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

25 2 5
0 −1 0

−25−4−2

∣
∣
∣
∣
∣
∣

= (−1)(−1)2+2

∣
∣
∣
∣

25 5
−25−2

∣
∣
∣
∣
= −75,

∆2 =

∣
∣
∣
∣
∣
∣

1 7 3
2 9 1
1 11 2

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

1 7 3
0−5−5
0 4 −1

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣

−5−5
4 −1

∣
∣
∣
∣
= 25,

∆3 =

∣
∣
∣
∣
∣
∣

1 2 7
2−1 9
1−4 11

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

1 2 7
0−5−5
0−6 4

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣

−5−5
−6 4

∣
∣
∣
∣
= −50.Ïî �îðìóëàì (8.4) èìååì:

x1 =
∆1

∆
= 3, x2 =

∆2

∆
= −1, x3 =

∆3

∆
= 2.Ñäåëàåì ïðîâåðêó. Ïîäñòàâèì â ñèñòåìó çíà÷åíèÿ íåèçâåñòíûõ

x1 = 3, x2 = −1, x3 = 2. Ïîëó÷èì:






3 + 2(−1) + 3 · 2 = 7

2 · 3 − 1(−1) + 2 = 9

3 − 4(−1) + 2 · 2 = 11.Ïîñêîëüêó êàæäîå óðàâíåíèå ïðåâðàòèëîñü â èñòèííîå ðàâåí-ñòâî, òî ïîëó÷åííûå çíà÷åíèÿ íåèçâåñòíûõ ÿâëÿþòñÿ ðåøåíèåìèñõîäíîé ñèñòåìû.Î ò â å ò: x1 = 3, x2 = −1, x3 = 2. ⊠8.4. Òåîðåìà Êðîíåêåðà�ÊàïåëëèÑëåäóþùàÿ òåîðåìà äàåò êðèòåðèé ñîâìåñòíîñòè ñèñòåìûëèíåéíûõ óðàâíåíèé.Òåîðåìà 8.5 (Êðîíåêåðà�Êàïåëëè). Äëÿ òîãî ÷òîáûñèñòåìà ëèíåéíûõ óðàâíåíèé áûëà ñîâìåñòíà, íåîáõîäèìî èäîñòàòî÷íî, ÷òîáû ðàíã ìàòðèöû ñèñòåìû áûë ðàâåí ðàíãóðàñøèðåííîé ìàòðèöû.Íà îñíîâå ýòîé òåîðåìû ïîëó÷àåì ñëåäóþùèé àëãîðèòì ðå-øåíèÿ ñèñòåìû ëèíåéíûõ óðàâíåíèé. 155



8. ÑÈÑÒÅÌÛ ËÈÍÅÉÍÛÕ Ó�ÀÂÍÅÍÈÉÏóñòü îïÿòü äàíà ñèñòåìà ëèíåéíûõ óðàâíåíèé






a11x1 + a12x2 + . . .+ a1lxl = b1

a21x1 + a22x2 + . . .+ a2lxl = b2

. . .

ak1x1 + ak2x2 + . . . + aklxl = bk.Äëÿ ðåøåíèÿ ýòîé ñèñòåìû ïîñòóïàþò ñëåäóþùèì îáðàçîì.1. Âû÷èñëÿþò ðàíã r(A) ìàòðèöû ñèñòåìû
A =





a11 . . . a1l

. . .
ak1 . . . akl



.2. Âû÷èñëÿþò ðàíã r(Ã) ðàñøèðåííîé ìàòðèöû ñèñòåìû
Ã =





a11 . . . a1l b1
. . .

ak1 . . . akl bk



.3. Åñëè r(A) 6= r(Ã), òî ñèñòåìà íåñîâìåñòíà.4. Åñëè r(A) = r(Ã), òî ñèñòåìà ñîâìåñòíà. Ïóñòü r =

= r(A) = r(Ã). Â ìàòðèöå A çà�èêñèðóåì íåâûðîæäåííóþ êâà-äðàòíóþ ìàòðèöó D r-ãî ïîðÿäêà. Îò ñèñòåìû îñòàâèì òîëüêîòå r óðàâíåíèé, êîòîðûå ñîîòâåòñòâóþò ñòðîêàì ìàòðèöû D.Âîçìîæíû äâà ñëó÷àÿ: r = l è r < l.4. 1. Åñëè r = l, òî ñèñòåìà áóäåò êðàìåðîâñêîé. Ïî òåîðå-ìå 8.4 ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå íàõîäèòñÿïî �îðìóëàì Êðàìåðà (8.4).4. 2. Åñëè r < l, òî ñèñòåìà èìååò áîëåå îäíîãî ðåøåíèÿ.Â ëåâîé ÷àñòè óðàâíåíèé ñèñòåìû îñòàâëÿåì òîëüêî òå íåèç-âåñòíûå, êîý��èöèåíòû êîòîðûõ ñîñòàâëÿþò ìàòðèöó D. Èõíàçûâàþò ãëàâíûìè íåèçâåñòíûìè. Îñòàëüíûå íåèçâåñòíûåíàçûâàþò ñâîáîäíûìè, èõ ïåðåíîñÿò â ïðàâóþ ÷àñòü. Çàòåìãëàâíûå íåèçâåñòíûå âûðàæàþò ÷åðåç ñâîáîäíûå.Ïðèìåð 8.6. Ñîâìåñòíà ëè ñèñòåìà óðàâíåíèé






x1 + x2 + x3 + x4 = 2
2x1 + x2 + x3 − x4 = 0
x2 + x3 + 3x4 = 0?

� �àíã ìàòðèöû ñèñòåìû è ðàíã ðàñøèðåííîé ìàòðèöû íà-156



8.4. Òåîðåìà Êðîíåêåðà�Êàïåëëèõîäèì îäíîâðåìåííî, ïðèâîäÿ ðàñøèðåííóþ ìàòðèöó ñèñòåìûê ñòóïåí÷àòîìó âèäó.
Ã =





1 1 1 1 2
2 1 1−1 0
0 1 1 3 0



 7→





1 1 1 1 2
0−1−1−3−4
0 1 1 3 0



 7→





1 1 1 1 2
0−1−1−3−4
0 0 0 0 −4



.Î÷åâèäíî, ÷òî ðàíã ìàòðèöû ñèñòåìû ðàâåí 2, à ðàíã ðàñ-øèðåííîé ìàòðèöû ñèñòåìû ðàâåí 3. Ïî òåîðåìå Êðîíåêåðà�Êàïåëëè ñèñòåìà íåñîâìåñòíà.Î ò â å ò: íåñîâìåñòíà. ⊠Ïðèìåð 8.7. �åøèòå íàä ïîëåì Q ñèñòåìó óðàâíåíèé






x1 + x2 + x3 = 1
x1 + x2 − x3 = 0
x1 − x2 − x3 = 0
x1 + x2 + 3x3 = 2.

� �àíã ìàòðèöû ñèñòåìû ðàâåí 3 è ðàâåí ðàíãó ðàñøèðåí-íîé ìàòðèöû. Êðîìå òîãî, ðàíã ñîâïàäàåò ñ ÷èñëîì íåèçâåñò-íûõ. Ïîýòîìó ñèñòåìà ñîâìåñòíà è èìååò åäèíñòâåííîå ðåøå-íèå. Îïðåäåëèòåëü ìàòðèöû òðåòüåãî ïîðÿäêà èç ëåâîãî âåðõ-íåãî óãëà íå ðàâåí íóëþ:
d =

∣
∣
∣
∣
∣
∣

1 1 1
1 1 −1
1−1−1

∣
∣
∣
∣
∣
∣

= −4.Ïîýòîìó ìîæíî îãðàíè÷èòüñÿ ïåðâûìè òðåìÿ óðàâíåíèÿìè, à÷åòâåðòîå ìîæíî îòáðîñèòü:






x1 + x2 + x3 = 1

x1 + x2 − x3 = 0

x1 − x2 − x3 = 0.�åøàÿ ýòó ñèñòåìó ïî òåîðåìå Êðàìåðà èëè ìåòîäîì �àóññà,ïîëó÷àåì: x1 = 1/2, x2 = 0, x3 = 1/2.Î ò â å ò: ñèñòåìà ñîâìåñòíà è èìååò åäèíñòâåííîå ðåøåíèå
x1 = 1/2, x2 = 0, x3 = 1/2. ⊠157



8. ÑÈÑÒÅÌÛ ËÈÍÅÉÍÛÕ Ó�ÀÂÍÅÍÈÉÏðèìåð 8.8. �åøèòå íàä ïîëåì Q ñèñòåìó óðàâíåíèé






x1 + x2 +x3 +x4 = 1
x1 + x2 +2x3 +x4 = 0
x1 + x2 −x3 +x4 = 3.

� Ñîñòàâëÿåì ðàñøèðåííóþ ìàòðèöó
Ã =





1 1 1 1 1
1 1 2 1 0
1 1−1 1 3



.Âû÷èòàåì ïåðâóþ ñòðîêó èç äâóõ ïîñëåäíèõ:




1 1 1 1 1
0 0 1 0−1
0 0−2 0 2



.Ïðèáàâëÿåì ê òðåòüåé ñòðîêå âòîðóþ, óìíîæåííóþ íà 2:




1 1 1 1 1
0 0 1 0−1
0 0 0 0 0



.ßñíî, ÷òî ðàíã ïîëó÷èâøåéñÿ ìàòðèöû ðàâåí 2. Ïîýòîìó ðàíãðàñøèðåííîé ìàòðèöû Ã ðàâåí 2. Ìàòðèöà ñèñòåìû
A =





1 1 1 1
1 1 2 1
1 1−1 1



ñ ïîìîùüþ ïðîâåäåííûõ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ïðå-âðàòèëàñü â ìàòðèöó




1 1 1 1
0 0 1 0
0 0 0 0



.Ïîýòîìó ðàíã ìàòðèöû A ðàâåí 2 è ñèñòåìà ñîâìåñòíà. Íåíóëå-âîé ìèíîð âòîðîãî ïîðÿäêà ìîæíî ñîñòàâèòü èç êîý��èöèåíòîâïðè x2 è x3 â ïåðâûõ äâóõ óðàâíåíèÿõ. Òðåòüå óðàâíåíèå îò-áðîñèì, à íåèçâåñòíûå x1 è x4 ñ÷èòàåì ñâîáîäíûìè. Ïîëó÷àåìñèñòåìó
{
x2 + x3 = 1 − x1 − x4

x2 + 2x3 = −x1 − x4.Îòñþäà x3 = −1, x2 = 2 − x1 − x4.158



8.4. Òåîðåìà Êðîíåêåðà�ÊàïåëëèÎ ò â å ò: ñèñòåìà ñîâìåñòíà è èìååò áåñêîíå÷íî ìíîãî ðå-øåíèé, êîòîðûå îïðåäåëÿþòñÿ ðàâåíñòâàìè x2 = 2 − x1 − x4,
x3 = −1, x1 è x4 � ëþáûå ðàöèîíàëüíûå ÷èñëà. ⊠Ïðèìåð 8.9. �åøèòå íàä ïîëåì C ñèñòåìó óðàâíåíèé







x1 − ix2 + 3x3 −2ix4 = 1
x1 − ix2 + 6ix3 −2ix4 = 2
x1 − ix2 − 3x3 −2ix4 = 7

5 + 4
5 i.

� Ñîñòàâëÿåì ðàñøèðåííóþ ìàòðèöó
Ã =





1−i 3 −2i 1
1−i 6i −2i 2
1−i−3−2i 7

5 + 4
5 i



.Âû÷èòàåì ïåðâóþ ñòðîêó èç äâóõ ïîñëåäíèõ:




1−i 3 −2i 1
0 0 6i− 3 0 1
0 0 −6 0 2

5 + 4
5 i



.Óìíîæèì âòîðóþ ñòðîêó íà êîìïëåêñíîå ÷èñëî 1/(i − (1/2)):




1−i 3 −2i 1
0 0 6 0 −2

5 − 4
5 i

0 0 −6 0 2
5 + 4

5 i



.Ïðèáàâëÿåì ê òðåòüåé ñòðîêå âòîðóþ:




1−i 3−2i 1
0 0 6 0 −2

5 − 4
5 i

0 0 0 0 0



.ßñíî, ÷òî ðàíãè ìàòðèöû ñèñòåìû è ðàñøèðåííîé ìàòðèöûðàâíû 2, ïîýòîìó ñèñòåìà ñîâìåñòíà. Íåíóëåâîé ìèíîð âòîðî-ãî ïîðÿäêà ñîñòàâèì èç êîý��èöèåíòîâ ïðè x2 è x3 â ïåðâûõäâóõ óðàâíåíèÿõ. Òðåòüå óðàâíåíèå óáåðåì. Íåèçâåñòíûå x2 è
x3 áóäóò ãëàâíûìè, à x1 è x4 � ñâîáîäíûìè. Ïîëó÷àåì ñèñòåìó

{
−ix2 + 3x3 = 1 − x1 + 2ix4

−ix2 + 6ix3 = 2 − x1 + 2ix4.Îòñþäà x3 = −(1/15)− (2/15)i, x2 = −(2/5)+(6/5)i− ix1 −2x4.Î ò â å ò: ñèñòåìà èìååò áåñêîíå÷íî ìíîãî ðåøåíèé, êîòîðûåîïðåäåëÿþòñÿ ðàâåíñòâàìè x2 = −(2/5)+(6/5)i−ix1−2x4, x3 =
= −(1/15) − (2/15)i, x1 è x4 � ëþáûå êîìïëåêñíûå ÷èñëà. ⊠159



8. ÑÈÑÒÅÌÛ ËÈÍÅÉÍÛÕ Ó�ÀÂÍÅÍÈÉÏðèìåð 8.10. �åøèòå ñèñòåìó ëèíåéíûõ óðàâíåíèé






2x1 + 3x2 + x3 = 4
2x1 + x2 + 3x3 = 0
3x1 + 2x2 + x3 = 1
x1 − x2 = −3ìåòîäîì �àóññà, ïî ïðàâèëó Êðàìåðà è ìàòðè÷íûì ìåòîäîì.

� Ñîâìåñòíîñòü äàííîé ñèñòåìû ïðîâåðèì ïî òåîðåìåÊðîíåêåðà�Êàïåëëè. Çàïèøåì ðàñøèðåííóþ ìàòðèöó ñèñòåìûè ïðèâåäåì åå ê ñòóïåí÷àòîìó âèäó






2 3 1 4
2 1 3 0
3 2 1 1
1−1 0−3







7→







1−1 0−3
2 1 3 0
3 2 1 1
2 3 1 4







7→







1−1 0−3
0 3 3 6
0 5 1 10
0 5 1 10







7→

7→







1−1 0−3
0 1 1 2
0 5 1 10
0 0 0 0







7→







1−1 0 −3
0 1 1 2
0 0 −4 0
0 0 0 0






.�àíã ìàòðèöû ñèñòåìû A ðàâåí 3, ðàíã ðàñøèðåííîé ìàòðèöûñèñòåìû Ã òàêæå ðàâåí 3. Ïî òåîðåìå Êðîíåêåðà�Êàïåëëè äàí-íàÿ ñèñòåìà ëèíåéíûõ óðàâíåíèé ñîâìåñòíà. Ïîñêîëüêó r(A) =

= r(Ã) = 3 ñîâïàäàåò ñ ÷èñëîì íåèçâåñòíûõ, òî ñèñòåìà èìååòåäèíñòâåííîå ðåøåíèå.Äëÿ ðåøåíèÿ ñèñòåìû ìåòîäîì �àóññà âîñïîëüçóåìñÿ ïî-ëó÷åííîé ñòóïåí÷àòîé ìàòðèöåé è çàïèøåì ñîîòâåòñòâóþùóþñòóïåí÷àòóþ ñèñòåìó






x1 − x2 = −3
x2 + x3 = 2
−4x3 = 0.Èç òðåòüåãî óðàâíåíèÿ íàõîäèì x3 = 0, èç âòîðîãî � x2 = 2,èç ïåðâîãî � x1 = −1.Äëÿ ðåøåíèÿ ñèñòåìû ïî ïðàâèëó Êðàìåðà ñîñòàâèì êðà-ìåðîâñêóþ ñèñòåìó. Òàê êàê r(A) = 3, òî â èñõîäíîé ñèñòåìåâûáåðåì òðè óðàâíåíèÿ òàê, ÷òîáû îïðåäåëèòåëü ìàòðèöû ñè-ñòåìû áûë îòëè÷íûì îò íóëÿ. Íàïðèìåð, âçÿâ âòîðîå, òðåòüå160



8.4. Òåîðåìà Êðîíåêåðà�Êàïåëëèè ÷åòâåðòîå óðàâíåíèÿ, ïîëó÷èì êðàìåðîâñêóþ ñèñòåìó






2x1 + x2 + 3x3 = 0
3x1 + 2x2 + x3 = 1
x1 − x2 = −3,

(8.5)ïîñêîëüêó
∆ =

∣
∣
∣
∣
∣
∣

2 1 3
3 2 1
1−1 0

∣
∣
∣
∣
∣
∣

= −12 6= 0.Âû÷èñëÿåì îïðåäåëèòåëè:
∆1 =

∣
∣
∣
∣
∣
∣

0 1 3
1 2 1
−3−1 0

∣
∣
∣
∣
∣
∣

= 12; ∆2 =

∣
∣
∣
∣
∣
∣

2 0 3
3 1 1
1−3 0

∣
∣
∣
∣
∣
∣

= −24; ∆3 =

∣
∣
∣
∣
∣
∣

2 1 0
3 2 1
1−1−3

∣
∣
∣
∣
∣
∣

= 0.Ïî �îðìóëàì Êðàìåðà (8.4) ïîëó÷àåì:
x1 =

∆1

∆
= −1, x2 =

∆2

∆
= 2, x3 =

∆3

∆
= 0.Ïîñêîëüêó ìàòðè÷íûé ìåòîä ïðèìåíÿåòñÿ äëÿ êðàìåðîâ-ñêèõ ñèñòåì, òî ìîæåì âîñïîëüçîâàòüñÿ ïðåäûäóùåé êðàìåðîâ-ñêîé ñèñòåìîé (8.5). Â ìàòðè÷íîì âèäå ýòà ñèñòåìà çàïèñûâà-åòñÿ òàê: AX = B, ãäå

A =





2 1 3
3 2 1
1−1 0



, X =





x1

x2

x3



, B =





0
1
−3



.Â ìàòðè÷íîé �îðìå ðåøåíèå ñèñòåìû èìååò âèä X = A−1B.Íàõîäèì:
A−1 =

1

∆





A11 A21 A31

A12 A22 A32

A13 A23 A33



 =
1

−12





1 −3−5
1 −3 7
−5 3 1



.Òîãäà




x1

x2

x3



 = − 1

12





1 −3−5
1 −3 7
−5 3 1









0
1
−3



 =





−1
2
0



,îòêóäà x1 = −1, x2 = 2, x3 = 0.Î ò â å ò: x1 = −1, x2 = 2, x3 = 0. ⊠161



8. ÑÈÑÒÅÌÛ ËÈÍÅÉÍÛÕ Ó�ÀÂÍÅÍÈÉÏðèìåð 8.11. Äàíà ñèñòåìà ëèíåéíûõ óðàâíåíèé






x1 − x2 + 2x3 − x4 = 2
−2x1 + x2 − x3 + 3x4 = 3
3x1 − 2x2 + 3x3 − 4x4 = −1.

(8.6)Èññëåäóéòå ñèñòåìó íà ñîâìåñòíîñòü. Åñëè ñèñòåìà îêàæåòñÿñîâìåñòíîé, òî íàéäèòå íåèçâåñòíûå ìåòîäîì �àóññà, ïî ïðàâè-ëó Êðàìåðà è ìàòðè÷íûì ìåòîäîì.
� Èññëåäóåì ñèñòåìó íà ñîâìåñòíîñòü:





1 −1 2 −1 2
−2 1 −1 3 3
3 −2 3 −4−1



 7→





1−1 2 −1 2
0−1 3 1 7
0 1 −3−1−7



 7→





1−1 2−1 2
0−1 3 1 7
0 0 0 0 0



.Òàê êàê ðàíã ìàòðèöû ñèñòåìû ðàâåí ðàíãó ðàñøèðåííîé ìà-òðèöû è ðàâåí 2, òî ïî òåîðåìå Êðîíåêåðà�Êàïåëëè ñèñòåìàñîâìåñòíà. Ïîñêîëüêó íàéäåííûå ðàíãè ìåíüøå ÷èñëà íåèç-âåñòíûõ, òî ñèñòåìà èìååò áåñêîíå÷íî ìíîãî ðåøåíèé.Äëÿ ðåøåíèÿ ñèñòåìû (8.6) ìåòîäîì �àóññà èñïîëüçóåì ïî-ëó÷åííóþ ñòóïåí÷àòóþ ìàòðèöó. Ñîñòàâèì ñîîòâåòñòâóþùóþñòóïåí÷àòóþ ñèñòåìó
{
x1 − x2 + 2x3 − x4 = 2
−x2 + 3x3 + x4 = 7.Â ñîîòâåòñòâèè ñ ÷èñëîì óðàâíåíèé ñòóïåí÷àòîé ñèñòåìû âû-áèðàåì äâå ãëàâíûå íåèçâåñòíûå. Â êà÷åñòâå ãëàâíûõ íåèçâåñò-íûõ ìîæíî âûáèðàòü òå, äëÿ êîòîðûõ ìèíîð 2-ãî ïîðÿäêà ìà-òðèöû ñòóïåí÷àòîé ñèñòåìû, ñîñòàâëåííûé èç êîý��èöèåíòîâïðè ýòèõ íåèçâåñòíûõ, îòëè÷åí îò íóëÿ. Â ÷àñòíîñòè, ãëàâíû-ìè íåèçâåñòíûìè âñåãäà ìîæíî âûáèðàòü íåèçâåñòíûå, êîòî-ðûå ïåðâûìè âñòðå÷àþòñÿ â óðàâíåíèÿõ ñòóïåí÷àòîé ñèñòåìû.Ïóñòü x1 è x2 � ãëàâíûå íåèçâåñòíûå, òîãäà x3 è x4 � ñâî-áîäíûå íåèçâåñòíûå. Ïóñòü x3 = α, x4 = β � ïðîèçâîëüíûå÷èñëà. Òîãäà
{
x1 − x2 = 2 − 2α+ β
−x2 = 7 − 3α− β.Íàõîäèì ãëàâíûå íåèçâåñòíûå:
{
x2 = −7 + 3α+ β
x1 = −5 + α+ 2β.162



8.4. Òåîðåìà Êðîíåêåðà�ÊàïåëëèÎ ò â å ò: x1 = −5+α+2β, x2 = −7+3α+β, x3 = α, x4 = β,ãäå α, β � ëþáûå ÷èñëà.Äëÿ ðåøåíèÿ ñèñòåìû (8.6) ïî ïðàâèëó Êðàìåðà íåîáõîäè-ìî âûáðàòü â èñõîäíîé ñèñòåìå äâå ãëàâíûå íåèçâåñòíûå (òàêêàê ðàíãè ðàâíû 2) è ñîñòàâèòü êðàìåðîâñêóþ ñèñòåìó îòíîñè-òåëüíî ýòèõ íåèçâåñòíûõ. Â ìàòðèöå èñõîäíîé ñèñòåìû
A =





1 −1 2 −1
−2 1 −1 3
3 −2 3 −4



âûáåðåì íåíóëåâîé ìèíîð ∆ ïîðÿäêà 2 = r(A). Ïóñòü ìèíîð
∆ =

∣
∣
∣
∣

−1−1
1 3

∣
∣
∣
∣
= −2 6= 0ñîñòàâëåí èç êîý��èöèåíòîâ ïðè x2 è x4 â ïåðâîì è âòîðîìóðàâíåíèÿõ. Òîãäà x2 è x4 � ãëàâíûå íåèçâåñòíûå, à x1 è x3 �ñâîáîäíûå íåèçâåñòíûå. Îñòàâèì â ñèñòåìå óðàâíåíèÿ, ñîîòâåò-ñòâóþùèå ñòðîêàì ìèíîðà ∆, è ïðèäàäèì ñâîáîäíûì íåèçâåñò-íûì çíà÷åíèÿ x1 = α, x3 = β, ãäå α è β � ïðîèçâîëüíûå ÷èñëà.Òîãäà ñèñòåìà

{
−x2 − x4 = 2 − α− 2β
x2 + 3x4 = 3 + 2α+ βÿâëÿåòñÿ êðàìåðîâñêîé îòíîñèòåëüíî ãëàâíûõ íåèçâåñòíûõ x2è x4. Íàõîäèì:

∆1 =

∣
∣
∣
∣

2 − α− 2β −1
3 + 2α+ β 3

∣
∣
∣
∣
= 9 − α− 5β,

∆2 =

∣
∣
∣
∣

−1 2 − α− 2β
1 3 + 2α+ β

∣
∣
∣
∣
= −5 − α+ β,îòêóäà

x2 =
∆1

∆
= −9

2
+

1

2
α+

5

2
β, x4 =

∆2

∆
=

5

2
+

1

2
α− 1

2
β,

x1 = α, x3 = β,ãäå α è β � ëþáûå ÷èñëà.Î ò â å ò: x1 = α, x2 = −(9/2) + (1/2)α + (5/2)β, x3 = β,
x4 = 5/2 + (1/2)α − (1/2)β, ãäå α, β � ëþáûå ÷èñëà.Ïîñêîëüêó äëÿ ðåøåíèÿ ñèñòåìû (8.6) ìàòðè÷íûì ìåòîäîìíóæíî ñîñòàâèòü êðàìåðîâñêóþ ñèñòåìó, òî èñïîëüçóåì êðàìå-163



8. ÑÈÑÒÅÌÛ ËÈÍÅÉÍÛÕ Ó�ÀÂÍÅÍÈÉðîâñêóþ ñèñòåìó
{
−x2 − x4 = 2 − α− 2β
x2 + 3x4 = 3 + 2α+ βîòíîñèòåëüíî ãëàâíûõ íåèçâåñòíûõ x2, x4. Â ìàòðè÷íîì âèäåýòà ñèñòåìà çàïèñûâàåòñÿ AX = B, ãäå

A =

(
−1−1
1 3

)

, X =

(
x2

x4

)

, B =

(
2 − α− 2β
3 + 2α+ β

)

.Íàõîäèì:
A−1 =

1

∆

(
A11 A21

A12 A22

)

=
1

−2

(
3 1
−1−1

)

.Òîãäà
(
x2

x4

)

= A−1B = −1

2

(
3 1

−1−1

)(
2 − α− 2β
3 + 2α+ β

)

=

= −1

2

(
9 − α− 5β
−5 − α+ β

)

=

(
−9

2 + 1
2α+ 5

2β
5
2 + 1

2α− 1
2β

)

,îòêóäà
x2 = −9

2
+

1

2
α+

5

2
β, x4 =

5

2
+

1

2
α− 1

2
β, x1 = α, x3 = β,ãäå α, β � ëþáûå ÷èñëà.Î ò â å ò: x1 = α, x2 = −(9/2) + (1/2)α + (5/2)β, x3 = β,

x4 = 5/2 + (1/2)α − (1/2)β, ãäå α, β � ëþáûå ÷èñëà. ⊠Ïðèìåð 8.12. Èññëåäóéòå ñèñòåìó íà ñîâìåñòíîñòü â çàâè-ñèìîñòè îò ïàðàìåòðà α. Â ñëó÷àå ñîâìåñòíîñòè íàéäèòå ðåøå-íèÿ ñèñòåìû






x1 − αx2 + x3 = 1
2x1 − 3x2 + 2x3 = −2
−3x1 + x2 − αx3 = 0.

� Èññëåäóåì ñèñòåìó íà ñîâìåñòíîñòü. Ïóñòü Ã � ðàñøè-ðåííàÿ ìàòðèöà ñèñòåìû.
Ã =





1 −α 1 1
2 −3 2 −2
−3 1 −α 0



 7→





1 −α 1 1
0−3 + 2α 0 −4
0 1 − 3α 3 − α 3



.164



8.4. Òåîðåìà Êðîíåêåðà�ÊàïåëëèÅñëè −3 + 2α = 0, òî åñòü α = 3/2, òî
Ã7→





1 −3
2 1 1

0 0 0 −4
0 −7

2
3
2 3



 7→





1 −3
2 1 1

0 −7
2

3
2 3

0 0 0 −4



.Â ýòîì ñëó÷àå ðàíã ìàòðèöû A ñèñòåìû óðàâíåíèé ðàâåí 2,à ðàíã ðàñøèðåííîé ìàòðèöû ñèñòåìû Ã ðàâåí 3. Ïî òåîðåìåÊðîíåêåðà�Êàïåëëè ñèñòåìà íåñîâìåñòíà.Ïóñòü α 6= 3/2. Òîãäà
Ã 7→





1 −α 1 1
0−3 + 2α 0 −4
0 1 − 3α 3 − α 3



 7→





1 −α 1 1
0 1 0 4

3−2α

0 1 − 3α 3 − α 3



 7→

7→





1−α 1 1
0 1 0 4/(3 − 2α)
0 0 3 − α (5 + 6α)/(3 − 2α)



 = B.Åñëè α = 3, òî
Ã7→





1−3 1 1
0 1 0 −(4/3)
0 0 0−(23/3)



.Â ýòîì ñëó÷àå ðàíã ìàòðèöû ñèñòåìû ðàâåí 2, à ðàíã ðàñøèðåí-íîé ìàòðèöû ñèñòåìû ðàâåí 3. Ïî òåîðåìå Êðîíåêåðà�Êàïåëëèñèñòåìà íåñîâìåñòíà.Ïóñòü α 6= 3. Òîãäà ðàíã ìàòðèöû ñèñòåìû ðàâåí ðàíãó ðàñ-øèðåííîé ìàòðèöû ñèñòåìû è ðàâåí 3. Â ýòîì ñëó÷àå ñèñòåìàñîâìåñòíà è èìååò åäèíñòâåííîå ðåøåíèå. Çàïèøåì ñòóïåí÷à-òóþ ñèñòåìó, ñîîòâåòñòâóþùóþ ñòóïåí÷àòîé ìàòðèöå B:






x1 − αx2 + x3 = 1
x2 = 4

3−2α

(3 − α)x3 = 5+6α
3−2α .Èç ýòîé ñèñòåìû íàõîäèì:

x3 =
5 + 6α

(3 − 2α)(3 − α)
, x2 =

4

3 − 2α
, x1 =

−2α2 − 3α+ 4

(3 − 2α)(3 − α)
. (8.7)Î ò â å ò: åñëè α ∈ {3, 3/2}, òî ñèñòåìà íåñîâìåñòíà; åñëè

α 6∈ {3, 3/2}, òî ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå, îïðåäå-ëÿåìîå �îðìóëàìè (8.7). ⊠165



8. ÑÈÑÒÅÌÛ ËÈÍÅÉÍÛÕ Ó�ÀÂÍÅÍÈÉ8.5. Îäíîðîäíûå ñèñòåìûËèíåéíîå óðàâíåíèå íàçûâàåòñÿ îäíîðîäíûì, åñëè â íåìñâîáîäíûé êîý��èöèåíò ðàâåí íóëþ. Ñèñòåìà






a11x1 + a12x2 + . . .+ a1lxl = 0

. . .

ak1x1 + ak2x2 + . . . + aklxl = 0,â êîòîðîé âñå óðàâíåíèÿ îäíîðîäíûå, íàçûâàåòñÿ îäíîðîäíîéñèñòåìîé ëèíåéíûõ óðàâíåíèé. Îäíîðîäíàÿ ñèñòåìà âñåãäàñîâìåñòíà, òàê êàê îíà èìååò ðåøåíèå x1 = x2 = . . . = xl =
= 0. Ýòî ðåøåíèå íàçûâàåòñÿ íóëåâûì.Äëÿ îäíîðîäíûõ ñèñòåì ïðåäñòàâëÿåò îñîáûé èíòåðåñ âî-ïðîñ î ñóùåñòâîâàíèè íåíóëåâûõ ðåøåíèé.Òåîðåìà 8.6. 1. Îäíîðîäíàÿ ñèñòåìà ëèíåéíûõ óðàâíåíèéèìååò íåíóëåâîå ðåøåíèå òîãäà è òîëüêî òîãäà, êîãäà ðàíãìàòðèöû ñèñòåìû ìåíüøå ÷èñëà íåèçâåñòíûõ.

2. Åñëè ÷èñëî óðàâíåíèé â îäíîðîäíîé ñèñòåìå ìåíüøå ÷èñ-ëà íåèçâåñòíûõ, òî ýòà ñèñòåìà èìååò íåíóëåâîå ðåøåíèå.
3. Îäíîðîäíàÿ ñèñòåìà n ëèíåéíûõ óðàâíåíèé ñ n íåèç-âåñòíûìè èìååò íåíóëåâîå ðåøåíèå òîãäà è òîëüêî òîãäà,êîãäà îïðåäåëèòåëü ìàòðèöû ñèñòåìû ðàâåí íóëþ.Ïðèìåð 8.13. �åøèòå îäíîðîäíóþ ñèñòåìó







x1 − x2 + x3 − x4 = 0

x1 − x2 + x3 + 3x4 = 0

x1 − x2 + x3 − 9x4 = 0.

� Âû÷èñëèì ðàíã ìàòðèöû ñèñòåìû




1−1 1−1
1−1 1 3
1−1 1−9



 7→





1−1 1−1
0 0 0 4
0 0 0−8



 7→





1−1 1−1
0 0 0 4
0 0 0 0



.�àíã ìàòðèöû ñèñòåìû ðàâåí 2. Ïîýòîìó ñèñòåìà èìååò íåíóëå-âûå ðåøåíèÿ. Òðåòüå óðàâíåíèå îòáðîñèì. Íåèçâåñòíûå x1 è x4ñ÷èòàåì ãëàâíûìè, à x2 è x3 � ñâîáîäíûìè. Ïîëîæèì x2 = α,
x3 = β. Òîãäà ïîëó÷àåì ñèñòåìó

{
x1 − x4 = α− β
x1 + 3x4 = α− β.166



8.6. Èíäèâèäóàëüíûå çàäàíèÿ�åøàÿ ñèñòåìó, íàõîäèì x4 = 0, x1 = α− β.Î ò â å ò: x1 = α − β, x2 = α, x3 = β, x4 = 0, ãäå α è β �ïðîèçâîëüíûå ÷èñëà. ⊠8.6. Èíäèâèäóàëüíûå çàäàíèÿ1. Èññëåäóéòå ñèñòåìó íà ñîâìåñòíîñòü. Ñîâìåñòíóþ ñèñòå-ìó ðåøèòå ìåòîäîì �àóññà, ïî ïðàâèëó Êðàìåðà, ìàòðè÷íûììåòîäîì.
1. 1. 



−3x1 + 2x2 = −8
5x1 + 4x2 + 3x3 = 15
2x1 + x2 + x3 = 6.

1. 2. 


3x1 − 4x2 + x3 = −10
2x1 + 5x3 = 3
−x1 + x2 − x3 = 2.

1.3. 


−2x1 + x2 + 3x3 = 7
x1 + 2x2 = −2
−x1 + x2 + 2x3 = 4.

1. 4. 


−x1 + 2x2 + 4x3 = −8
5x2 + x3 = −6
−x1 + x2 + 4x3 = −7.

1. 5. 


−x1 + 3x2 + 7x3 = −5
2x2 − x3 = 3
x1 − 2x2 − 8x3 = 7.

1. 6. 


4x1 + 5x3 = −10
−2x1 + x2 + 3x3 = −5
−5x1 + x2 − x3 = 3.

1. 7. 


3x1 + x2 − x3 = −4
−2x1 + x3 = 4
2x1 + 7x2 + 3x3 = 11.

1. 8. 


−3x1 + x3 = 3
2x2 + 3x3 = 2
−x1 − x2 − x3 = 0.

1. 9. 


−2x1 + 3x2 + x3 = 6
2x2 + x3 = 2
x1 + 2x2 + x3 = 0.

1. 10. 


x1 + 2x3 = −1
3x1 − x2 + 4x3 = −5
2x1 − 2x2 + x3 = −6.

1. 11. 


4x1 − 3x2 + 5x3 = 13
x1 + 2x2 + 6x3 = 10
−x1 + x2 − x3 = −3.

1. 12. 


x1 + 2x2 + 3x3 = 3
−3x1 − 2x2 + x3 = 5
x1 + x2 + x3 = 0.

1. 13. 


−x1 + 2x2 + 2x3 = 5
−3x1 + 4x2 = 13
x1 − 2x2 − x3 = −5.

1. 14. 


3x1 − x2 + 2x3 = −2
4x1 + 3x3 = −1
x1 + 3x2 + x3 = 3.

1. 15. 


−3x1 + 2x2 = 12
2x1 + x2 − x3 = −4
x1 + x2 − 2x3 = −5.2. Èññëåäóéòå ñèñòåìû íà ñîâìåñòíîñòü. Ñîâìåñòíûå ñèñòå-ìû ðåøèòå ìåòîäîì �àóññà. 167



8. ÑÈÑÒÅÌÛ ËÈÍÅÉÍÛÕ Ó�ÀÂÍÅÍÈÉ
2. 1. 



3ix1 + x2 − x3 = −1
2x1 − ix2 + 2x3 = i− 2
−x1 + 3x2 − ix3 = 3,







2ix1 − x2 + (1 − i)x3 = 2
−x1 + x2 + ix3 = −3 + i
(−1 + 2i)x1 + x3 = 4.

2. 2. 


ix1 − 2x2 + 3x3 = −1
2x1 − 3x2 + ix3 = i
(2 + i)x1 − 5x2 + (3 + i)x3 = −3,







2x1 − x2 + ix3 = −2 − 2i
−x1 + 2ix2 + 3x3 = −3
3x1 − ix2 + x3 = −1.

2. 3. 


(2 − i)x1 + x2 − x3 = −1 − i
x1 − (2 + i)x3 = 1 − 2i
3x1 − x2 + 2ix3 = −1,







x1 − 2ix2 + 3x3 = 2
−ix1 + x2 − (1 − i)x3 = −2i
(1 − i)x1 + (1 − 2i)x2 + (2 + i)x3 = 5.

2. 4. 


−x1 + (1 − 2i)x3 = −4
2x1 − x2 + x3 = 2i
−3x1 + x2 − 2ix3 = 0,







(1 − i)x1 − 2x2 = −1 − i
x1 − 2x2 + ix3 = 0
3x1 − ix2 + 2x3 = 2 − 3i.

2. 5. 


ix1 − x2 + (1 − i)x3 = 1 − i
2x1 + ix2 − 3x3 = i− 3
−3x1 + x2 − (2 + i)x3 = −3 − 4i,







x1 − 2ix2 + x3 = −3
−ix1 + 2x2 = −3 + i
(1 + i)x1 − (2 + 2i)x2 + x3 = 4.

2. 6. 


−2x1 + x2 − (1 + i)x3 = 2i
−x1 + ix2 − x3 = 4
−x1 + (1 − i)x2 − ix3 = 2,







−2x1 + 3ix2 − x3 = −1
−ix1 + x2 − 2x3 = −4 − 2i
3x1 − ix2 + x3 = 4.

2. 7. 


−2ix1 + x2 − x3 = −3i
x1 + (1 − 2i)x2 + 2x3 = −1 − i
2x1 − ix2 + 2x3 = 1,168



8.6. Èíäèâèäóàëüíûå çàäàíèÿ






3x1 − 2ix2 + 3x3 = 1 − i
−x1 + 4ix2 − 4x3 = 2 + i
2x1 + 2ix2 − x3 = 5.

2. 8. 


4x1 − ix2 + (1 − i)x3 = 2
ix1 + x2 = −i
(4 + i)x1 + (1 − i)x2 + (1 − i)x3 = 5,







(1 − 2i)x1 + x2 − x3 = −1 − i
x1 − (1 − i)x2 + 2x3 = 1 + i
−3x1 + x2 − (2 + i)x3 = −2i.

2. 9. 


2ix1 − x2 + (1 − i)x3 = 3
x1 − (1 + 2i)x2 = 2 + 2i
−2x1 + 4x2 − ix3 = −6 − 2i,







ix1 − (2 + i)x2 − x3 = −1
2ix1 − 2x2 + 3x3 = 4i
ix1 + ix2 + 4x3 = 3.

2. 10. 


x1 − 4ix2 + (1 − i)x3 = 2 + i
−3x1 + x2 − ix3 = 2 + 2i
4x1 − (1 + 4i)x2 + x3 = 4,







x1 − 4ix2 + x3 = 0
ix1 − 2x2 − 3x3 = 3 + i
−2x1 + (1 − 2i)x3 = −3 + 2i.

2. 11. 


(2 + i)x1 − x2 + 2x3 = −2 − 3i
x1 − 4ix2 + ix3 = 2 + i
−2x1 + x2 − (1 − i)x3 = 3 + 2i,







2x1 − x2 + (3i− 1)x3 = 4 + i
−x1 + 4x2 − ix3 = 2
3x1 − 5x2 + (4i − 1)x3 = 3.

2. 12. 


−x1 + 2ix2 − (1 + i)x3 = 2 − i
3x1 − 4x2 + ix3 = 4
2x1 + (2i − 4)x2 − x3 = 3,







(i− 1)x1 + 2x2 − x3 = 3i− 2
x1 − (i+ 2)x2 + 2x3 = 2 − 2i
−3x1 + x2 − 4ix3 = −10. 169
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2. 13. 



(i+ 2)x1 − 2x2 + 3x3 = −2 − 3i
2x1 − (2i + 1)x2 = −1 − 2i
−3x1 + 2x2 − (1 − 2i)x3 = 4 + i,







4x1 − 2ix2 + ix3 = 1 − 2i
−x1 + (4 + 2i)x2 = −3
3x1 + 4x2 + ix3 = 4.

2. 14. 


−3x1 + x2 − (1 − i)x3 = 2
2x1 − 4x2 + ix3 = 3 − i
−x1 − 3x2 − (1 − 2i)x3 = 4,







−ix1 + 2x2 − 3x3 = −2 − 4i
2x1 − (1 − i)x2 + ix3 = 2 − i
x1 − ix2 + 4x3 = 1 + 5i.

2. 15. 


(3 − i)x1 − x2 + 4x3 = 3
x1 − ix2 + x3 = 1 − i
−2x1 + 2x2 − (1 − i)x3 = 1 + i,







ix1 + 2x2 − 3x3 = 1 − i
(1 − i)x1 + 4x3 = 2i
x1 + 2x2 + x3 = 5.3. Èññëåäóéòå ñèñòåìó íà ñîâìåñòíîñòü. Ñîâìåñòíóþ ñèñòå-ìó ðåøèòå ìåòîäîì �àóññà.

3. 1. 


x1 + x2 − x3 − x4 = 3
2x1 + x2 + 2x3 − 3x4 = 6
3x1 − x2 + x3 − 2x4 = 4.

3. 2. 


x1 + 2x2 − 2x3 + x4 = 5
2x1 + x2 + 3x3 + 2x4 = −2
3x1 + 3x2 + x3 + 3x4 = 3.

3. 3. 


x1 + 2x2 + 3x3 − x4 = 1
2x1 + 3x2 − 4x3 + 4x4 = −6
2x1 − 3x2 + x3 − 4x4 = 3.

3. 4. 


2x1 + 3x2 − 3x3 + x4 = 0
x1 − 4x2 + 5x3 − 2x4 = −8
3x1 − x2 + 2x3 − x4 = −8.170



8.6. Èíäèâèäóàëüíûå çàäàíèÿ
3. 5. 



3x1 + 4x2 + 3x3 − 4x4 = 12
4x1 + 5x2 − 3x3 + x4 = 2
2x1 + 3x2 − 4x3 + 2x4 = −2.

3. 6. 


x1 + x2 + 2x3 − 3x4 = 4
x1 + 3x2 + x4 = −5
2x1 + 4x2 + 2x3 − 2x4 = −1.

3. 7. 


3x1 + x2 − 2x3 + 4x4 = 16
x1 + 3x2 + 2x3 + 3x4 = 6
2x1 + x2 − x3 + 2x4 = 9.

3. 8. 


x1 + 2x2 − 2x3 + x4 = −6
2x1 + x2 + 3x3 + 2x4 = 2
3x1 + 3x2 + x3 + 3x4 = −4.

3. 9. 


2x1 + 5x2 + x3 + 3x4 = 0
4x1 + 6x2 + 3x3 + 5x4 = −3
4x1 + x2 − x3 + x4 = −4.

3. 10. 


2x1 + 5x2 + 4x3 + x4 = −7
x1 + 3x2 + 2x3 + x4 = −4
x1 + 2x2 + 2x3 = −3.

3. 11. 


2x1 + 2x2 − x3 + x4 = 3
4x1 + 3x2 − x3 + 2x4 = 3
−x1 + 5x2 − 3x3 + 4x4 = 1.

3. 12. 


2x1 + 3x2 − x3 + 5x4 = −8
x1 + x2 + 5x3 − 2x4 = 6
3x1 + 4x2 + 4x3 + 3x4 = −2.

3. 13. 


2x1 + x2 + 4x3 − 4x4 = 3
x1 + 3x2 − 6x3 + 2x4 = 4
3x1 − 2x2 + 2x3 − 2x4 = 2.

3. 14. 


3x1 + 4x2 + 3x3 − 4x4 = 11
4x1 + 5x2 − x3 − 2x4 = 7
−x1 − x2 + 4x3 − 2x4 = 4.

3. 15. 


x1 + x2 − x3 − x4 = 1
2x1 + x2 + 3x3 + 2x4 = 4
3x1 − 4x2 + x3 − 3x4 = −8. 171



8. ÑÈÑÒÅÌÛ ËÈÍÅÉÍÛÕ Ó�ÀÂÍÅÍÈÉ4. Èññëåäóéòå ñèñòåìó íà ñîâìåñòíîñòü. Ñîâìåñòíóþ ñèñòå-ìó ðåøèòå ìåòîäîì �àóññà, ïî ïðàâèëó Êðàìåðà, ìàòðè÷íûììåòîäîì.
4. 1. 



3x1 + 2x2 − 4x3 = 8
2x1 + 4x2 − 5x3 = 7
x1 − 2x2 + x3 = 1.

4. 2. 


x1 + x2 + x3 = 1
x1 − x2 + 2x3 = −5
2x1 + 3x3 = −4.

4. 3. 


2x1 − x2 + 4x3 = 6
3x1 − x2 + x3 = −4
5x1 − 2x2 + 5x3 = 2.

4. 4. 


3x1 − 3x2 + 2x3 = 2
4x1 − 5x2 + 2x3 = 1
x1 − 2x2 = −1.

4. 5. 


3x1 + 2x2 − 4x3 = 8
2x1 + 4x2 − 5x3 = 1
5x1 + 6x2 − 9x3 = 9.

4. 6. 


3x1 + x2 + 2x3 = −3
2x1 + 2x2 + 5x3 = 5
5x1 + 3x2 + 7x3 = 2.

4. 7. 


4x1 − 7x2 − 2x3 = 1
2x1 − 3x2 − 4x3 = 6
2x1 − 4x2 + 2x3 = −5.

4. 8. 


5x1 − 9x2 − 4x3 = 6
x1 − 7x2 − 5x3 = 1
4x1 − 2x2 + x3 = 5.

4. 9. 


x1 − 5x2 + x3 = 3
3x1 + 2x2 − x3 = 7
4x1 − 3x2 = 10.

4. 10. 


5x1 − 5x2 − 4x3 = −3
x1 − x2 + 5x3 = 1
4x1 − 4x2 − 9x3 = −4.

4. 11. 


7x1 − 2x2 − x3 = 2
6x1 − 4x2 − 5x3 = 3
x1 + 2x2 + 4x3 = −1.

4. 12. 


4x1 − 3x2 + x3 = 3
x1 + x2 − x3 = 4
3x1 − 4x2 + 2x3 = −1.

4. 13. 


3x1 + x2 + 2x3 = 1
2x1 + 2x2 − 3x3 = 9
x1 − x2 + 5x3 = −8.

4. 14. 


6x1 + 3x2 − 5x3 = 2
9x1 + 4x2 − 7x3 = 3
3x1 + x2 − 2x3 = 1.

4. 15. 


2x1 + 3x2 + 4x3 = 5
x1 + x2 + 5x3 = 4
3x1 + 4x2 + 9x3 = 9.5. Èññëåäóéòå ñèñòåìó íà ñîâìåñòíîñòü â çàâèñèìîñòè îòïàðàìåòðà α. Â ñëó÷àå ñîâìåñòíîñòè íàéäèòå ðåøåíèÿ ñèñòåìû







x1 + (n− 7)x2 + x3 = 1
x1 + αx2 + x3 = −1
(n− 8)x1 + x2 + αx3 = 1,ãäå 1 6 n 6 15 � íîìåð âàðèàíòà.6. Ìàòðèöû A è B íàçûâàþòñÿ ïåðåñòàíîâî÷íûìè, åñëè

AB = BA. Íàéäèòå âñå ìàòðèöû B íàä ïîëåì R, ïåðåñòàíî-172



8.7. Äîïîëíèòåëüíûå çàäà÷èâî÷íûå ñ ìàòðèöåé A.
6. 1. A =

(

1 1
0 1

). 6. 2. A =

(

1−1
0 1

). 6. 3. A =

(

2−1
1−1

).
6. 4. A =

(

−1 1
1 1

). 6. 5. A =

(

−1 2
1 1

). 6. 6. A =

(

0 1
−1 1

).
6. 7. A =

(

0−1
1 1

). 6. 8. A =

(

−1 1
2 1

). 6. 9. A =

(

−2 1
−1 1

).
6. 10.A =

(

0−1
1 2

). 6. 11. A =

(

−1 3
2 1

). 6. 12. A =

(

1−2
3−1

).
6. 13.A =

(

−1 1
3 1

). 6. 14.A =

(

−3 1
1 −2

). 6. 15. A =

(

−1 2
1 0

).8.7. Äîïîëíèòåëüíûå çàäà÷è1. �åøèòå ñèñòåìó óðàâíåíèé â çàâèñèìîñòè îò çíà÷åíèÿïàðàìåòðà α.
1. 1. {x1 + x2 + 2x3 = α

2x1 + 2x2 + αx3 = 4
x1 + αx2 + x3 = α.

1. 2. 


x1 + x2 + x3 + (α− 1)x4 = 1
x1 + x2 + (α− 1)x3 + x4 = 2
x1 + (α− 1)x2 + x3 + x4 = 2
x1 + x2 + x3 + x4 = 1.

1. 3. 


αx1 + x2 + x3 + x4 = 1
x1 + αx2 + x3 + x4 = 1
x1 + x2 + αx3 + x4 = 1
x1 + x2 + x3 + αx4 = 1.

1. 4. 


(1 + α)x1 + x2 + x3 = 1
x1 + (1 + α)x2 + x3 = α
x1 + x2 + (1 + α)x3 = α2.

1. 5. 


(1 + α)x1 + x2 + x3 = α2 + 3α
x1 + (1 + α)x2 + x3 = α3 + 3α2

x1 + x2 + (1 + α)x3 = α4 + 3α4.2. Ñêîëüêî ðåøåíèé èìååò ñîâìåñòíàÿ ñèñòåìà ëèíåéíûõóðàâíåíèé ñ n íåèçâåñòíûìè íàä êîíå÷íûì ïîëåì ïîðÿäêà q,åñëè ðàíã ìàòðèöû ñèñòåìû ðàâåí r? 173



8. ÑÈÑÒÅÌÛ ËÈÍÅÉÍÛÕ Ó�ÀÂÍÅÍÈÉ3. Äàíà ñèñòåìà óðàâíåíèé íàä ïîëåì R






a11x1 + a12x2 + a13x3 = 0
a21x1 + a22x2 + a23x3 = 0
a31x1 + a32x2 + a33x3 = 0,êîý��èöèåíòû êîòîðîé óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:

a11, a22, a33 ïîëîæèòåëüíûå, âñå îñòàëüíûå êîý��èöèåíòû îò-ðèöàòåëüíûå, â êàæäîì óðàâíåíèè ñóììà êîý��èöèåíòîâ ïî-ëîæèòåëüíà. Äîêàæèòå, ÷òî x1 = x2 = x3 = 0 ÿâëÿåòñÿ åäèí-ñòâåííûì ðåøåíèåì ñèñòåìû.4. Äîêàæèòå, ÷òî ñèñòåìà íàä ïîëåì R






ax+ by + cz + dt = 0
bx− ay + dz − ct = 0
cx− dy + az + bt = 0
dx+ cy − bz − at = 0èìååò åäèíñòâåííîå ðåøåíèå, åñëè a, b, c, d � äåéñòâèòåëüíûå÷èñëà, íå âñå ðàâíûå íóëþ.5. Ñèñòåìà íàä ïîëåì R






ay + bx = c
cx+ az = b
bz + cy = aèìååò åäèíñòâåííîå ðåøåíèå. Äîêàæèòå, ÷òî abc 6= 0, è íàéäèòåðåøåíèå ñèñòåìû.6. �åøèòå ñèñòåìû ëèíåéíûõ óðàâíåíèé íàä ïîëåì Z2.

6. 1. 


1x1 + 1x2 + 1x3 + 1x4 = 1

1x1 + 1x3 = 1

1x2 + 1x4 = 0.

6. 2. 


1x1 + 1x2 + 1x3 + 1x4 = 1

1x1 + 1x3 = 1

1x2 + 1x4 = 1.7. �åøèòå ñèñòåìû ëèíåéíûõ óðàâíåíèé íàä ïîëåì Z3.
7. 1. 



1x1 + 1x2 + 1x3 = 1

2x1 + 1x2 + 1x3 = 1

2x2 + 2x3 = 1.

7. 2. 


2x1 + 1x2 + 1x3 = 1

2x1 + 1x2 + 2x3 = 2

2x1 + 2x2 + 1x3 = 0.174



8.7. Äîïîëíèòåëüíûå çàäà÷è8. �åøèòå ñèñòåìû ëèíåéíûõ óðàâíåíèé íàä ïîëåì Z5.
8. 1. 



1x1 + 2x2 + 4x3 = 1

1x1 + 3x2 + 4x3 = 2

1x1 + 4x2 + 1x3 = 3.

8. 2. 


1x1 + 1x2 + 1x3 = 2

2x1 + 3x2 + 4x3 = 1

3x1 + 2x3 = 0.9. �åøèòå ñèñòåìó ëèíåéíûõ óðàâíåíèé íàä ïîëåì Z7.






3x1 + 2x2 + 1x3 + 6x4 = 0

1x1 + 1x2 + 3x3 = 0

5x1 + 6x2 + 2x3 + 4x4 = 0.10. �åøèòå ñèñòåìó ëèíåéíûõ óðàâíåíèé íàä ïîëåì Z17.






3x+ 2y + 5z = 1

2x+ 5y + 3z = 1

5x+ 3y + 2z = 4.11. �åøèòå ñèñòåìó ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé íàäïîëåì R ïðè âñåâîçìîæíûõ çíà÷åíèÿõ ïàðàìåòðà λ.






(2 − λ)x1 + x2 + x3 = 0

x1 + (2 − λ)x2 + x3 = 0

x1 + x2 + (2 − λ)x3 = 0.12. Ïðè êàêèõ çíà÷åíèÿõ λ îäíîðîäíàÿ ñèñòåìà íàä ïîëåì
R èìååò íåíóëåâûå ðåøåíèÿ?







−λx1 + x2 + . . .+ xn = 0

x1 − λx2 + . . .+ xn = 0

. . .

x1 + x2 + . . .− λxn = 0.13. Ïóñòü ðàíã ìàòðèöû îäíîðîäíîé ñèñòåìû ëèíåéíûõóðàâíåíèé ðàâåí (n−1), ãäå n � ÷èñëî íåèçâåñòíûõ. Äîêàæèòå,÷òî ëþáûå äâà ðåøåíèÿ ýòîé ñèñòåìû ïðîïîðöèîíàëüíû.14. Íàéäèòå óñëîâèÿ, ïðè êîòîðûõ â ëþáîì ðåøåíèè îä-íîðîäíîé ñèñòåìû ëèíåéíûõ óðàâíåíèé k-ÿ íåèçâåñòíàÿ ðàâíàíóëþ. 175



8. ÑÈÑÒÅÌÛ ËÈÍÅÉÍÛÕ Ó�ÀÂÍÅÍÈÉ15. Íàéäèòå âñå ðåøåíèÿ ñèñòåìû, ïðèíàäëåæàùèå Z.






2x1 + 3x2 − 11x3 − 15x4 = 1
4x1 − 6x2 + 2x3 + 3x4 = 2
2x1 − 3x2 + 5x3 + 7x4 = 1.16. Èññëåäóéòå ñèñòåìó ëèíåéíûõ óðàâíåíèé íàä ïîëåì R.

16. 1. 


x1 + ax2 + a2x3 = a3

x1 + bx2 + b2x3 = b3

x1 + cx2 + c2x3 = c3.

16. 2. {x1 + x2 + x3 = 1
ax1 + bx2 + cx3 = d
a2x1 + b2x2 + c2x3 = d2.

16. 3. {ax1 + bx2 + cx3 = a+ b+ c
bx1 + cx2 + ax3 = a+ b+ c
cx1 + bx2 + ax3 = a+ b+ c.17. �åøèòå ñèñòåìû ëèíåéíûõ óðàâíåíèé íàä ïîëåì R.

17. 1. 


x1 + x2 + x3 = a
x1 + x2 + x4 = b
x1 + x3 + x4 = c
x2 + x3 + x4 = d.

17. 2. 


x1 + x2 + x3 = 0
x2 + x3 + x4 = 0

. . .
x99 + x100 + x1 = 0
x100 + x1 + x2 = 0.

17. 3. 


x1 + x2 + x3 + x4 = 2a
x1 + x2 − x3 − x4 = 2b
x1 − x2 + x3 − x4 = 2c
x1 − x2 − x3 + x4 = 2d.

17. 4. 


x1 + 2x2 + 3x3 + . . .+ nxn = a1
nx1 + x2 + 2x3 + . . .+ (n− 1)xn = a2

. . .
2x1 + 3x2 + 4x3 + . . .+ xn = an.18. Èìååòñÿ ñèñòåìà óðàâíåíèé







∗x1 + ∗x2 + ∗x3 = 0
∗x1 + ∗x2 + ∗x3 = 0
∗x1 + ∗x2 + ∗x3 = 0.Äâà ñòóäåíòà ïî î÷åðåäè âïèñûâàþò âìåñòî çâåçäî÷åê ÷èñëà.Äîêàæèòå, ÷òî íà÷èíàþùèé âñåãäà ìîæåò äîáèòüñÿ òîãî, ÷òîáûñèñòåìà èìåëà íåíóëåâîå ðåøåíèå.



9. ÌÍÎ�Î×ËÅÍÛ9.1. Ïîñòðîåíèå êîëüöà ìíîãî÷ëåíîâÏóñòü P � ïðîèçâîëüíîå ïîëå. Íóëåâîé è åäèíè÷íûé ýëå-ìåíòû ïîëÿ P áóäåì íàçûâàòü òàêæå íóëåì è åäèíèöåé è îáî-çíà÷àòü ÷åðåç 0 è 1.Ïîñòðîèì êîëüöî A, ýëåìåíòàìè êîòîðîãî ÿâëÿþòñÿ áåñêî-íå÷íûå ïîñëåäîâàòåëüíîñòè
f = (f0, f1, . . . , fn, . . .), fi ∈ P (9.1)ýëåìåíòîâ ïîëÿ P ñ êîíå÷íûì ÷èñëîì íåíóëåâûõ ýëåìåíòîâ. Âêàæäîé òàêîé ïîñëåäîâàòåëüíîñòè, íà÷èíàÿ ñ íåêîòîðîãî íîìå-ðà, âñå ÷ëåíû ðàâíû íóëþ.Äâå ïîñëåäîâàòåëüíîñòè f = (f0, f1, . . .) è g = (g0, g1, . . .)ñ÷èòàþòñÿ ðàâíûìè â òî÷íîñòè òîãäà, êîãäà fi = gi äëÿ âñåõ i.Ââåäåì íà ìíîæåñòâå A îïåðàöèþ ñëîæåíèÿ:

f + g = (f0, f1, . . . , fn, . . .) + (g0, g1, . . . , gn, . . .) =

= (f0 + g0, f1 + g1, . . . , fn + gn, . . .). (9.2)Åñëè â ïîñëåäîâàòåëüíîñòè f íóëåâûìè áóäóò ÷ëåíû, íà÷èíàÿñ íîìåðà k, à â ïîñëåäîâàòåëüíîñòè g � ñ íîìåðà l, òî â ïî-ñëåäîâàòåëüíîñòè f + g íóëåâûìè áóäóò âñå ÷ëåíû, íà÷èíàÿ ñíîìåðà max{k, l}. Ïîýòîìó f +g ∈ A è ñëîæåíèå îïðåäåëåíî íàìíîæåñòâå A.Ââåäåì óìíîæåíèå íà ìíîæåñòâå A:
fg = h = (h0, h1, . . . , hs, . . .),

hs =
∑

i+j=s

figj , s = 0, 1, . . . . (9.3)Â ÷àñòíîñòè, h0 = f0g0, h1 = f0g1 + f1g0, h2 = f0g2 + f1g1 +
+ f2g0, h3 = f0g3 + f1g2 + f2g1 + f3g0, . . . .Åñëè â ïîñëåäîâàòåëüíîñòè f íóëåâûìè áóäóò ÷ëåíû, íà÷è-íàÿ ñ íîìåðà k, à â g � ñ íîìåðà l, òî â ïîñëåäîâàòåëüíîñòè
h = fg íóëåâûìè áóäóò âñå ÷ëåíû, íà÷èíàÿ ñ íîìåðà k+ l. Ïî-ýòîìó óìíîæåíèå îïðåäåëåíî íà ìíîæåñòâå A. Íåñëîæíî äîêà-çûâàåòñÿ ñëåäóþùàÿ òåîðåìà.Òåîðåìà 9.1. Ïóñòü P � ïîëå. Ìíîæåñòâî A âñåõ ïîñëå-äîâàòåëüíîñòåé (9.1) ñ îïåðàöèÿìè ñëîæåíèÿ (9.2) è óìíî-177



9. ÌÍÎ�Î×ËÅÍÛæåíèÿ (9.3) ÿâëÿåòñÿ êîììóòàòèâíûì êîëüöîì ñ åäèíè÷íûìýëåìåíòîì (1, 0, 0, . . .).Ïîñëåäîâàòåëüíîñòè (a, 0, . . . , 0, . . .) ñêëàäûâàþòñÿ è óìíî-æàþòñÿ êàê ýëåìåíòû ïîëÿ P. Ïîýòîìó îòîáðàæåíèå
ϕ : a 7→ (a, 0, . . .), a ∈ Pÿâëÿåòñÿ èçîìîð�èçìîì ïîëÿ P è ïîäïîëÿ
ϕ(P) = {(a, 0, . . .) | a ∈ P}êîëüöà A. Ýòî ïîçâîëÿåò îòîæäåñòâèòü ïîñëåäîâàòåëüíîñòè

(a, 0, . . . , 0 . . .) ñ ñîîòâåòñòâóþùèìè ýëåìåíòàìè ïîëÿ P, òî åñòüïîëîæèòü a = (a, 0, . . .) äëÿ âñåõ a ∈ P. Òåì ñàìûì ïîëå P ñòà-íîâèòñÿ ïîäïîëåì êîëüöà A.Îáîçíà÷èì äàëåå (0, 1, 0, . . . , 0, . . .) ÷åðåç x è íàçîâåì x � ïå-ðåìåííîé íàä P èëè íåèçâåñòíîé íàä P. Èñïîëüçóÿ ââåäåííóþíà A îïåðàöèþ óìíîæåíèÿ (9.3), íàõîäèì:
x = (0, 1 = f1, 0, 0, . . . , 0, . . .), x

2 = (0, 0, 1 = f2, 0, . . . , 0, . . .),
x3 = (0, 0, 0, 1 = f3, . . . , 0, . . .), . . . ,
xn = (0, 0, 0, 0, . . . , 0, 1 = fn, 0, . . . , 0), . . . .Êðîìå òîãî, (0, . . . , 0, a = gn, 0, . . .) = (a, 0, 0, . . .)(0, 0, . . .

. . . , 0, 1 = fn, 0, . . .) = axn = xna = (0, 0, . . . , 0, 1 = fn, 0, . . .

. . . )(a, 0, 0, . . .).Èòàê, åñëè fn � ïîñëåäíèé îòëè÷íûé îò íóëÿ ÷ëåí ïîñëå-äîâàòåëüíîñòè f = (f0, . . . , fn, . . .), òî â íîâûõ îáîçíà÷åíèÿõ
f = (f0, f1, . . . , fn, 0, . . .) = (f0, . . . , fn−1, 0, . . .) + fnx

n =

= (f0, f1, . . . , fn−2, 0, . . .) + fn−1x
n−1 + fnx

n = . . . =

= f0 + f1x+ f2x
2 + . . . + fnx

n.Òàêèì îáðàçîì, êàæäûé ýëåìåíò êîëüöà A ïðèíèìàåò âèä:
f = f0 + f1x+ f2x

2 + . . .+ fnx
n.Ïîñòðîåííîå êîëüöî A íàçûâàþò êîëüöîì ìíîãî÷ëåíîâ íàäïîëåì P îò îäíîé ïåðåìåííîé x è îáîçíà÷àþò ÷åðåç P[x]. Ýëå-ìåíòû êîëüöà P[x] íàçûâàþò ìíîãî÷ëåíàìè (èëè ïîëèíîìàìè).Èñïîëüçóåòñÿ òàêæå çàïèñü ìíîãî÷ëåíà ïî óáûâàþùèì ñòåïå-íÿì x, òî åñòü â âèäå

f(x) = a0x
n + a1x

n−1 + . . . + an−1x+ an. (9.4)Ýëåìåíòû a0, a1, . . . , an ∈ P íàçûâàþòñÿ êîý��èöèåíòàìè ìíî-ãî÷ëåíà f(x).178



9.2. Äåëèìîñòü ìíîãî÷ëåíîâÍóëåâîé ìíîãî÷ëåí� ýòî ìíîãî÷ëåí, âñå êîý��èöèåíòû êî-òîðîãî ðàâíû íóëåâîìó ýëåìåíòó ïîëÿ P.Åñëè â çàïèñè (9.4) ýëåìåíò a0 6= 0 è n > 1, òî a0 íàçûâàþòñòàðøèì êîý��èöèåíòîì, à íàòóðàëüíîå ÷èñëî n � ñòåïåíüþìíîãî÷ëåíà f(x). Ñòåïåíü ìíîãî÷ëåíà f(x) îáîçíà÷àþò ÷åðåçdegf . Ìíîãî÷ëåíû ñòåïåíè 1, 2, 3 íàçûâàþò ñîîòâåòñòâåííî ëè-íåéíûìè, êâàäðàòè÷íûìè (èëè êâàäðàòíûìè), êóáè÷åñêèìè.Åñëè f(x) = a ∈ P, a 6= 0, òî degf(x) = 0. Íóëåâîìóìíîãî÷ëåíó f(x) = 0 ïðèñâàèâàþò ñòåïåíü −∞ è ñ÷èòàþò, ÷òî
−∞ < n äëÿ êàæäîãî n = 0, 1, 2, . . . .Òåîðåìà 9.2. Åñëè P � ïîëå, òî â êîëüöå P[x] ñòåïåíüñóììû ìíîãî÷ëåíîâ íå ïðåâîñõîäèò íàèáîëüøóþ èç ñòåïåíåéñëàãàåìûõ, à ñòåïåíü ïðîèçâåäåíèÿ ìíîãî÷ëåíîâ ðàâíà ñóììåñòåïåíåé ñîìíîæèòåëåé, òî åñòüdeg(f(x) + ϕ(x)) 6 max{degf(x),degϕ(x)},deg(f(x)ϕ(x)) = degf(x) + degϕ(x).Â ÷àñòíîñòè, èç òåîðåìû 9.2 è ñâîéñòâ óìíîæåíèÿ â êîëüöå
P[x] íà íóëåâîé ýëåìåíò âûòåêàþò ñîîòíîøåíèÿ

−∞ + (−∞) = −∞, −∞ + n = n+ (−∞) = −∞.9.2. Äåëèìîñòü ìíîãî÷ëåíîâÏóñòü P � ïðîèçâîëüíîå ïîëå, 0 è 1 � íóëåâîé è åäèíè÷íûéýëåìåíòû ïîëÿ P, P∗ = P\{0}. Ñîãëàñíî òåîðåìå 9.1, P[x] � êîì-ìóòàòèâíîå êîëüöî ñ åäèíèöåé. Ïî àíàëîãèè ñ êîëüöîì Z öåëûõ÷èñåë â êîëüöå P[x] ìíîãî÷ëåíîâ ìîæíî ðàññìîòðåòü âîïðîñûäåëèìîñòè.�îâîðÿò, ÷òî ìíîãî÷ëåí g ∈ P[x] äåëèò ìíîãî÷ëåí f ∈ P[x],åñëè ñóùåñòâóåò òàêîé ìíîãî÷ëåí ϕ ∈ P[x], ÷òî f = gϕ. Â ýòîìñëó÷àå ãîâîðÿò òàêæå, ÷òî f äåëèòñÿ íà g. Ìíîãî÷ëåí g íàçû-âàþò äåëèòåëåì ìíîãî÷ëåíà f , à ϕ � ÷àñòíûì. Çàïèñü f ... gîçíà÷àåò, ÷òî f äåëèòñÿ íà g, à çàïèñü g|f � g äåëèò f .Ëåììà 9.3. Äëÿ íåíóëåâûõ ìíîãî÷ëåíîâ íàä ïîëåì P ñïðà-âåäëèâû ñëåäóþùèå ñâîéñòâà:
1) f |f ;
2) åñëè g|f è f |h, òî g|h; 179



9. ÌÍÎ�Î×ËÅÍÛ
3) åñëè g|f1 è g|f2, òî g|(f1ϕ1 ± f2ϕ2) äëÿ ëþáûõ ϕ1 è ϕ2 ∈

∈ P[x];
4) a|f , äëÿ âñåõ a ∈ P∗;
5) åñëè g|f , òî ag|f äëÿ âñåõ a ∈ P∗;
6) åñëè g|f , à f |g, òî f = ag, ãäå a ∈ P∗;
7) âñÿêèé äåëèòåëü ìíîãî÷ëåíà f ÿâëÿåòñÿ äåëèòåëåììíîãî÷ëåíà af äëÿ êàæäîãî a ∈ P∗, è íàîáîðîò.Òåîðåìà 9.4 (î äåëåíèè ñ îñòàòêîì). Ïóñòü P � ïîëå è

g � íåíóëåâîé ìíîãî÷ëåí êîëüöà P[x]. Òîãäà êàæäîìó ìíîãî-÷ëåíó f ∈ P[x] ñîîòâåòñòâóåò åäèíñòâåííàÿ ïàðà ìíîãî÷ëå-íîâ q è r ∈ P[x], äëÿ êîòîðûõ f = gq + r è degr < degg.Èòàê, äëÿ ëþáîé ïàðû ìíîãî÷ëåíîâ f è g, g 6= 0, ñóùåñòâóåòåäèíñòâåííàÿ ïàðà ìíîãî÷ëåíîâ q è r, òàêàÿ, ÷òî f = gq + r èdegr < degg. Ìíîãî÷ëåí q íàçûâàþò íåïîëíûì ÷àñòíûì, à r �îñòàòêîì îò äåëåíèÿ f íà g. Â ÷àñòíîñòè, f äåëèòñÿ íà g òîãäàè òîëüêî òîãäà, êîãäà îñòàòîê îò äåëåíèÿ f íà g ðàâåí 0.Ïðèìåð 9.1. Â êîëüöå Q[x] ðàçäåëèòü ìíîãî÷ëåí x3 − x2 +
+ x+ 1 íà x2 − 1.

� Íà ïåðâîì ýòàïå íàäî äîìíîæèòü äåëèòåëü x2 − 1 íà x èâû÷åñòü èç äåëèìîãî: x3 −x2 +x+1−x(x2 − 1) = −x2 +2x+1.Òåïåðü íàäî ïîâòîðèòü ýòîò ïðèåì è óíè÷òîæèòü ñòàðøèé ÷ëåí
(−x2). Äåëåíèå óäîáíî çàïèñûâàòü óãëîì:_x3 − x2 +x + 1 x2 − 1

x3 −x x− 1_− x2 + 2x + 1

− x2 + 1

2x.Î ò â å ò: x3 − x2 + x+ 1 = (x2 − 1)(x− 1) + 2x. ⊠Ïðèìåð 9.2. Â êîëüöå Z5[x] íàéäèòå íåïîëíîå ÷àñòíîå èîñòàòîê ïðè äåëåíèè ìíîãî÷ëåíà
f(x) = 1x4 + 2x3 + 2x2 + 1x+ 4íà ìíîãî÷ëåí g(x) = 1x3 + 1x2 + 4x+ 4.180



9.2. Äåëèìîñòü ìíîãî÷ëåíîâ
� �àçäåëèì f(x) íà g(x)._ 1x4 + 2x3 + 2x2 + 1x + 4 1x3 + 1x2 + 4x+ 4

1x4 + 1x3 + 4x2 + 4x 1x+ 1_ 1x3 + 3x2 + 2x + 4

1x3 + 1x2 + 4x + 4

2x2 + 3x.Î ò â å ò: q(x) = 1x + 1 � íåïîëíîå ÷àñòíîå, r(x) = 2x2 +
+ 3x � îñòàòîê, f(x) = g(x)(1x+ 1) + (2x2 + 3x). ⊠Åñëè ìíîãî÷ëåí d äåëèò ìíîãî÷ëåíû f è g, òî d íàçûâà-åòñÿ îáùèì äåëèòåëåì f è g. Åñëè, êðîìå òîãî, d äåëèòñÿ íàëþáîé äðóãîé îáùèé äåëèòåëü ìíîãî÷ëåíîâ f è g, òî d íàçûâà-åòñÿ íàèáîëüøèì îáùèì äåëèòåëåì. Ìíîæåñòâî âñåõ íàèáîëü-øèõ îáùèõ äåëèòåëåé ìíîãî÷ëåíîâ f è g îáîçíà÷àåòñÿ ÷åðåçÍÎÄ(f, g). Ñîãëàñíî ï. 6 ëåììû 9.3 âñå íàèáîëüøèå îáùèå äå-ëèòåëè äâóõ ìíîãî÷ëåíîâ f è g îòëè÷àþòñÿ äðóã îò äðóãà íàíåíóëåâîé ýëåìåíò ïîëÿ. Ñðåäè âñåõ ÍÎÄ ìíîãî÷ëåíîâ f è gâûäåëèì òîò, ó êîòîðîãî ñòàðøèé êîý��èöèåíò ðàâåí 1, è îáî-çíà÷èì åãî ÷åðåç ÍÎÄ1(f, g). ßñíî, ÷òî ÍÎÄ1(f, g) îïðåäåëåíîäíîçíà÷íî.ÍÎÄ ìíîãî÷ëåíîâ íàõîäèòñÿ ñ ïîìîùüþ àëãîðèòìà Åâêëè-äà, êîòîðûé îñíîâàí íà ìíîãîêðàòíîì ïðèìåíåíèè òåîðåìû îäåëåíèè ñ îñòàòêîì.Ïóñòü f è g � äâà ìíîãî÷ëåíà íàä ïîëåì P. Åñëè g|f , òî
g ∈ ÍÎÄ(f, g). Ïóñòü g íå äåëèò f . Òîãäà ìîæíî íàïèñàòü öå-ïî÷êó ðàâåíñòâ.






f = gq1 + r1, degr1 < degg,
g = r1q2 + r2, degr2 < degr1,
r1 = r2q3 + r3, degr3 < degr2,

. . . . . .

rn−3 = rn−2qn−1 + rn−1, degrn−1 < degrn−2,
rn−2 = rn−1qn + rn, degrn < degrn−1,
rn−1 = rnqn+1. (9.5)

Êàæäîå èç ðàâåíñòâ (9.5) îñíîâàíî íà òåîðåìå î äåëåíèè ñ181



9. ÌÍÎ�Î×ËÅÍÛîñòàòêîì. Ïîñêîëüêó ñòåïåíè îñòàòêîâ ñòðîãî óáûâàþò:degg > degr1 > degr2 > . . . > degrn−1 > degrn,òî ÷åðåç êîíå÷íîå ÷èñëî øàãîâ äîëæåí ïîÿâèòüñÿ îñòàòîê, ðàâ-íûé íóëþ. Â öåïî÷êå ðàâåíñòâ (9.5) äåëåíèå áåç îñòàòêà çàïè-ñàíî â ïîñëåäíåé ñòðîêå.Àëãîðèòì Åâêëèäà äëÿ ìíîãî÷ëåíîâ f è g çàêëþ÷àåòñÿ âíàõîæäåíèè ðàâåíñòâ (9.5).Òåîðåìà 9.5. ÍÎÄ ëþáûõ íåíóëåâûõ ìíîãî÷ëåíîâ � âñå-ãäà íåïóñòîå ìíîæåñòâî. Åñëè g|f , òî g ∈ ÍÎÄ(f, g). Åñëè
g íå äåëèò f , òî ïîñëåäíèé îòëè÷íûé îò íóëÿ îñòàòîê âàëãîðèòìå Åâêëèäà ïðèíàäëåæèò ÍÎÄ(f, g).Îòìåòèì, ÷òî f ∈ ÍÎÄ(f, 0), ãäå f � íåíóëåâîé ìíîãî÷ëåí,à ÍÎÄ(0, 0) � ïóñòîå ìíîæåñòâî.Ïðèìåð 9.3. Íàéòè ÍÎÄ1(x3 − 1, x2 + 1) â êîëüöå Q[x].

� Ïîñòðîèì àëãîðèòì Åâêëèäà äëÿ ýòèõ ìíîãî÷ëåíîâ.Âíà÷àëå ïðîèçâåäåì äåëåíèå. _ x3 −1 x2 + 1
x3 +x x_ x2 +1 −x−1

x2+x −x+1_−x+1
−x−1_−x−1 2

−x −x
2 −1

2_−1
−1
0.Òåïåðü çàïèøåì ðàâåíñòâà.







x3 − 1 = (x2 + 1)x+ (−x− 1),

x2 + 1 = (−x− 1)(−x+ 1) + 2,

−x− 1 = 2(−1
2x− 1

2).

(9.6)Èòàê, 2 ∈ ÍÎÄ(x3−1, x2+1). ßñíî, ÷òî ÍÎÄ1(x3−1, x2+1) = 1.Î ò â å ò: ÍÎÄ1(x3 − 1, x2 + 1) = 1. ⊠Âçàèìíî ïðîñòûå ìíîãî÷ëåíû � ýòî ìíîãî÷ëåíû, ó êîòî-182



9.2. Äåëèìîñòü ìíîãî÷ëåíîâðûõ ÍÎÄ1 ðàâåí 1.Òåîðåìà 9.6. 1. Åñëè d ∈ ÍÎÄ(f, g), òî ñóùåñòâóþò òà-êèå ìíîãî÷ëåíû ϕ è ψ, ÷òî d = ϕf + ψg.
2. Ìíîãî÷ëåíû f è g âçàèìíî ïðîñòû òîãäà è òîëüêî òî-ãäà, êîãäà ñóùåñòâóþò òàêèå ìíîãî÷ëåíû ϕ è ψ, ÷òî âûïîë-íÿåòñÿ ðàâåíñòâî 1 = ϕf + ψg.Òåîðåìà 9.7. Åñëè ïðîèçâåäåíèå ìíîãî÷ëåíîâ fg äåëèòñÿíà ìíîãî÷ëåí h, ïðè÷åì f è h âçàèìíî ïðîñòû, òî ìíîãî÷ëåí

g äåëèòñÿ íà ìíîãî÷ëåí h.Ïðèìåð 9.4. Âûðàçèòå ÍÎÄ1(x3 − 1, x2 + 1) â êîëüöå Q[x]÷åðåç èñõîäíûå ìíîãî÷ëåíû.
� Äëÿ ìíîãî÷ëåíîâ x3−1 è x2+1 àëãîðèòì Åâêëèäà ñîñòî-èò èç òðåõ ðàâåíñòâ (ñì. ñèñòåìó (9.6)). Èç âòîðîãî è ïåðâîãîðàâåíñòâ ïîëó÷àåì:

2 = x2 + 1 − (−x− 1)(−x+ 1) =

= x2 + 1 − ((x3 − 1) − (x2 + 1)x)(−x+ 1) =

= (x3 − 1)(x − 1) + (x2 + 1)(1 + x(−x+ 1)).Î ò â å ò: 1 = ((1/2)x − 1/2)(x3 − 1) + (1/2 + (1/2)x −
− (1/2)x2)(x2 + 1). ⊠Ïðèìåð 9.5. Â êîëüöå Q[x] íàéäèòå ÍÎÄ(f(x), g(x)) è âû-ðàçèòå åãî ÷åðåç èñõîäíûå ìíîãî÷ëåíû, åñëè f(x) = 3x4 +8x3 +
+ 6x2 + 3x− 2 è g(x) = 3x4 − x3 − 9x2 − 3x+ 2.

� Ñîñòàâèì àëãîðèòì Åâêëèäà ìíîãî÷ëåíîâ f(x) è g(x).�àçäåëèì ìíîãî÷ëåí f(x) íà ìíîãî÷ëåí g(x):_ 3x4 + 8x3 + 6x2 + 3x− 2 3x4 − x3 − 9x2 − 3x+ 2

3x4 − x3 − 9x2 − 3x+ 2 1

9x3 + 15x2 + 6x− 4.

f(x) = g(x) + (9x3 + 15x2 + 6x− 4). 183



9. ÌÍÎ�Î×ËÅÍÛ�àçäåëèì 3g(x) íà r1(x) = 9x3 + 15x2 + 6x− 4:_ 9x4 − 3x3 − 27x2 − 9x + 6 9x3 + 15x2 + 6x− 4

9x4 + 15x3 + 6x2 − 4x x− 2_−18x3 − 33x2 − 5x + 6

−18x3 − 30x2 − 12x+ 8

−3x2 + 7x − 2.

3g(x) = r1(x)(x− 2) + (−3x2 + 7x− 2).Äåëèì r1(x) íà r2(x) = −3x2 + 7x− 2:_ 9x3 + 15x2 + 6x − 4 − 3x2 + 7x− 2

9x3 − 21x2 + 6x − 3x − 12_ 36x2 − 4

36x2 − 84x+ 24

84x− 28.

r1(x) = r2(x)(−3x − 12) + 28(3x − 1).Äåëèì r2(x) íà r3(x) = 3x− 1:_− 3x2 + 7x− 2 3x− 1
− 3x2 + x − x + 2_ 6x− 2

6x− 2
0.

r2(x) = r3(x)(−x+ 2).Èòàê, àëãîðèòì Åâêëèäà ìíîãî÷ëåíîâ f(x) è g(x) èìååò âèä:






f(x) = g(x) + r1(x)

3g(x) = r1(x)(x− 2) + r2(x)

r1(x) = r2(x)(−3x − 12) + 28r3(x)

r2(x) = r3(x)(−x+ 2).Ïîñëåäíèé íåíóëåâîé îñòàòîê â àëãîðèòìå Åâêëèäà ÿâëÿåò-ñÿ íàèáîëüøèì îáùèì äåëèòåëåì f(x) è g(x), òî åñòü 28r3(x) =
= 84x− 28 ∈ ÍÎÄ(f(x), g(x)).Äâèãàÿñü â àëãîðèòìå Åâêëèäà ñíèçó ââåðõ è ïîñëåäîâà-òåëüíî çàìåíÿÿ îñòàòêè, âûðàçèì ÍÎÄ ÷åðåç èñõîäíûå ìíîãî-184



9.3. Íåïðèâîäèìûå ìíîãî÷ëåíû÷ëåíû: 84x − 28 = 28r3(x) = r1(x) + r2(x)(3x + 12) = r1(x) +
+ (3g(x)− r1(x)(x− 2))(3x+ 12) = g(x)(9x+ 36) + r1(x)(−3x2 −
− 6x + 25) = g(x)(9x + 36) + (f(x) − g(x))(−3x2 − 6x + 25) =
= f(x)(−3x2 − 6x+ 25) + g(x)(3x2 + 15x+ 11).Î ò â å ò: 84x− 28 ∈ ÍÎÄ(f(x), g(x)),

84x − 28 = (−3x2 − 6x+ 25)f(x) + (3x2 + 15x+ 11)g(x). ⊠9.3. Íåïðèâîäèìûå ìíîãî÷ëåíûÏóñòü f � ïðîèçâîëüíûé ìíîãî÷ëåí íàä ïîëåì P ñòåïåíè
> 1. Òîãäà f äåëèòñÿ íà a è af , ãäå a � íåíóëåâîé ýëåìåíòïîëÿ P. Åñëè f äðóãèõ äåëèòåëåé â êîëüöå P[x] íå èìååò, òî fíàçûâàåòñÿ íåïðèâîäèìûì ìíîãî÷ëåíîì íàä ïîëåì P. Äðóãèìèñëîâàìè, ìíîãî÷ëåí f ñòåïåíè > 1 íàçûâàåòñÿ íåïðèâîäèìûìíàä ïîëåì P, åñëè åãî íåëüçÿ ïðåäñòàâèòü â âèäå ïðîèçâåäåíèÿäâóõ ìíîãî÷ëåíîâ íàä ïîëåì P ìåíüøèõ ñòåïåíåé. Ìíîãî÷ëåí,êîòîðûé íå ÿâëÿåòñÿ íåïðèâîäèìûì íàä ïîëåì P, íàçûâàåòñÿïðèâîäèìûì íàä ïîëåì P.Ïðèâîäèìîñòü ìíîãî÷ëåíîâ çàâèñèò îò ïîëÿ. Íàïðèìåð,ìíîãî÷ëåí x2 − 2 = (x −

√
2)(x +

√
2) íåïðèâîäèì íàä Q, íîïðèâîäèì íàä R. Ìíîãî÷ëåí x2 + 1 = (x− i)(x+ i) íåïðèâîäèìíàä Q è R, íî ïðèâîäèì íàä C.Ëåììà 9.8. Ìíîãî÷ëåíû íàä ïîëåì P îáëàäàþò ñëåäóþùè-ìè ñâîéñòâàìè:

1) ìíîãî÷ëåíû ïåðâîé ñòåïåíè íåïðèâîäèìû;
2) åñëè f íåïðèâîäèì, òî af íåïðèâîäèì äëÿ âñåõ a ∈ P∗;
3) åñëè f íåïðèâîäèì, òî äëÿ ëþáîãî ìíîãî÷ëåíà g ëèáî fäåëèò g, ëèáî f è g âçàèìíî ïðîñòû;
4) åñëè ïðîèçâåäåíèå fg äåëèòñÿ íà íåïðèâîäèìûé ìíîãî-÷ëåí h, òî ëèáî f äåëèòñÿ íà h, ëèáî g äåëèòñÿ íà h.Òåîðåìà 9.9. Âñÿêèé ìíîãî÷ëåí f íàä ïîëåì P ñòåïåíè

n > 1 ìîæíî ïðåäñòàâèòü â âèäå ïðîèçâåäåíèÿ íåïðèâîäèìûõíàä P ìíîãî÷ëåíîâ. Åñëè èìåþòñÿ äâà òàêèõ ðàçëîæåíèÿ
f = ϕ1ϕ2 · · ·ϕs = ψ1ψ2 · · ·ψt,òî s = t è ïðè ïîäõîäÿùåé íóìåðàöèè ψi = aiϕi, ai ∈ P∗,

i = 1, 2, . . . , s. 185



9. ÌÍÎ�Î×ËÅÍÛÌíîãî÷ëåí, ñòàðøèé êîý��èöèåíò êîòîðîãî ðàâåí 1, íàçû-âàåòñÿ óíèòàðíûì.Òåîðåìà 9.10. 1. Íàä ëþáûì ïîëåì óíèòàðíûõ íåïðèâî-äèìûõ ìíîãî÷ëåíîâ áåñêîíå÷íî ìíîãî.
2. Íàä ëþáûì êîíå÷íûì ïîëåì ñóùåñòâóþò íåïðèâîäèìûåìíîãî÷ëåíû ñêîëü óãîäíî âûñîêîé ñòåïåíè.Ïóñòü p � íåïðèâîäèìûé äåëèòåëü ìíîãî÷ëåíà f ∈ P[x].Åñëè pk äåëèò f , íî pk+1 íå äåëèò f , òî p íàçîâåì k-êðàòíûìíåïðèâîäèìûì ìíîæèòåëåì. Åñëè k = 1, òî p íàçûâàåòñÿ ïðî-ñòûì íåïðèâîäèìûì ìíîæèòåëåì ìíîãî÷ëåíà f .Ïî òåîðåìå 9.9 êàæäûé ìíîãî÷ëåí ïðåäñòàâèì â âèäå íåïðè-âîäèìûõ ìíîãî÷ëåíîâ f = ϕ1ϕ2 · · ·ϕs. Åñëè âûíåñòè çà ñêîáêèñòàðøèå êîý��èöèåíòû âñåõ íåïðèâîäèìûõ ìíîæèòåëåé, à çà-òåì ñîáðàòü ñîâïàäàþùèå ìíîæèòåëè âìåñòå, òî ïðèäåì ê êà-íîíè÷åñêîìó ðàçëîæåíèþ ìíîãî÷ëåíà

f = apk1
1 p

k2
2 · · · pkn

n .Â ýòîì ðàçëîæåíèè âñå pi � óíèòàðíûå íåïðèâîäèìûå ïîïàðíîâçàèìíî ïðîñòûå ìíîãî÷ëåíû.Ïðè ðàññìîòðåíèè ïàð íåíóëåâûõ ìíîãî÷ëåíîâ f è g óäîá-íî äîáàâëÿòü ê èõ êàíîíè÷åñêèì ðàçëîæåíèÿì íóëåâûå ñòåïå-íè íåïðèâîäèìûõ óíèòàðíûõ ìíîãî÷ëåíîâ ñ òîé öåëüþ, ÷òîáûìíîãî÷ëåíû f è g áûëè çàïèñàíû â âèäå ïðîèçâåäåíèÿ ñòåïåíåéîäíèõ è òåõ æå íåïðèâîäèìûõ óíèòàðíûõ ìíîãî÷ëåíîâ.Òåîðåìà 9.11. Åñëè íåíóëåâûå ìíîãî÷ëåíû
f = apk1

1 p
k2
2 · · · pkn

n , g = bpl1
1 p

l2
2 · · · pln

n ,ãäå pi � óíèòàðíûå íåïðèâîäèìûå íàä ïîëåì P ïîïàðíî ðàç-ëè÷íûå ìíîãî÷ëåíû, a, b ∈ P∗, ki, lj ∈ N∪{0}, òî ÍÎÄ1(f, g) =
= pm1

1 · · · pmn
n , ãäå mi = min{ki, li}.Íàïðèìåð, äëÿ ìíîãî÷ëåíîâ

f = x(x+ 1)3(x− 1)2(x2 + 1) ∈ R[x],

g = (x+ 1)2(x− 1)4(x− 3)(x2 + 1) ∈ R[x]ÍÎÄ1(f, g) = (x+ 1)2(x− 1)2(x2 + 1).186



9.4. Ïðîèçâîäíàÿ ìíîãî÷ëåíà9.4. Ïðîèçâîäíàÿ ìíîãî÷ëåíàÏóñòü P � ïîëå íóëåâîé õàðàêòåðèñòèêè. Ýòî îçíà÷àåò, ÷òî
na = a+ a+ . . . + a

︸ ︷︷ ︸

n ðàç 6= 0 ∈ Päëÿ âñåõ n ∈ N è a ∈ P∗.Äëÿ ìíîãî÷ëåíà
f(x) = a0x

n + a1x
n−1 + . . .+ an−1x+ anñòåïåíè n > 1 íàä ïîëåì P îïðåäåëèì åãî ïðîèçâîäíóþ

f ′(x) = na0x
n−1 + (n− 1)a1x

n−2 + . . . + an−1.Òàê êàê P � ïîëå íóëåâîé õàðàêòåðèñòèêè, òî na0 6= 0 è f ′ �ìíîãî÷ëåí ñòåïåíè n− 1.Ëåììà 9.12. Ïóñòü P � ïîëå íóëåâîé õàðàêòåðèñòèêè,
f è g ∈ P[x]. Òîãäà:

1) c′ = 0 äëÿ âñåõ c ∈ P;
2) (cf)′ = c(f ′), ãäå c ∈ P;
3) (f + g)′ = f ′ + g′;
4) (fg)′ = f ′g + fg′;
5) (fk)′ = kf (k−1)f ′, ãäå k ∈ N.Òåîðåìà 9.13. 1. Åñëè p � k-êðàòíûé íåïðèâîäèìûé ìíî-æèòåëü ìíîãî÷ëåíà f íàä ïîëåì íóëåâîé õàðàêòåðèñòèêè, òîîí ÿâëÿåòñÿ (k − 1)-êðàòíûì ìíîæèòåëåì ïðîèçâîäíîé f ′.Â ÷àñòíîñòè, åñëè p � ïðîñòîé íåïðèâîäèìûé ìíîæèòåëüìíîãî÷ëåíà f , òî p âçàèìíî ïðîñò ñ ïðîèçâîäíîé f ′.
2. Åñëè f = apk1

1 · · · pks
s � êàíîíè÷åñêîå ðàçëîæåíèå ìíîãî-÷ëåíà f íàä ïîëåì íóëåâîé õàðàêòåðèñòèêè, òî ÍÎÄ1(f, f ′) =

= pk1−1
1 · · · pks−1

s . Â ÷àñòíîñòè, ìíîãî÷ëåí f íå ñîäåðæèòêðàòíûõ ìíîæèòåëåé òîãäà è òîëüêî òîãäà, êîãäà f âçàèìíîïðîñò ñî ñâîåé ïðîèçâîäíîé f ′.Ïðèìåð 9.6. Îïðåäåëèòü êðàòíûå íåïðèâîäèìûå ìíîæè-òåëè ìíîãî÷ëåíà f(x) = x8 − x6 − 2x5 + 2x3 + x2 − 1 ∈ Q[x].
� Íàõîäèì ïðîèçâîäíóþ

f ′(x) = 8x7 − 6x5 − 10x4 + 6x2 + 2x =

= 2x(4x6 − 3x4 − 5x3 + 3x+ 1).Òàê êàê f(x) íå äåëèòñÿ íà x, òî ÍÎÄ1(f(x), f ′(x)) =187



9. ÌÍÎ�Î×ËÅÍÛ
= ÍÎÄ1(f(x), 4x6 − 3x4 − 5x3 + 3x+ 1). Ñ ïîìîùüþ àëãîðèòìàÅâêëèäà íàõîäèì, ÷òî ÍÎÄ1(f(x), f ′(x)) = x4 − x3 − x + 1 =
= (x3−1)(x−1) = (x−1)2(x2 +x+1). Ïî òåîðåìå 9.13 êðàòíû-ìè íåïðèâîäèìûìè ìíîæèòåëÿìè ìíîãî÷ëåíà f(x) ÿâëÿþòñÿ
x − 1 êðàòíîñòè 3 è x2 + x + 1 êðàòíîñòè 2. �àçäåëèâ f(x) íà
(x−1)3(x2+x+1)2, ïîëó÷èì ïîëíîå ðàçëîæåíèå f(x) íà íåïðè-âîäèìûå ìíîæèòåëè: f = (x− 1)3(x2 + x+ 1)2(x+ 1).Î ò â å ò: x− 1 êðàòíîñòè 3, x2 + x+ 1 êðàòíîñòè 2, x+ 1êðàòíîñòè 1. ⊠9.5. Êîðíè ìíîãî÷ëåíàÏóñòü P � ïîëå è ìíîãî÷ëåí

f(x) = a0x
n + a1x

n−1 + . . .+ an−1x+ aníàä ïîëåì P îòëè÷åí îò íóëåâîãî. Äëÿ ýëåìåíòà c ∈ P ñóììó
a0c

n + a1c
n−1 + . . .+ an−1c+ anáóäåì îáîçíà÷àòü ÷åðåç f(c) è íàçûâàòü çíà÷åíèåì ìíîãî÷ëåíà

f(x) ïðè x = c. Åñëè f(c) = 0, òî ýëåìåíò c íàçûâàþò êîðíåììíîãî÷ëåíà f(x).Òåîðåìà 9.14 (Áåçó). Ýëåìåíò c ∈ P ÿâëÿåòñÿ êîðíåìíåíóëåâîãî ìíîãî÷ëåíà f(x) ∈ P[x] òîãäà è òîëüêî òîãäà, êî-ãäà (x− c) äåëèò f(x).Äåëåíèå ìíîãî÷ëåíà íà îäíî÷ëåí óäîáíî ïðîèçâîäèòü ñ ïî-ìîùüþ ñõåìû �îðíåðà. Ïóñòü íàäî ðàçäåëèòü ìíîãî÷ëåí
f(x) = a0x

n + a1x
n−1 + . . .+ an−1x+ aníà (x − c). Íàéäåì êîý��èöèåíòû íåïîëíîãî ÷àñòíîãî q(x).Ìíîãî÷ëåí q(x) èìååò ñòåïåíü n−1, è åãî ìîæíî çàïèñàòü òàê:

q(x) = b0x
n−1 + b1x

n−2 + . . .+ bn−2x+ bn−1.Äëÿ íàõîæäåíèÿ êîý��èöèåíòîâ ìíîãî÷ëåíà q(x) ñîñòàâëÿåòñÿñëåäóþùàÿ òàáëèöà.
a0 a1 . . . ak . . .

c b0 = a0 b1 = a1 + b0c . . . bk = ak + bk−1c . . .

. . . an−1 an

. . . bn−1 = an−1 + bn−2c f(c) = an + bn−1cÄëÿ åå ñîñòàâëåíèÿ íàäî â ïåðâóþ ñòðîêó âûïèñàòü êîý��èöè-åíòû äåëèìîãî f(x), â ïåðâîé êëåòêå âòîðîé ñòðîêè çàïèñûâà-188



9.5. Êîðíè ìíîãî÷ëåíàåòñÿ ýëåìåíò c, à âî âòîðîé êëåòêå � b0 = a0. Îñòàëüíûå êëåòêèâòîðîé ñòðîêè çàïîëíÿþòñÿ ïî ïðèíöèïó
bk = ak + bk−1c

−−−−→ · ñ +


y

bk−1c+ ak = bk

(9.7)Â ïîñëåäíåé êëåòêå âòîðîé ñòðîêè ïîëó÷àåòñÿ îñòàòîê f(c),â îñòàëüíûõ êëåòêàõ � êîý��èöèåíòû ÷àñòíîãî q(x).Ïðèìåð 9.7. Â êîëüöå C[x] ðàçäåëèòü ìíîãî÷ëåí
f(x) = 2x5 + (1 + 2i)x4 + (2 + i)x2 + (1 + 4i)x+ iíà ìíîãî÷ëåí g(x) = x+ i.

� Ïðèìåíèì ñõåìó �îðíåðà.2 1 + 2i 0 2 + i 1 + 4i i
−i 2 1 −i 1 + i 2 + 3i 3 − iÒàê êàê g(x) = x+ i, òî ïåðâûé ýëåìåíò âòîðîé ñòðîêè ðàâåí

(−i). Âî âòîðîé êëåòêå ñòîèò êîý��èöèåíò b0 = a0 = 2, îñòàëü-íûå êëåòêè çàïîëíÿþòñÿ ïî �îðìóëå bk = ak + bk−1c. Îñòàòîê
f(c) = 3 − i, ÷àñòíîå q(x) = 2x4 + x3 − ix2 + (1 + i)x+ 2 + 3i.Î ò â å ò: f(x) = (2x4 + x3 − ix2 +(1 + i)x+ 2 + 3i)g(x)+ 3− i. ⊠Ïðèìåð 9.8. Èñïîëüçóÿ ñõåìó �îðíåðà, âû÷èñëèòå f(−5),åñëè f(x) = 2x5 − 3x3 + 2x2 − 1.

� Òàê êàê ïðè äåëåíèè íà (x + 5) ìíîãî÷ëåí f(x) = (x +
+ 5)q(x) + r, ãäå q(x) � íåïîëíîå ÷àñòíîå, r � îñòàòîê, òî î÷å-âèäíî, ÷òî f(−5) = r. Ñîñòàâèì ñõåìó �îðíåðà äåëåíèÿ f(x) íà
(x+ 5): 2 0 �3 2 0 �1�5 2 �10 47 �233 1165 �5826Î ò â å ò: f(−5) = −5826. ⊠Ïðèìåð 9.9. �àçëîæèòå ìíîãî÷ëåí f(x) = x4 + 2x3 + 3x2 +
+ 5x+ 1 ïî ñòåïåíÿì x− 1.

� �àçäåëèì ïî ñõåìå �îðíåðà íà (x − 1) ïîî÷åðåäíî f(x),ïåðâîå íåïîëíîå ÷àñòíîå, âòîðîå íåïîëíîå ÷àñòíîå è ò. ä. Ïîëó-÷àåìûå ïðè ýòîì îñòàòêè ÿâëÿþòñÿ êîý��èöèåíòàìè èñêîìîãî189



9. ÌÍÎ�Î×ËÅÍÛðàçëîæåíèÿ: 1 2 3 5 11 1 3 6 11 121 1 4 10 211 1 5 151 1 61 1Èñêîìîå ðàçëîæåíèå ìíîãî÷ëåíà f(x) èìååò âèä:
f(x) = (x− 1)4 + 6(x− 1)3 + 15(x− 1)2 + 21(x − 1) + 12. ⊠Ýëåìåíò c ∈ P íàçûâàåòñÿ k-êðàòíûì êîðíåì ìíîãî÷ëåíà

f(x) ∈ P[x] èëè êîðíåì êðàòíîñòè k, åñëè f(x) äåëèòñÿ íà
(x− c)k, íî íå äåëèòñÿ íà (x− c)k+1. Êîðåíü êðàòíîñòè 1 íàçû-âàåòñÿ ïðîñòûì êîðíåì. Ïðè k = 2 ãîâîðÿò î äâîéíîì êîðíå, àïðè k = 3 � î òðîéíîì.Ëåììà 9.15. Ýëåìåíò c ÿâëÿåòñÿ k-êðàòíûì êîðíåìíåíóëåâîãî ìíîãî÷ëåíà f(x) òîãäà è òîëüêî òîãäà, êîãäà

f(x) = (x− c)kq(x) è q(c) 6= 0.Òåîðåìà 9.16. 1. Åñëè c1, c2, . . . , cr � êîðíè êðàòíîñòåé
k1, k2, . . . , kr ìíîãî÷ëåíà f(x), òî
f(x) = (x−c1)k1(x−c2)k2 · · · (x−cr)krq(x), q(ci) 6= 0, i = 1, . . . , r.

2. ×èñëî êîðíåé, ðàññìàòðèâàåìûõ âìåñòå 
 èõ êðàòíî-ñòÿìè, íå ïðåâîñõîäèò ñòåïåíè ìíîãî÷ëåíà.Ïðèìåð 9.10. Íàéäèòå êðàòíîñòü êîðíÿ x = 2 ìíîãî÷ëåíà
f(x) = x5 − 5x4 + 7x3 − 2x2 + 4x− 8 ∈ R[x].

� Äåëèì f(x) íà (x − 2), çàòåì ïîëó÷èâøèåñÿ ÷àñòíîå äå-ëèì íà (x − 2) è ò. ä., ïîêà íå ïîëó÷èòñÿ íåíóëåâîé îñòàòîê.Äåëåíèå óäîáíî ïðîèçâîäèòü ïî ñõåìå �îðíåðà.
1 −5 7 −2 4 −8

2 1 −3 1 0 4 0
2 1 −1 −1 −2 0
2 1 1 1 0
2 1 3 7 6= 0Èòàê, f(x) äåëèòñÿ íà (x− 2)3, íî íå äåëèòñÿ íà (x− 2)4.Î ò â å ò: x = 2 � êîðåíü êðàòíîñòè 3. ⊠Òåîðåìà 9.17. Åñëè c � k-êðàòíûé êîðåíü ìíîãî÷ëåíà

f(x) íàä ïîëåì íóëåâîé õàðàêòåðèñòèêè, òî c � (k−1)-êðàò-190



9.5. Êîðíè ìíîãî÷ëåíàíûé êîðåíü ïðîèçâîäíîé f ′(x). Â ÷àñòíîñòè, c � ïðîñòîé êî-ðåíü ìíîãî÷ëåíà f(x), åñëè f(c) = 0 è f ′(c) 6= 0.Ïðèìåð 9.11. Îïðåäåëèòå a è b òàê, ÷òîáû ìíîãî÷ëåí
f(x) = ax4 + bx3 + 1 èìåë x = 1 êîðíåì êðàòíîñòè > 2.

� ×èñëî 1 áóäåò êîðíåì ìíîãî÷ëåíà f(x) íå íèæå âòîðîéêðàòíîñòè, åñëè çíà÷åíèÿ ìíîãî÷ëåíà f(x) è åãî ïðîèçâîäíîé
f ′(x) = 4ax3 + 3bx2 ïðè x = 1 ðàâíû íóëþ. Ïðèðàâíèâàÿ f(1)è f ′(1) ê íóëþ, ïðèõîäèì ê ñèñòåìå óðàâíåíèé:

{

a+ b = −1

4a+ 3b = 0.�åøàÿ ýòó ñèñòåìó, ïîëó÷àåì èñêîìûå çíà÷åíèÿ a è b.Î ò â å ò: a = 3, b = −4. ⊠Ïðèìåð 9.12. Îïðåäåëèòå êîý��èöèåíòû a è b ìíîãî÷ëåíà
f(x) = (a − 2)x4 + 2(b + 1)x3 − 3x + 1 òàê, ÷òîáû x = −2 ñòàëäâóêðàòíûì êîðíåì ìíîãî÷ëåíà f(x).

� Ïîñêîëüêó x = −2 äâóêðàòíûé êîðåíü ìíîãî÷ëåíà f(x),òî äîëæíû âûïîëíÿòüñÿ óñëîâèÿ: f(−2) = 0, f ′(−2) = 0. Òàêêàê f ′(x) = 4(a− 2)x3 + 6(b+ 1)x2 − 3, òî
{

(a− 2)16 − 16(b + 1) + 6 + 1 = 0
4(a− 2)(−8) + 6(b+ 1)4 − 3 = 0,

{
16a− 16b = 41
−32a+ 24b = −85.Óìíîæàÿ ïåðâîå óðàâíåíèå íà 2 è ñêëàäûâàÿ åãî ñî âòîðûì,ïîëó÷èì:

{
16a− 16b = 41
−8b = −3,

b =
3

8
, a =

47

16
.Î ò â å ò: a = 47/16, b = 3/8. ⊠Ïóñòü f(x) = xn + a1x

n−1 + a2x
n−2 + . . .+ an−2x

2 + an−1x+
+ an � ìíîãî÷ëåí ñòåïåíè n ñî ñòàðøèì êîý��èöèåíòîì, ðàâ-íûì 1. Äîïóñòèì, ÷òî ýòîò ìíîãî÷ëåí èìååò n êîðíåé c1, c2, . . .
. . . , cn. Òîãäà ïî òåîðåìå 9.16

f(x) = (x− c1)(x− c2) . . . (x− cn).Ïåðåìíîæàÿ ëèíåéíûå ìíîæèòåëè â ïðàâîé ÷àñòè è ïðèâîäÿïîäîáíûå ÷ëåíû, à çàòåì ïðèðàâíèâàÿ êîý��èöèåíòû ïðè îäè-íàêîâûõ ñòåïåíÿõ x, ïîëó÷àåì ñëåäóþùèå ðàâåíñòâà, íàçûâàå-191



9. ÌÍÎ�Î×ËÅÍÛìûå �îðìóëàìè Âèåòà:






a1 = −(c1 + c2 + . . .+ cn)

a2 = c1c2 + c1c3 + . . .+ c1cn + c2c3 + . . .+

+c2cn + . . . + cn−1cn =
∑

1≤i1<i2≤n ci1ci2
. . .

ak = (−1)k
∑

1≤i1<i2<...<ik≤n ci1ci2 · · · cik
. . .

an = (−1)nc1c2 · · · cn. (9.8)
Åñëè ìíîãî÷ëåí f(x) íå ÿâëÿåòñÿ óíèòàðíûì, òî åñòü åãîñòàðøèé êîý��èöèåíò a0 6= 1, òî â ðàâåíñòâàõ ñèñòåìû (9.8)÷èñëî ai íàäî çàìåíèòü íà ÷èñëî ai/a0, i = 1, 2, . . . , n.Äëÿ n = 2 è P = R ýòè �îðìóëû èçâåñòíû èç øêîëüíîãîêóðñà ìàòåìàòèêè. Ïîâòîðèì âûâîä ýòèõ �îðìóë äëÿ ìíîãî-÷ëåíà òðåòüåé ñòåïåíè:
f(x) = x3 + a1x

2 + a2x+ a3 = (x− c1)(x− c2)(x− c3) =

= x3 + x2(−c3 − c2 − c1) + x(c1c2 + c1c3 + c2c3) − c1c2c3.Ïðèðàâíèâàÿ êîý��èöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x, ïî-ëó÷àåì:
a1 = −(c1 + c2 + c3), a2 = c1c2 + c1c3 + c2c3, a3 = −c1c2c3. (9.9)Ïðèìåð 9.13. Íàéäèòå ìíîãî÷ëåí íàä ïîëåì R òðåòüåé ñòå-ïåíè, èìåþùèé äâóêðàòíûì êîðíåì ÷èñëî 3 è ïðîñòûì êîðíåì÷èñëî (−2).
� Ìíîãî÷ëåí f(x) = x3 +a1x

2 +a2x+a3 èìååò êîðíè: c1 =
= 3, c2 = 3, c3 = −2. Ïî �îðìóëàì (9.9) ïîëó÷àåì:

a1 = −(3 + 3 − 2) = −4, a2 = 9 − 6 − 6 = −3, a3 = 18.Î ò â å ò: f(x) = x3 − 4x2 − 3x+ 18. ⊠9.6. Ìíîãî÷ëåíû íàä C è RÑëåäóþùóþ òåîðåìó íàçûâàþò îñíîâíîé òåîðåìîé àëãåáðûêîìïëåêñíûõ ÷èñåë.Òåîðåìà 9.18. Âñÿêèé ìíîãî÷ëåí ñòåïåíè n > 1 íàä ïîëåì
C èìååò òî÷íî n êîðíåé.192



9.6. Ìíîãî÷ëåíû íàä C è RÒåîðåìà 9.19. Íåïðèâîäèìûìè íàä ïîëåì êîìïëåêñíûõ÷èñåë ÿâëÿþòñÿ òîëüêî ìíîãî÷ëåíû ïåðâîé ñòåïåíè.Èòàê, íàä ïîëåì êîìïëåêñíûõ ÷èñåë êàæäûé ìíîãî÷ëåí ñòå-ïåíè n > 1 ðàçëîæèì â ïðîèçâåäåíèå ìíîãî÷ëåíîâ ïåðâîé ñòå-ïåíè. Åñëè f(x) ∈ C[x] è degf(x) = n, òî
f(x) = a0(x− c1)(x− c2) · · · (x− cn),ãäå a0 ∈ C∗, ci ∈ C, i = 1, 2, . . . , n.Ïðèìåð 9.14. �àçëîæèòå íàä ïîëåì C íà íåïðèâîäèìûåìíîæèòåëè ìíîãî÷ëåí f(x) = x4 + x3 − x− 1.

� Ñãðóïïèðóåì ñëàãàåìûå ñëåäóþùèì îáðàçîì:
x4 + x3 − x− 1 = x3(x+ 1) − (x+ 1) = (x+ 1)(x3 − 1) =

= (x+ 1)(x − 1)(x2 + x+ 1).�åøèì óðàâíåíèå x2 + x+ 1 = 0.
x1,2 = −1

2
±
√

1

4
− 1 = −1

2
± i

√
3

2
.Î ò â å ò: x4+x3−x−1 = (x+1)(x−1)(x+1/2−i(

√
3/2))(x+

+ 1/2 + i(
√

3/2)). ⊠Ïðîèçâîëüíîå ïîëå P íàçûâàåòñÿ àëãåáðàè÷åñêè çàìêíóòûìïîëåì, åñëè êàæäûé ìíîãî÷ëåí ñòåïåíè n > 1 íàä ïîëåì Pèìååò õîòÿ áû îäèí êîðåíü. Â ýòîì ñëó÷àå êàæäûé íåíóëåâîéìíîãî÷ëåí íàä àëãåáðàè÷åñêè çàìêíóòûì ïîëåì áóäåò èìåòüðîâíî ñòîëüêî êîðíåé, êàêîâà åãî ñòåïåíü. Òåïåðü óòâåðæäåíèåòåîðåìû 9.18 ìîæíî ñ�îðìóëèðîâàòü òàê: ïîëå êîìïëåêñíûõ÷èñåë àëãåáðàè÷åñêè çàìêíóòî.Ïîëå R äåéñòâèòåëüíûõ ÷èñåë íå ÿâëÿåòñÿ àëãåáðàè÷åñêèçàìêíóòûì. Ìíîãî÷ëåí x2+1 íå èìååò äåéñòâèòåëüíûõ êîðíåé.Îäíàêî R ñîäåðæèòñÿ â ïîëå êîìïëåêñíûõ ÷èñåë. Ïîýòîìó âñÿ-êèé íåíóëåâîé ìíîãî÷ëåí ñ äåéñòâèòåëüíûìè êîý��èöèåíòàìèèìååò ñòîëüêî êîìïëåêñíûõ êîðíåé, êàêîâà åãî ñòåïåíü.Òåîðåìà 9.20. 1. Åñëè z = a + bi � êîðåíü ìíîãî÷ëåíà
f(x) ∈ R[x], òî ñîïðÿæåííîå ÷èñëî z̄ = a−bi òàêæå ÿâëÿåòñÿêîðíåì ìíîãî÷ëåíà f(x).

2. Ìíîãî÷ëåí íå÷åòíîé ñòåïåíè íàä ïîëåì R èìååò äåé-ñòâèòåëüíûé êîðåíü.Òåîðåìà 9.21. Íåïðèâîäèìûìè íàä ïîëåì äåéñòâèòåëü-íûõ ÷èñåë ÿâëÿþòñÿ ìíîãî÷ëåíû ïåðâîé ñòåïåíè è ìíîãî÷ëå-193



9. ÌÍÎ�Î×ËÅÍÛíû âòîðîé ñòåïåíè ñ îòðèöàòåëüíûì äèñêðèìèíàíòîì.Òåîðåìà 9.22. Êàæäûé ìíîãî÷ëåí ñòåïåíè n ≥ 1 ñ äåé-ñòâèòåëüíûìè êîý��èöèåíòàìè ðàçëàãàåòñÿ íàä R â ïðîèç-âåäåíèå m ìíîãî÷ëåíîâ ïåðâîé ñòåïåíè, ñîîòâåòñòâóþùèõäåéñòâèòåëüíûì êîðíÿì, è (n − m)/2 íåïðèâîäèìûõ íàä Rìíîãî÷ëåíîâ âòîðîé ñòåïåíè, ñîîòâåòñòâóþùèõ ïàðàì êîì-ïëåêñíûõ ñîïðÿæåííûõ êîðíåé.Ïðèìåð 9.15. �àçëîæèòå íàä ïîëåì R íà íåïðèâîäèìûåìíîæèòåëè ìíîãî÷ëåí x4 + x3 − 8x− 8.
� �ðóïïèðóÿ ñëàãàåìûå, ïîëó÷àåì:
x4 + x3 − 8x− 8 = x3(x+ 1) − 8(x+ 1) = (x+ 1)(x3 − 8) =

= (x+ 1)(x− 2)(x2 + 2x+ 4).Ìíîãî÷ëåí x2+2x+4 èìååò îòðèöàòåëüíûé äèñêðèìèíàíò D =
= 4 − 16 = −12, ïîýòîìó íåïðèâîäèì íàä R.Î ò â å ò: x4 + x3 − 8x− 8 = (x+ 1)(x− 2)(x2 + 2x+ 4). ⊠Ïðèìåð 9.16. �àçëîæèòå íàä ïîëÿìè C è R íà íåïðèâîäè-ìûå ìíîæèòåëè ìíîãî÷ëåí f(x) = x4 + 4.

� Âíà÷àëå íàä ïîëåì êîìïëåêñíûõ ÷èñåë íàéäåì êîðíèìíîãî÷ëåíà x4 + 4:
xk = 4

√
−4 = 4

√

4(
osπ + isinπ) =

=
√

2(
osπ + 2kπ

4
+ isinπ + 2πk

4
), k = 0, 1, 2, 3.

x0 =
√

2(
osπ
4

+ isinπ
4
) =

√
2(

√
2

2
+ i

√
2

2
) = 1 + i,

x1 =
√

2(
os3π
4

+ isin3π

4
) =

√
2(
os(π − π

4
) + isin(π − π

4
)) =

=
√

2(−
osπ
4

+ isinπ
4
) = −1 + i,

x2 =
√

2(
os5π
4

+ isin5π

4
) =

√
2(
os(π +

π

4
) + isin(π +

π

4
)) =

=
√

2(−
osπ
4
− isinπ

4
) = −1 − i,

x3 =
√

2(
os7π
4

+ isin7π

4
) =

√
2(
os(2π − π

4
) + isin(2π − π

4
)) =194



9.6. Ìíîãî÷ëåíû íàä C è R

=
√

2(
osπ
4
− isinπ

4
) = 1 − i.Ïîëó÷àåì ðàçëîæåíèå:

f(x) = (x− (1 + i))(x− (−1 + i))(x− (−1 − i))(x− (1 − i)) =

= (x− 1 − i)(x+ 1 − i)(x+ 1 + i)(x− 1 + i).Ïåðåìíîæèì ñêîáêè, îòâå÷àþùèå ñîïðÿæåííûì êîðíÿì:
(x− 1 − i)(x− 1 + i) = (x− 1)2 − i2 = x2 − 2x+ 2,

(x+ 1 − i)(x+ 1 + i) = (x+ 1)2 − i2 = x2 + 2x+ 2.Íàä ïîëåì R ïîëó÷àåì ðàçëîæåíèå: f(x) = (x2 − 2x + 2)(x2 +
+ 2x+ 2).Î ò â å ò: f(x) = (x− 1 − i)(x + 1 − i)(x + 1 + i)(x − 1 + i)íàä ïîëåì C; f(x) = (x2 − 2x+ 2)(x2 + 2x+ 2) íàä ïîëåì R. ⊠Òåîðåìà 9.23. Äëÿ ìíîãî÷ëåíà

f(x) = anx
n + an−1x

n−1 + ...+ a1x+ a0ñ öåëûìè êîý��èöèåíòàìè an 6= 0, an−1, . . . , a1, a0 6= 0 ðàöèî-íàëüíîå ÷èñëî p/q ÿâëÿåòñÿ êîðíåì òîãäà è òîëüêî òîãäà,êîãäà p äåëèò a0, à q äåëèò an.Ïðèìåð 9.17. Íàéäèòå âñå êîðíè ìíîãî÷ëåíà f(x) = 16x4+
+ 8x3 − 7x2 + 2x+ 1.

� Âîñïîëüçóåìñÿ òåîðåìîé 9.23. Ñîñòàâèì ìíîæåñòâî âîç-ìîæíûõ ðàöèîíàëüíûõ êîðíåé p/q ìíîãî÷ëåíà f(x).
p ∈ {±1}, q ∈ {1, 2, 4, 8, 16},

p

q
∈
{

±1, ±1

2
, ±1

4
, ±1

8
, ± 1

16

}

.Äëÿ íàõîæäåíèÿ êîðíåé èñïîëüçóåì ñõåìó �îðíåðà:16 8 �7 2 11 16 24 17 19 20 6= 0�1 16 �8 1 1 0�1 16 �24 25 −24 6= 01/2 16 0 1 (3/2) 6= 0

−(1/2) 16 �16 9 −(7/2) 6= 01/4 16 �4 0 1 6= 0

−(1/4) 16 �12 4 0 195



9. ÌÍÎ�Î×ËÅÍÛÈòàê, íàéäåíû êîðíè x1 = −1, x2 = −(1/4). Ïî òåîðåìå Áåçó
f(x) = 4(x+ 1)(x+

1

4
)(4x2 − 3x+ 1).Íàõîäèì îñòàëüíûå êîðíè, ðåøàÿ óðàâíåíèå 4x2 − 3x+ 1 = 0:

x3 =
3 − i

√
7

8
, x4 =

3 + i
√

7

8
.Î ò â å ò: x1 = −1, x2 = −(1/4), x3 = (3 − i
√

7)/8,
x4 = (3 + i

√
7)/8. ⊠Ïðèìåð 9.18. Íàéäèòå âñå êîðíè ìíîãî÷ëåíà

f(x) = 3x4 − 5x3 + 3x2 + 4x− 2,åñëè èçâåñòåí îäèí èç êîðíåé x1 = 1 + i.
� Òàê êàê êîý��èöèåíòû ìíîãî÷ëåíà f(x) ÿâëÿþòñÿ äåé-ñòâèòåëüíûìè ÷èñëàìè, òî âòîðûì êîðíåì ìíîãî÷ëåíà f(x) áó-äåò ÷èñëî, ñîïðÿæåííîå x1, òî åñòü x2 = 1− i. Ïî òåîðåìå Áåçóìíîãî÷ëåí f(x) äåëèòñÿ íà (x − x1) è íà (x − x2), òî åñòü íàìíîãî÷ëåí

(x− x1)(x− x2) = (x− 1 − i)(x− 1 + i) =

= (x− 1)2 − i2 = x2 − 2x+ 1 + 1 = x2 − 2x+ 2._ 3x4 − 5x3 + 3x2 + 4x− 2 x2 − 2x+ 2

3x4 − 6x3 + 6x2 3x2 + x− 1_ x3 − 3x2 + 4x− 2

x3 − 2x2 + 2x_−x2 + 2x− 2

−x2 + 2x− 2

0.�åøàÿ óðàâíåíèå 3x2 + x− 1 = 0, íàõîäèì îñòàëüíûå êîðíè:
x3 =

−1 −
√

13

6
, x4 =

−1 +
√

13

6
.Î ò â å ò: x1 = 1 + i, x2 = 1 − i, x3 = (−1 −

√
13)/6,

x4 = (−1 +
√

13)/6. ⊠196



9.6. Ìíîãî÷ëåíû íàä C è RÏðèìåð 9.19. �àçëîæèòå íà íåïðèâîäèìûå ìíîæèòåëè íàäïîëÿìè R è C ìíîãî÷ëåíû f(x) = x4−3x3+2x2+2x−4 è g(x) =
= x4 + 3x2 + 9.

� Íàéäåì âñå êîðíè ìíîãî÷ëåíà f(x):
x1 = −1, x2 = 2, x3 = 1 + i, x4 = 1 − i.Òàê êàê íåïðèâîäèìûìè íàä ïîëåì C ÿâëÿþòñÿ òîëüêî ìíî-ãî÷ëåíû ïåðâîé ñòåïåíè, òî èñêîìîå ðàçëîæåíèå íàä C èìååòâèä: f(x) = (x+ 1)(x− 2)(x− 1 − i)(x− 1 + i).Íåïðèâîäèìûå ìíîãî÷ëåíû íàä ïîëåì R äîëæíû èìåòü äåé-ñòâèòåëüíûå êîý��èöèåíòû. Ïîýòîìó (x+1) è (x−2) � íåïðè-âîäèìûå ìíîæèòåëè f(x) íàä ïîëåì R. Ïåðåìíîæèì

(x− 1 − i)(x− 1 + i) = (x− 1)2 − i2 = x2 − 2x+ 2.Òîãäà f(x) = (x + 1)(x − 2)(x2 − 2x + 2). Ïîñêîëüêó íåïðèâî-äèìûìè íàä ïîëåì R ÿâëÿþòñÿ ìíîãî÷ëåíû ïåðâîé ñòåïåíè èâòîðîé ñòåïåíè ñ îòðèöàòåëüíûì äèñêðèìèíàíòîì, òî ïîëó÷åí-íîå ðàçëîæåíèå è áóäåò èñêîìûì íàä ïîëåì R.Ïðåîáðàçóåì ìíîãî÷ëåí g(x):
g(x) = x4 + 3x2 + 9 = x4 + 6x2 + 9 − 3x2 =

= (x2 + 3)2 − (
√

3x)2 = (x2 −
√

3x+ 3)(x2 +
√

3x+ 3).Òàê êàê äèñêðèìèíàíòû ïîëó÷åííûõ êâàäðàòíûõ òðåõ÷ëå-íîâ îòðèöàòåëüíû, òî g(x) = (x2 −
√

3x + 3)(x2 +
√

3x + 3) �èñêîìîå ðàçëîæåíèå íàä ïîëåì R.�àçëîæèì êàæäûé èç êâàäðàòíûõ òðåõ÷ëåíîâ íà íåïðèâî-äèìûå ìíîæèòåëè íàä ïîëåì C:
x2 −

√
3x+ 3 =

(

x−
√

3 − 3i

2

)(

x−
√

3 + 3i

2

)

,

x2 +
√

3x+ 3 =
(

x− −
√

3 − 3i

2

)(

x− −
√

3 + 3i

2

)

.Òîãäà ðàçëîæåíèå íà íåïðèâîäèìûå ìíîæèòåëè íàä ïîëåì Cèìååò âèä:
g(x) =

(

x−
√

3 − 3i

2

)(

x−
√

3 + 3i

2

)(

x+

√
3 + 3i

2

)(

x+

√
3 − 3i

2

)

.Î ò â å ò: ðàçëîæåíèå ìíîãî÷ëåíîâ f(x) è g(x) íà íåïðèâî-äèìûå ìíîæèòåëè íàä ïîëåì R:
f(x) = (x+ 1)(x− 2)(x2 − 2x+ 2), 197
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g(x) = (x2 −

√
3x+ 3)(x2 +

√
3x+ 3).�àçëîæåíèå ìíîãî÷ëåíîâ f(x) è g(x) íà íåïðèâîäèìûå ìíî-æèòåëè íàä ïîëåì C:

f(x) = (x+ 1)(x− 2)(x− 1 − i)(x− 1 + i),

g(x) = (x−
√

3 − 3i

2
)(x−

√
3 − 3i

2
)(x+

√
3 + 3i

2
)(x+

√
3 − 3i

2
).

⊠9.7. Èíäèâèäóàëüíûå çàäàíèÿ1. Â êîëüöå Z4[x] íàéäèòå íåïîëíîå ÷àñòíîå è îñòàòîê ïðèäåëåíèè f(x) íà g(x).
1. 1. f(x) = 2x4 + 1x3 + 3x+ 2, g(x) = 1x2 + 1x+ 1.
1. 2. f(x) = 1x4 + 1x3 + 3x+ 3, g(x) = 1x2 + 2x+ 1.
1. 3. f(x) = 1x4 + 2x2 + 1x+ 3, g(x) = 1x2 + 2x+ 2.
1. 4. f(x) = 3x4 + 1x3 + 3x2 + 2, g(x) = 1x2 + 3x+ 2.
1. 5. f(x) = 2x4 + 1x2 + 3x+ 3, g(x) = 1x3 + 2x+ 1.
1. 6. f(x) = 2x4 + 1x2 + 2x+ 3, g(x) = 1x2 + 2.
1. 7. f(x) = 1x4 + 2x+ 1, g(x) = 1x3 + 1.
1. 8. f(x) = 2x5 + 1x3 + 1x+ 1, g(x) = 1x3 + 1x+ 1.
1. 9. f(x) = 1x5 + 2x3 + 3x2 + 1, g(x) = 1x3 + 2x2 + 3.
1. 10. f(x) = 2x5 + 3x3 + 2x2 + 3x, g(x) = 1x3 + 2x+ 1.
1. 11. f(x) = 2x4 + 3x2 + 2x+ 3, g(x) = 1x3 + 1x+ 2.
1. 12. f(x) = 3x4 + 2x3 + 1x+ 3, g(x) = 1x2 + 3x+ 3.
1. 13. f(x) = 2x4 + 1x2 + 2x+ 3, g(x) = 1x3 + 3x2 + 3.
1. 14. f(x) = 1x5 + 1x3 + 3x+ 2, g(x) = 1x3 + 1x.
1. 15. f(x) = 1x5 + 2x4 + 1x3 + 2, g(x) = 1x3 + 3.2. Èñïîëüçóÿ àëãîðèòì Åâêëèäà, íàéäèòå ÍÎÄ(f(x), g(x))è âûðàçèòå åãî ÷åðåç èñõîäíûå ìíîãî÷ëåíû.
2. 1. f(x) = x4 + 2x3 − x2 − 4x− 2,

g(x) = x4 + x3 − x2 − 2x− 2.
2. 2. f(x) = x5 + 3x4 + x3 + x2 + 3x+ 1,

g(x) = x4 + 2x3 + x+ 2.
2. 3. f(x) = x6 − 4x5 + 11x4 − 27x3 + 37x2 − 35x+ 35,

g(x) = x5 − 3x4 + 7x3 − 20x2 + 10x− 25.198
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2. 4. f(x) = 3x5 + 5x4 − 16x3 − 6x2 − 5x− 6,

g(x) = 3x4 − 4x3 − x2 − x− 2.
2. 5. f(x) = 3x3 − 2x2 + x+ 2,

g(x) = x2 − x+ 1.
2. 6. f(x) = x4 − x3 − 4x2 + 4x+ 1,

g(x) = x2 − x− 1.
2. 7. f(x) = 4x4 − 2x3 − 16x2 + 5x+ 9,

g(x) = 2x3 − x2 − 5x+ 4.
2. 8. f(x) = x5 − 5x4 − 2x3 + 12x2 − 2x+ 12,

g(x) = x3 − 5x2 − 3x+ 17.
2. 9. f(x) = 3x4 − 5x3 + 4x2 − 2x+ 1,

g(x) = 3x3 − 2x2 + x− 1.
2. 10. f(x) = 2x4 + 3x3 − 3x2 − 5x+ 2,

g(x) = 2x3 + x2 − x− 1.
2. 11. f(x) = x6 − x4 + 4x3 − 3x+ 2,

g(x) = x3 + 2.
2. 12. f(x) = x5 − x4 + x3 − x2 + 2x− 2,

g(x) = x5 − 1.
2. 13. f(x) = x5 + 6x4 − 3x3 − 11x2 + 7,

g(x) = x4 − 2x2 + 1.
2. 14. f(x) = x5 − x4 + x3 − 2x+ 1,

g(x) = x4 − 1.
2. 15. f(x) = x5 + 5x4 + 9x3 + 7x2 + 5x+ 3,

g(x) = x4 + 2x3 + 2x2 + x+ 1.3. Èñïîëüçóÿ ñõåìó �îðíåðà, âû÷èñëèòå f(x0).
3. 1. f(x) = x4 − 2x3 + 4x2 − 6x+ 8, x0 = 1 + i.
3. 2. f(x) = 2x5 − 5x3 − 8x, x0 = −3 + i.
3. 3. f(x) = 4x3 + x2, x0 = −1 − i.
3. 4. f(x) = x3 − x2 − x, x0 = 1 − 2i.
3. 5. f(x) = x4 − 3x3 + 6x2 − 10x + 16, x0 = i.
3. 6. f(x) = 5x4 − 7x3 + 8x2 − 3x+ 7, x0 = 3i.
3. 7. f(x) = x5 + (1 + 2i)x4 − (1 + 3i)x2 + 7, x0 = −2 − i.
3. 8. f(x) = x5 + (1 − 2i)x4 − (3 + i)x2 + 7, x0 = −1 + 2i.
3. 9. f(x) = x4 + 2ix3 − (1 + i)x2 − 3x+ 7 + i, x0 = −i.
3. 10. f(x) = x4 − 3ix3 − 4x2 + 5ix− 1, x0 = 1 + 2i.
3. 11. f(x) = 2x5 + 4x3 − 5x+ 2, x0 = 2i. 199
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3. 12. f(x) = 4x5 − 3x4 + 2x2 − 5x, x0 = 2 + i.
3. 13. f(x) = 3x4 − ix3 + (1 − 2i)x2 + 2x− 1, x0 = 3i.
3. 14. f(x) = 5x4 + 2ix3 + 5x− i, x0 = 1 + i.
3. 15. f(x) = 3x4 − x3 + 2x2 − 4x+ 1, x0 = i.4. Èñïîëüçóÿ ñõåìó �îðíåðà, ðàçëîæèòå ìíîãî÷ëåí f(x) èççàäàíèÿ 2 ïî ñòåïåíÿì (x+ 1).5. Îïðåäåëèòå êîý��èöèåíòû a, b, c òàê, ÷òîáû ìíîãî÷ëåí

f(x) èìåë x = 1 êîðíåì êðàòíîñòè òðè.
5. 1. f(x) = ax4 + bx3 + cx2 − 2x+ 1.
5. 2. f(x) = ax3 + bx2 − 2cx+ 2.
5. 3. f(x) = 2ax3 − bx2 + cx− 1.
5. 4. f(x) = x4 − ax3 + 2bx+ c.
5. 5. f(x) = −ax4 + 2bx3 − cx2 + 2x.
5. 6. f(x) = ax4 + 2bx3 + 3cx− 3.
5. 7. f(x) = 2ax3 − bx2 + cx− 4.
5. 8. f(x) = −2ax4 + 3bx2 − 2cx+ 3.
5. 9. f(x) = ax4 − 2bx2 + cx− 2.
5. 10. f(x) = ax3 − 3bx2 + 2cx− 4.
5. 11. f(x) = 3ax3 + 2bx2 − 4cx− 1.
5. 12. f(x) = −2ax4 + bx3 − 2cx− 6.
5. 13. f(x) = ax4 − 4bx2 + cx− 2.
5. 14. f(x) = 4ax3 − 2bx2 + 3cx− 4.
5. 15. f(x) = −2ax3 + 2bx2 − 6cx+ 1.6. Íàéäèòå âñå êîðíè ìíîãî÷ëåíà f(x) â ïîëå C.
6. 1. f(x) = x4 − 3x3 + 2x2 − 9x+ 9.
6. 2. f(x) = x4 − 6x3 + 4x2 + 15x− 50.
6. 3. f(x) = x4 + 3x3 − 2x2 − 10x− 12.
6. 4. f(x) = x4 + 6x3 + 8x2 − 3x− 12.
6. 5. f(x) = x4 + x3 − 4x2 − 16x − 24.
6. 6. f(x) = 2x4 + 7x3 + 2x2 − 5x− 6.
6. 7. f(x) = 3x4 − 17x3 + 19x2 + 2x+ 8.
6. 8. f(x) = x4 + 6x3 + 14x2 + 14x+ 5.
6. 9. f(x) = −2x4 + x3 − x+ 2.
6. 10. f(x) = −x4 + 8x3 − 19x2 + 22x− 10.
6. 11. f(x) = −3x4 + 5x3 + 33x2 − 23x+ 12.
6. 12. f(x) = 2x4 − 3x3 − 8x2 + 3x− 18.
6. 13. f(x) = 2x4 − 13x3 + 28x2 − 37x+ 20.200
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6. 14. f(x) = −3x4 + 5x3 + 8x2 − 20x+ 16.
6. 15. f(x) = −x4 + 5x3 − 4x2 + 15x+ 25.7. Íàéäèòå âñå êîðíè ìíîãî÷ëåíà f(x) â ïîëå C, åñëè èçâå-ñòåí îäèí èç êîðíåé x1.
7. 1. f(x) = x4 − 6x3 + 14x2 − 6x+ 13, x1 = 3 − 2i.
7. 2. f(x) = x4 − 8x3 + 29x2 − 50x+ 52, x1 = 1 + i

√
3.

7. 3. f(x) = x4 − 4x3 + 6x2 − 4x+ 65, x1 = 3 + 2i.
7. 4. f(x) = x4 − 2x3 + 6x2 − 2x+ 5, x1 = i.
7. 5. f(x) = x4 + 2x3 + 9x2 + 8x+ 20, x1 = −2i.
7. 6. f(x) = x4 + 4x3 + 12x2 + 16x+ 32, x1 = 2i.
7. 7. f(x) = x4 − 6x3 + 23x2 − 50x+ 50, x1 = 2 − i.
7. 8. f(x) = x4 − 2x3 + 3x2 − 2x+ 2, x1 = 1 + i.
7. 9. f(x) = x4 + 2x3 + 7x2 + 30x + 50, x1 = 1 + 3i.
7. 10. f(x) = x4 + 4x3 + 9x2 + 16x+ 20, x1 = −2 + i.
7. 11. f(x) = x4 − 2x3 − x2 + 2x+ 10, x1 = −1 + i.
7. 12. f(x) = x4 + 4x3 + 17x2 + 16x+ 52, x1 = −2 + 3i.
7. 13. f(x) = x4 + 11x2 + 10x+ 50, x1 = −1 + 2i.
7. 14. f(x) = x4 + 2x3 + 10x2 − 6x+ 65, x1 = −2 + 3i.
7. 15. f(x) = x4 − 4x3 + 6x2 − 4x+ 5, x1 = 2 − i.8. �àçëîæèòå ìíîãî÷ëåíû f(x) è g(x) íà íåïðèâîäèìûå ìíî-æèòåëè íàä ïîëÿìè R è C.
8. 1. f(x) = x4 − x3 − x2 − x− 2, g(x) = x6 + 27.
8. 2. f(x) = x4 + 2x3 + x2 + 8x− 12, g(x) = x4 + 16.
8. 3. f(x) = x4 − 4x3 + 7x2 − 6x+ 2, g(x) = x4 + 81.
8. 4. f(x) = x5 + 2x4 + x3 + x2 + 2x+ 1,

g(x) = x4 − 2x2 + 16.
8. 5. f(x) = x5 + 2x4 + x3 − x2 − 2x− 1, g(x) = 16x4 + 1.
8. 6. f(x) = x5 + 4x4 + 4x3 − x2 − 4x− 4,

g(x) = x6 − 27.
8. 7. f(x) = x5 − 6x4 + 9x3 − x2 + 6x− 9,

g(x) = x4 − 2x2 + 4.
8. 8. f(x) = x4 − 5x3 + 15x2 − 45x+ 54, g(x) = x6 − 1.
8. 9. f(x) = x4 − 7x3 + 19x2 − 23x+ 10,

g(x) = x4 + 4x2 + 9. 201
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8. 10. f(x) = x5 + 5x4 − 6x3 − x2 − 5x+ 6,

g(x) = 81x4 + 1.
8. 11. f(x) = x4 + 2x3 − 2x2 − 6x+ 5, g(x) = x4 − x2 + 1.
8. 12. f(x) = x4 + x3 − 4x2 + 4x+ 16,

g(x) = 16x4 + 4x2 + 1.
8. 13. f(x) = x5 − x3 − x2 + 1, g(x) = x4 + 1.
8. 14. f(x) = x5 + x4 + 5x3 + 5x2 − 6x− 6,

g(x) = x4 − x2 + 9.
8. 15. f(x) = x4 − 6x3 + 10x2 − 6x+ 9, g(x) = x8 − 1.9.8. Äîïîëíèòåëüíûå çàäà÷è1. Íàéäèòå âñå òàêèå çíà÷åíèÿ a è p, ÷òîáû ìíîãî÷ëåí

f(x) = x3 + 2x2 + ax − 3 äåëèëñÿ íà ìíîãî÷ëåí ϕ(x) = x2 +
+ 3x+ p.2. Ñ ïîìîùüþ ïðîèçâîäíîé îïðåäåëèòå êðàòíûå ìíîæèòåëèìíîãî÷ëåíà f(x) = x6 + 6x5 + 9x4 + 12x3 − 48x2 + 48x− 16.3. Ïðè êàêîì óñëîâèè ìíîãî÷ëåí x4 + px2 + q äåëèòñÿ íàìíîãî÷ëåí x2 +mx+ 1?4. Äîêàæèòå, ÷òî

(1x− 1)(1x− 2) . . . (1x− p− 1) = 1xp−1 − 1â êîëüöå Zp[x] äëÿ ëþáîãî ïðîñòîãî ÷èñëà p.5. Íàéäèòå ìíîãî÷ëåí f(x) èç óñëîâèÿ
xf(x− 1) = (x− 5)f(x).6. Äîêàæèòå, ÷òî ìíîãî÷ëåí x4 − 2x+ 3 íåïðèâîäèì íàä Q.7. Äîêàæèòå, ÷òî ëþáîé ìíîãî÷ëåí f(x) ∈ R[x], degf(x) > 3,ïðèâîäèì íàä ïîëåì R.8. Ïóñòü f(x) = x(x − 1)(x − 2) . . . (x − n) ∈ Q[x]. Ñêîëüêîêîðíåé ó ìíîãî÷ëåíà f ′(x)?9. Äîêàæèòå, ÷òî ìíîãî÷ëåí f(x) = x3 − 2x + a ∈ R[x] ïðèëþáîì a ∈ R èìååò íà èíòåðâàëå (1;∞) íå áîëüøå îäíîãî êîðíÿ.10. Äîêàæèòå, ÷òî ìíîãî÷ëåí f(x) = 1x2+1x+1 íåïðèâîäèìíàä ïîëåì Z2, íî ïðèâîäèì íàä ïîëåì Z3.11. Óêàæèòå ÷èñëî ðàçëè÷íûõ ìíîãî÷ëåíîâ ñòåïåíè n > 0â êîëüöå Z2[x].202



9.8. Äîïîëíèòåëüíûå çàäà÷è12. Ïåðå÷èñëèòå âñå ìíîãî÷ëåíû ñòåïåíè 2 èç êîëüöà Z2[x].Óêàæèòå íåïðèâîäèìûå íàä ïîëåì Z2.13. Ïåðå÷èñëèòå âñå ìíîãî÷ëåíû ñòåïåíè 2 èç êîëüöà Z3[x].Óêàæèòå íåïðèâîäèìûå íàä ïîëåì Z3.14. Ïåðå÷èñëèòå âñå íåïðèâîäèìûå ìíîãî÷ëåíû ñòåïåíè 3èç êîëüöà Z2[x].15. Óêàæèòå ÷èñëî ðàçëè÷íûõ ìíîãî÷ëåíîâ ñòåïåíè n > 0â êîëüöå Zp[x], ãäå p � ïðîñòîå ÷èñëî.16. Íàéäèòå òàêèå çíà÷åíèÿ a è b èç ïîëÿ R, ÷òîáû ìíîãî-÷ëåí f(x) = axn+1 + bxn + 1 äåëèëñÿ íà (x− 1)2.17. Äîêàæèòå, ÷òî ïðè n ≥ 2 äëÿ ìíîãî÷ëåíà f(x) = x2n −
− nxn+1 + nxn−1 − 1 ÷èñëî 1 ÿâëÿåòñÿ êîðíåì êðàòíîñòè 3.18. �àçëîæèòå ìíîãî÷ëåí h(x) = xm + xm−1 + . . .+ x+ 1 ïîñòåïåíÿì x− 1.19. Äîêàæèòå, ÷òî ìíîãî÷ëåí f(x) = xn − 1 íå èìååò êðàò-íûõ êîðíåé.20. Ïðè êàêîì çíà÷åíèè a ìíîãî÷ëåí g(x) = x3 − 3x + aèìååò êðàòíûå êîðíè?21. Ïóñòü P � êîíå÷íîå ïîëå. Äîêàæèòå, ÷òî ñóùåñòâóåòòàêîå m 6= 1, ÷òî çíà÷åíèÿ ìíîãî÷ëåíîâ x è xm ðàâíû ïðèëþáîì çíà÷åíèè x èç ïîëÿ P.22. Íàéäèòå ìíîãî÷ëåí íàèìåíüøåé ñòåïåíè èç êîëüöà C[x],êîòîðûé èìååò äâîéíîé êîðåíü 1 è ïðîñòûå êîðíè 2, 3, 1 +
+ i. Íàéäèòå ìíîãî÷ëåí íàèìåíüøåé ñòåïåíè èç êîëüöà R[x],êîòîðûé èìååò òàêèå æå êîðíè.23. Ñóììà äâóõ êîðíåé óðàâíåíèÿ 2x3 − x2 − 7x + λ = 0ðàâíà 1. Íàéäèòå λ è êîðíè óðàâíåíèÿ.24. Ïóñòü f(x) � ìíîãî÷ëåí èç êîëüöà R[x]. Äîêàæèòå, ÷òî
f(x) èìååò õîòÿ áû îäèí äåéñòâèòåëüíûé êîðåíü, åñëè ñòàðøèéêîý��èöèåíò è ñâîáîäíûé êîý��èöèåíò èìåþò ðàçíûå çíàêè.25. Ïóñòü f(x)� ìíîãî÷ëåí èç êîëüöà R[x] è âñå êîðíè ýòîãîìíîãî÷ëåíà ÿâëÿþòñÿ ÷èñòî ìíèìûìè, òî åñòü èìåþò âèä ai,ãäå a ∈ R è a 6= 0. Äîêàæèòå, ÷òî âñå êîðíè ïðîèçâîäíîé f ′(x),êðîìå îäíîãî, òàêæå ÿâëÿþòñÿ ÷èñòî ìíèìûìè.26. Íàéäèòå âñå ïàðû äåéñòâèòåëüíûõ ÷èñåë a è b, äëÿ êîòî-ðûõ ìíîãî÷ëåí f(x) = x4+ax2+b èìååò ÷åòûðå äåéñòâèòåëüíûõêîðíÿ, îáðàçóþùèõ àðè�ìåòè÷åñêóþ ïðîãðåññèþ.



10. ÈÍÒÅ�ÏÎËßÖÈßÈ �ÀÖÈÎÍÀËÜÍÛÅ Ä�ÎÁÈ10.1. Èíòåðïîëÿöèîííàÿ �îðìóëà ËàãðàíæàÈíòåðïîëÿöèÿ� ýòî êîíñòðóêòèâíîå âîññòàíîâëåíèå �óíê-öèè îïðåäåëåííîãî êëàññà, â äàííîì ñëó÷àå ìíîãî÷ëåíà, ïî èç-âåñòíûì åå çíà÷åíèÿì. Çàäà÷ó îá èíòåðïîëÿöèè ìîæíî ñ�îð-ìóëèðîâàòü òàê. Äàíà òàáëèöà, â êîòîðîé çíà÷åíèÿì íåçàâè-ñèìîé ïåðåìåííîé ñîïîñòàâëåíû çíà÷åíèÿ �óíêöèè. Òðåáóåòñÿíàéòè �óíêöèþ (ìíîãî÷ëåí) ñ òàêîé òàáëèöåé çíà÷åíèé.Áîëåå òî÷íî, ïóñòü a1, a2, . . . , an+1 � ïîïàðíî ðàçëè÷íûåýëåìåíòû, b1, b2, . . . , bn+1 � ïðîèçâîëüíûå ýëåìåíòû ïîëÿ P.Òðåáóåòñÿ ïîñòðîèòü ìíîãî÷ëåí f(x) ∈ P[x] ñòåïåíè ≤ n, òà-êîé, ÷òî f(ai) = bi äëÿ âñåõ i.Íåñëîæíî ïðîâåðèòü, ÷òî íóæíûìè ñâîéñòâàìè îáëàäàåòìíîãî÷ëåí
f(x) =

n+1∑

j=1

bjϕj(x), (10.1)â êîòîðîì
ϕj(x) =

(x− a1) · · · (x− aj−1)(x − aj+1) · · · (x − an+1)

(aj − a1) · · · (aj − aj−1)(aj − aj+1) · · · (aj − an+1)
. (10.2)Ôîðìóëà (10.1) íîñèò íàçâàíèå èíòåðïîëÿöèîííîé �îðìó-ëû Ëàãðàíæà.Ïðèìåð 10.1. Â êîëüöå Q[x] íàéäèòå ìíîãî÷ëåí f(x) ñòå-ïåíè ≤ 3, åñëè f(−1) = 1, f(0) = 5, f(1) = 3, f(2) = 2.

� Ñîñòàâèì òàáëèöó.
a1 a2 a3 a4

x −1 0 1 2

f(x) 1 5 3 2

b1 b2 b3 b4Âíà÷àëå íàéäåì ϕj(x) ïî �îðìóëå (10.2):
ϕ1(x) =

(x− a2)(x− a3)(x− a4)

(a1 − a2)(a1 − a3)(a1 − a4)
=
x(x− 1)(x− 2)

(−1)(−2)(−3)
=204



10.1. Èíòåðïîëÿöèîííàÿ �îðìóëà Ëàãðàíæà
=
x(x2 − 3x+ 2)

−6
=
x3 − 3x2 + 2x

−6
,

ϕ2(x) =
(x− a1)(x− a3)(x− a4)

(a2 − a1)(a2 − a3)(a2 − a4)
=

(x+ 1)(x − 1)(x− 2)

1(−1)(−2)
=

=
(x2 − 1)(x− 2)

2
=
x3 − 2x2 − x+ 2

2
,

ϕ3(x) =
(x− a1)(x− a2)(x− a4)

(a3 − a1)(a3 − a2)(a3 − a4)
=

(x+ 1)x(x− 2)

2 · 1(−1)
=

=
x3 − x2 − 2x

−2
,

ϕ4(x) =
(x− a1)(x− a2)(x− a3)

(a4 − a1)(a4 − a2)(a4 − a3)
=

(x+ 1)x(x− 1)

3 · 2 · 1 =
x3 − x

6
.Òåïåðü ïî �îðìóëå (10.1) ïîëó÷àåì:

f(x) = b1ϕ1(x) + b2ϕ2(x) + b3ϕ3(x) + b4ϕ4(x) =

=
x3 − 3x2 + 2x

−6
+5

x3 − 2x2 − x+ 2

2
+3

x3 − x2 − 2x

−2
+2

x3 − x

6
=

= x3
(

−1

6
+

5

2
− 3

2
+

1

3

)

+x2
(1

2
−5+

3

2

)

+x
(

−1

3
− 5

2
+3− 1

3

)

+5 =

=
7

6
x3 − 3x2 − 1

6
x+ 5.Ïðîâåðêà: f(−1) = 1, f(0) = 5, f(1) = 3, f(2) = 2.Î ò â å ò: f(x) = (7/6)x3 − 3x2 − (1/6)x + 5. ⊠Ïðèìåð 10.2. Â êîëüöå C[x] íàéäèòå ìíîãî÷ëåí f(x) ñòåïå-íè ìåíüøåé èëè ðàâíîé 3, äëÿ êîòîðîãî f(−1) = 1+2i, f(0) = 1,

f(i) = 2 − 3i, f(1) = 1.
� Çàïèøåì òàáëèöó çíà÷åíèé ìíîãî÷ëåíà.

k 1 2 3 4
ak −1 0 i 1

bk = f(ak) 1 + 2i 1 2 − 3i 1 205



10. ÈÍÒÅ�ÏÎËßÖÈß È �ÀÖÈÎÍÀËÜÍÛÅ Ä�ÎÁÈÂîñïîëüçóåìñÿ èíòåðïîëÿöèîííîé �îðìóëîé Ëàãðàíæà (10.1).Âíà÷àëå ïî �îðìóëå (10.2) íàõîäèì:
ϕ1(x) =

x(x− i)(x− 1)

(−1)(−1 − i)(−2)
=
x3 − (1 + i)x2 + ix

2(−1 − i)
,

ϕ2(x) =
(x+ 1)(x− i)(x− 1)

1(−i)(−1)
=
x3 − ix2 − x+ i

i
,

ϕ3(x) =
(x+ 1)x(x− 1)

(i+ 1)i(i − 1)
=
x3 − x

−2i
,

ϕ4(x) =
(x+ 1)x(x− i)

2(1 − i)1
=
x3 + (1 − i)x2 − ix

2(1 − i)
.Òåïåðü f(x) = b1ϕ1(x) + b2ϕ2(x) + b3ϕ3(x) + b4ϕ4(x) =

= (1 + 2i)
x3 − (1 + i)x2 + ix

2(−1 − i)
+ 1 · x

3 − ix2 − x+ i

i
+

+ (2 − 3i)
x3 − x

−2i
+ 1 · x

3 + (1 − i)x2 − ix

2(1 − i)
=

=
(−3 − i)

4
(x3 − (1 + i)x2 + ix) − i(x3 − ix2 − x+ i)+

+
(3 + 2i)

2
(x3 − x) +

(1 + i)

4
(x3 + (1 − i)x2 − ix) =

= x3
(−3 − i

4
− i+

3 + 2i

2
+

1 + i

4

)

+ x2
(2 + 4i

4
− 1 +

1

2

)

+

+x
(1 − 3i

4
+ i− 3 + 2i

2
+

1 − i

4

)

+ 1 = x3 + ix2 − (1 + i)x+ 1.Èòàê, f(x) = x3 + ix2 − (1 + i)x+ 1.Ïðîâåðêà: f(−1) = −1 + i + 1 + i + 1 = 1 + 2i, f(0) = 1,
f(i) = −i− i− i+ 1 + 1 = 2 − 3i, f(1) = 1 + i− 1 − i+ 1 = 1.Î ò â å ò: f(x) = x3 + ix2 − (1 + i)x+ 1. ⊠Â ãë. 9 ââåäåíû ìíîãî÷ëåíû íàä ïîëåì P êàê áåñêîíå÷-íûå ïîñëåäîâàòåëüíîñòè ñ êîíå÷íûì ÷èñëîì íåíóëåâûõ ýëåìåí-òîâ. Ýòè ïîñëåäîâàòåëüíîñòè ñêëàäûâàþòñÿ è óìíîæàþòñÿ ïî�îðìóëàì (9.2) è (9.3), ñ. 177. Ýòî �îðìàëüíî-àëãåáðàè÷åñêèéâçãëÿä íà ìíîãî÷ëåí.206



10.2. �àöèîíàëüíûå äðîáèÍî ëþáîé ìíîãî÷ëåí f(x) ∈ P[x] îïðåäåëÿåò �óíêöèþ
f̃ : a 7−→ f(a),ñòàâÿùóþ â ñîîòâåòñòâèå êàæäîìó ýëåìåíòó a ∈ P ýëåìåíò

f(a) ∈ P. Ïîýòîìó ìíîãî÷ëåí f(x) ìîæíî ðàññìàòðèâàòüêàê �óíêöèþ f̃ . Ýòî �óíêöèîíàëüíûé âçãëÿä íà ìíîãî÷ëåí.Ñëåäóþùàÿ òåîðåìà ïîêàçûâàåò, ÷òî íàä áåñêîíå÷íûì ïî-ëåì �îðìàëüíî-àëãåáðàè÷åñêèé è �óíêöèîíàëüíûé âçãëÿäû íàìíîãî÷ëåí ñîâïàäàþò.Òåîðåìà 10.1. Ìíîãî÷ëåíû f è g íàä áåñêîíå÷íûì ïîëåìðàâíû òîãäà è òîëüêî òîãäà, êîãäà ðàâíû îïðåäåëÿåìûå èìè�óíêöèè f̃ è g̃.Íàä êîíå÷íûìè ïîëÿìè ñèòóàöèÿ èíàÿ. �àçëè÷íûå ìíîãî-÷ëåíû ìîãóò îïðåäåëÿòü îäíó è òó æå �óíêöèþ. Ïðèâåäåì ïðè-ìåð. Ïóñòü Z2 = {0̄, 1̄} � êîíå÷íîå ïîëå èç äâóõ ýëåìåíòîâ è
f(x) = x + 1̄, g(x) = x2 + 1̄ � äâà ðàçëè÷íûõ ìíîãî÷ëåíà íàäïîëåì Z2. Òàê êàê f(0̄) = 1̄, f(1̄) = 0̄, g(0̄) = 1̄, g(1̄) = 0̄, òî êàê�óíêöèè f(x) è g(x) ñîâïàäàþò.10.2. �àöèîíàëüíûå äðîáè�àöèîíàëüíàÿ äðîáü íàä ïîëåì P � ýòî �óíêöèÿ

ϕ(x) =
f(x)

g(x)
,ãäå f(x) è g(x) � ìíîãî÷ëåíû íàä ïîëåì P è g(x) 6= 0. Äðîáü

ϕ(x) èìååò ñâîåé îáëàñòüþ îïðåäåëåíèÿ âñå òå ýëåìåíòû x0 ∈ P,äëÿ êîòîðûõ g(x0) 6= 0. Òàêèì îáðàçîì, îáëàñòü îïðåäåëåíèÿ
ϕ(x) ïîëó÷àåòñÿ â ðåçóëüòàòå óäàëåíèÿ èç ïîëÿ P âñåõ êîðíåéìíîãî÷ëåíà g(x).Äâå ðàöèîíàëüíûå äðîáè

ϕ1(x) =
f1(x)

g1(x)
, ϕ2(x) =

f2(x)

g2(x)ñ÷èòàþòñÿ ðàâíûìè, åñëè èõ îáëàñòè îïðåäåëåíèÿ ñîâïàäàþò è
f1(x0)

g1(x0)
=
f2(x0)

g2(x0)äëÿ ëþáîãî x0 èç îáëàñòè îïðåäåëåíèÿ. Ïîñëåäíåå ðàâåíñòâî207



10. ÈÍÒÅ�ÏÎËßÖÈß È �ÀÖÈÎÍÀËÜÍÛÅ Ä�ÎÁÈïåðåïèøåì â âèäå:
f1(x0)g2(x0) = f2(x0)g1(x0). (10.3)Â áåñêîíå÷íîì ïîëå P ýëåìåíò x0 ìîæåò ïðèíèìàòü áåñêî-íå÷íî ìíîãî çíà÷åíèé èç îáëàñòè îïðåäåëåíèÿ ϕ1(x) è ϕ2(x),ïîýòîìó óñëîâèå (10.3) ââèäó òåîðåìû 10.1 ðàâíîñèëüíî ðàâåí-ñòâó ìíîãî÷ëåíîâ
f1(x)g2(x) = f2(x)g1(x). (10.4)Îáðàòíî, åñëè âûïîëíÿåòñÿ ðàâåíñòâî (10.4), òî äëÿ ëþáîãî

x0 ∈ P èìååò ìåñòî ðàâåíñòâî (10.3). Ýòî îçíà÷àåò, ÷òî ðàöèî-íàëüíûå äðîáè ϕ1(x) è ϕ2(x) ïðèíèìàþò îäèíàêîâûå çíà÷åíèÿâ îáùåé îáëàñòè îïðåäåëåíèÿ. Ïîýòîìó ðàöèîíàëüíûå äðîáè
ϕ1(x) è ϕ2(x) ìîæíî ñ÷èòàòü ðàâíûìè, åñëè âûïîëíÿåòñÿ ðà-âåíñòâî (10.4).×åðåç P(x) îáîçíà÷èì ñîâîêóïíîñòü âñåõ ðàöèîíàëüíûõäðîáåé íàä ïîëåì P. Ñëîæåíèå è óìíîæåíèå ðàöèîíàëüíûõäðîáåé îïðåäåëèì ñëåäóþùèìè ðàâåíñòâàìè:

f1

g1
+
f2

g2
=
f1g2 + f2g1

g1g2
, (10.5)

f1

g1
· f2

g2
=
f1f2

g1g2
. (10.6)Íåñëîæíî ïðîâåðèòü, ÷òî ðåçóëüòàò ñëîæåíèÿ è óìíîæåíèÿäðîáåé íå èçìåíèòñÿ ïðè çàìåíå äðîáåé íà ðàâíûå. Ñëåäîâà-òåëüíî, ðàâåíñòâà (10.5) è (10.6) îïðåäåëÿþò áèíàðíûå àëãå-áðàè÷åñêèå îïåðàöèè íà P(x).Òåîðåìà 10.2. Ìíîæåñòâî P(x) âñåõ ðàöèîíàëüíûõ äðî-áåé íàä ïîëåì P ñ îïåðàöèÿìè ñëîæåíèÿ (10.5) è óìíîæåíèÿ(10.6) ÿâëÿåòñÿ ïîëåì.Íóëåâûì ýëåìåíòîì â ïîëå P(x) áóäåò 0/1 = 0, ãäå 0 è 1 �íóëåâîé è åäèíè÷íûé ýëåìåíòû ïîëÿ P, ïðîòèâîïîëîæíûì ê

f/g ýëåìåíòîì áóäåò ýëåìåíò (−f)/g = −(f/g). Ýëåìåíò 1/1 =
= 1 ÿâëÿåòñÿ åäèíè÷íûì â P(x). Åñëè f/g � íåíóëåâîé ýëåìåíò,òî f 6= 0 è äðîáü g/f áóäåò îáðàòíûì ýëåìåíòîì ê f/g.�àöèîíàëüíàÿ äðîáü íàçûâàåòñÿ ïðàâèëüíîé, åñëè ñòåïåíüåå ÷èñëèòåëÿ ìåíüøå ñòåïåíè çíàìåíàòåëÿ. Èç òåîðåìû î äå-ëåíèè ñ îñòàòêîì ñëåäóåò, ÷òî ëþáàÿ ðàöèîíàëüíàÿ äðîáü åñòüñóììà ìíîãî÷ëåíà è ïðàâèëüíîé äðîáè.208



10.3. �àçëîæåíèå ðàöèîíàëüíîé äðîáè íàä C è RÒåîðåìà 10.3. Ñîâîêóïíîñòü âñåõ ïðàâèëüíûõ äðîáåé ÿâ-ëÿåòñÿ ïîäêîëüöîì ïîëÿ P(x).Ïðàâèëüíàÿ ðàöèîíàëüíàÿ äðîáü f/g íàçûâàåòñÿ ïðîñòåé-øåé íàä ïîëåì P, åñëè åå çíàìåíàòåëü g ÿâëÿåòñÿ ñòåïåíüþíåïðèâîäèìîãî íàä P ìíîãî÷ëåíà p, òî åñòü g = pk, k ≥ 1, èñòåïåíü ÷èñëèòåëÿ f ìåíüøå ñòåïåíè p.Íàïðèìåð, íàä ïîëåì C íåïðèâîäèìûìè ÿâëÿþòñÿ òîëüêîìíîãî÷ëåíû ïåðâîé ñòåïåíè. Ïîýòîìó íàä ïîëåì C ïðîñòåéøè-ìè áóäóò äðîáè:
A

(x− c)k
, k ≥ 1, A ∈ C, c ∈ C.Íàä ïîëåì R íåïðèâîäèìûìè ÿâëÿþòñÿ ìíîãî÷ëåíû ïåðâîéè âòîðîé ñòåïåíè ñ îòðèöàòåëüíûì äèñêðèìèíàíòîì. Ïîýòîìóïðîñòåéøèìè íàä ïîëåì R áóäóò äðîáè:

A

(x− c)k
,

Ax+B

(x2 + px+ q)k
, p2 − 4q < 0, A,B ∈ R, p, q, c ∈ R.Òåîðåìà 10.4. Âñÿêàÿ ðàöèîíàëüíàÿ äðîáü ïðåäñòàâèìà ââèäå ñóììû ìíîãî÷ëåíà è ïðîñòåéøèõ äðîáåé.10.3. �àçëîæåíèå ðàöèîíàëüíîé äðîáè íàä C è RÍàä ïîëåì C íåïðèâîäèìûìè áóäóò òîëüêî ìíîãî÷ëåíûïåðâîé ñòåïåíè, ïîýòîìó êàæäûé ìíîãî÷ëåí g(x) íàä C ðàç-ëîæèì â ïðîèçâåäåíèå

g(x) = a(x− c1)
k1(x− c2)

k2 . . . (x− cm)km .Ïðîñòåéøèìè áóäóò äðîáè A/(x − c)k, k ≥ 1, A, c ∈ C. Ñëå-äîâàòåëüíî, ïðàâèëüíàÿ ðàöèîíàëüíàÿ äðîáü f/g íàä ïîëåì Cäîïóñêàåò ðàçëîæåíèå:
f

g
=

A11

a(x− c1)
+

A12

(x− c1)2
+ . . .+

A1k1

(x− c1)k1
+

+
A21

x− c2
+

A22

(x− c2)2
+ . . .+

A2k2

(x− c2)k2
+ . . .+

+
Am1

x− cm
+

Am2

(x− cm)2
+ . . .+

Amkm

(x− cm)km
.Íàä R íåïðèâîäèìûìè ÿâëÿþòñÿ ìíîãî÷ëåíû ïåðâîé ñòå-ïåíè è ìíîãî÷ëåíû âòîðîé ñòåïåíè ñ îòðèöàòåëüíûì äèñêðè-209



10. ÈÍÒÅ�ÏÎËßÖÈß È �ÀÖÈÎÍÀËÜÍÛÅ Ä�ÎÁÈìèíàíòîì. Ïîýòîìó êàæäûé ìíîãî÷ëåí g(x) íàä ïîëåì R ðàç-ëîæèì â ïðîèçâåäåíèå
g(x) = a(x−c1)k1 . . . (x−cm)km(x2+p1x+q1)

l1 . . . (x2+ptx+qt)
lt .Ïðîñòåéøèìè íàä R áóäóò äðîáè:

A

(x− c)k
,

Bx+ C

(x2 + px+ q)l
,ãäå p2 − 4q < 0, c, p, q ∈ R, A,B,C ∈ R. Ñëåäîâàòåëüíî, ïðà-âèëüíàÿ ðàöèîíàëüíàÿ äðîáü f/g íàä ïîëåì R äîïóñêàåò ðàç-ëîæåíèå:

f

g
=

A11

a(x− c1)
+

A12

(x− c1)2
+ . . .+

A1k1

(x− c1)k1
+ . . .+

+
Am1

x− cm
+

Am2

(x− cm)2
+ . . . +

Amkm

(x− cm)km
+ . . .+

+
B11x+ C11

x2 + p1x+ q1
+

B12x+ C12

(x2 + p1x+ q1)2
+. . .+

B1l1x+ C1l1

(x2 + p1x+ q1)l1
+. . .+

+
Bt1x+ Ct1

x2 + ptx+ qt
+

Bt2x+ Ct2

(x2 + ptx+ qt)2
+ . . .+

Btltx+ Ctlt

(x2 + ptx+ qt)lt
.Ïðèìåð 10.3. �àçëîæèòå â ñóììó ìíîãî÷ëåíà è ïðîñòåé-øèõ äðîáåé íàä ïîëåì R ðàöèîíàëüíóþ äðîáü

x3 + x+ 1

x2 + 2x+ 1
.

� Èñõîäíàÿ ðàöèîíàëüíàÿ äðîáü íåïðàâèëüíàÿ. �àçëîæèìåå â ñóììó ìíîãî÷ëåíà è ïðàâèëüíîé äðîáè:
x3 +x + 1 x2 + 2x+ 1��
x3 + 2x2 +x x− 2

− 2x2 + 1�� − 2x2− 4x − 2
4x + 3.

x3 + x+ 1

x2 + 2x+ 1
= x− 2 +

4x+ 3

x2 + 2x+ 1
.Ïðàâèëüíóþ äðîáü (4x+3)/(x+1)2 ðàçëîæèì â ñóììó ïðî-ñòåéøèõ:

4x+ 3

(x+ 1)2
=

A

x+ 1
+

B

(x+ 1)2
=
A(x+ 1) +B

(x+ 1)2
=
Ax+ (A+B)

(x+ 1)2
.210



10.3. �àçëîæåíèå ðàöèîíàëüíîé äðîáè íàä C è RÏðèðàâíèâàåì êîý��èöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ íåèç-âåñòíîãî: 4 = A, 3 = A+B, îòêóäà B = −1.Î ò â å ò: x3 + x+ 1

x2 + 2x+ 1
= (x− 2) +

4

x+ 1
− 1

(x+ 1)2
. ⊠Ïðèìåð 10.4. �àçëîæèòå â ñóììó ïðîñòåéøèõ äðîáåé íàäïîëåì R ðàöèîíàëüíóþ äðîáü

2x− 1

(x+ 1)2(x2 + x+ 1)
.

� Ìíîãî÷ëåí x2 + x + 1 èìååò îòðèöàòåëüíûé äèñêðèìè-íàíò, ïîýòîìó íåïðèâîäèì íàä R. Èìååì
2x− 1

(x+ 1)2(x2 + x+ 1)
=

A

x+ 1
+

B

(x+ 1)2
+

Cx+D

x2 + x+ 1
=

=
A(x+ 1)(x2 + x+ 1) +B(x2 + x+ 1) + (Cx+D)(x+ 1)2

(x+ 1)2(x2 + x+ 1)
.Ïðèðàâíèâàåì ÷èñëèòåëè

2x− 1 = A(x+ 1)(x2 +x+ 1)+B(x2 +x+ 1)+ (Cx+D)(x+ 1)2.Ïóñòü x = −1. Òîãäà −3 = B, òî åñòü B = −3.Ïóñòü x = −(1/2) + i
√

3/2. Òîãäà
2
(

−1

2
+ i

√
3

2

)

− 1 =
(Ñ(−1

2
+ i

√
3

2

)

+D
)(

−1

2
+ i

√
3

2

)

,

−2 + i
√

3 = C
(

−1

2
+ i

√
3

2

)2
+D

(

−1

2
+ i

√
3

2

)

=

= C
(

−1

2
− i

√
3

2

)

+D
(

−1

2
+ i

√
3

2

)

.Ïðèðàâíèâàÿ äåéñòâèòåëüíûå è ìíèìûå ÷àñòè, ïîëó÷àåì:
{

−2 = (−1/2)(C +D)√
3 = (

√
3/2)(−C +D),

{

C +D = 4

−C +D = 2,
D = 3, C = 1.Ïóñòü x = 0. Òîãäà −1 = A− 3 + 3 è A = −1.Î ò â å ò: 2x − 1

(x + 1)2(x2 + x + 1)
=

−1

x + 1
+

−3

(x + 1)2
+

x + 3

x2 + x + 1
. ⊠Ïðèìåð 10.5. �àçëîæèòå ðàöèîíàëüíóþ äðîáü

F (x) =
x4 + x3 − 3x2 − 2x

x3 − 3x− 2â ñóììó ìíîãî÷ëåíà è ïðîñòåéøèõ äðîáåé íàä ïîëåì R. 211



10. ÈÍÒÅ�ÏÎËßÖÈß È �ÀÖÈÎÍÀËÜÍÛÅ Ä�ÎÁÈ
� Ïðåäñòàâèì äðîáü F (x) â âèäå ñóììû ìíîãî÷ëåíà è ïðà-âèëüíîé ðàöèîíàëüíîé äðîáè. Äëÿ ýòîãî ðàçäåëèì ÷èñëèòåëüíà çíàìåíàòåëü:

x4 + x3 − 3x2 − 2x x3 − 3x− 2��
x4 − 3x2 −2x x+ 1

x3��
x3 − 3x − 2

3x+ 2.Ñëåäîâàòåëüíî, F (x) = x+ 1 +
3x+ 2

x3 − 3x− 2
.�àçëîæèì íàä R ìíîãî÷ëåí x3 − 3x − 2 íà íåïðèâîäèìûåìíîæèòåëè: x3−3x−2 = (x+1)2(x−2). Ïðåäñòàâèì ïðàâèëüíóþðàöèîíàëüíóþ äðîáü â âèäå ñóììû ïðîñòåéøèõ äðîáåé:

3x+ 2

(x+ 1)2(x− 2)
=

A

(x+ 1)2
+

B

x+ 1
+

C

x− 2
=

=
A(x− 2) +B(x+ 1)(x− 2) + C(x+ 1)2

(x+ 1)2(x− 2)
.Òîãäà 3x+2 = A(x− 2)+B(x+1)(x− 2)+C(x+1)2. Ïðèäàâàÿçíà÷åíèÿ x = −1, x = 2, x = 0, ïîëó÷àåì: A = 1/3, C = 8/9,

B = −8/9.Î ò â å ò: F (x) = x+1+
1

3(x+ 1)2
+

−8

9(x+ 1)
+

8

9(x− 2)
. ⊠Ïðèìåð 10.6. �àçëîæèòå ðàöèîíàëüíóþ äðîáü

G(x) =
x2 − 2x

(x2 + 1)2(x− 1)â ñóììó ïðîñòåéøèõ äðîáåé íàä ïîëåì R.
� Ïðåäñòàâèì èñõîäíóþ äðîáü â ñëåäóþùåì âèäå:

x2 − 2x

(x2 + 1)2(x− 1)
=

Ax+B

(x2 + 1)2
+
Cx+D

x2 + 1
+

E

x− 1
=

=
(Ax+B)(x− 1) + (Cx+D)(x2 + 1)(x − 1) + E(x2 + 1)2

(x2 + 1)2(x− 1)
.Òîãäà x2−2x = Ax2−Ax+Bx−B+(Cx+D)(x3−x2 +x−1)+

+ Ex4 + 2Ex2 + E = (C + E)x4 + (−C +D)x3 + (A + C −D +
+ 2E)x2 + (−A + B − C +D)x + (−B −D + E). Ïðèðàâíèâàÿ212



10.3. �àçëîæåíèå ðàöèîíàëüíîé äðîáè íàä C è Rêîý��èöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x, ïîëó÷èì ñèñòåìó






C + E = 0

−C +D = 0

A+ C −D + 2E = 1

−A+B − C +D = −2

−B −D + E = 0.�åøàÿ ñèñòåìó, ïîëó÷èì: A = 3/2, B = −1/2, C = 1/4, D =
= 1/4, E = −1/4.Î ò â å ò: G(x) =

3x− 1

2(x2 + 1)2
+

x+ 1

4(x2 + 1)
− 1

4(x− 1)
. ⊠Ïðèìåð 10.7. �àçëîæèòå ðàöèîíàëüíóþ äðîáü

F (x) =
3x− 1

(x2 + 1)2â ñóììó ïðîñòåéøèõ äðîáåé íàä ïîëåì C.
� �àçëîæèì çíàìåíàòåëü äðîáè â ïðîèçâåäåíèå íåïðèâî-äèìûõ ìíîãî÷ëåíîâ íàä ïîëåì C:

(x2 + 1)2 = ((x+ i)(x− i))2 = (x+ i)2(x− i)2,

F (x) =
3x− 1

(x+ i)2(x− i)2
=

A

(x+ i)2
+

B

x+ i
+

C

(x− i)2
+

D

(x − i)
=

=
A(x− i)2 +B(x+ i)(x − i)2 + C(x + i)2 +D(x− i)(x + i)2

(x+ i)2(x− i)2
,

3x− 1 = A(x− i)2 +B(x+ i)(x− i)2 + C(x+ i)2 +D(x− i)(x+ i)2.Ïîëàãàÿ x = i, x = −i, x = 0, x = 1, ïîëó÷èì:
3i− 1 = −4C, C =

1

4
− 3

4
i, −3i− 1 = −4A, A =

1

4
+

3

4
i,

−1 = −1

4
− 3

4
i−Bi− 1

4
+

3

4
i+Di, B −D = −1

2
i,

2 =
(1

4
+

3

4
i
)

(−2i) + 2B(1 − i) +
(1

4
− 3

4
i
)

2i+ 2D(1 + i),

B(1 − i) +D(1 + i) = −1

2
. 213



10. ÈÍÒÅ�ÏÎËßÖÈß È �ÀÖÈÎÍÀËÜÍÛÅ Ä�ÎÁÈ�åøàåì ñèñòåìó
{

B −D = −1
2 i

B(1 − i) +D(1 + i) = −1
2 ,

B =
−i
4
, D =

i

4
.Î ò â å ò: F (x) =

1 + 3i

4(x+ i)2
− i

4(x+ i)
+

1 − 3i

4(x− i)2
+

i

4(x− i)
. ⊠10.4. Èíäèâèäóàëüíûå çàäàíèÿ1. Â êîëüöå R[x] íàéäèòå ìíîãî÷ëåí f(x) íàèìåíüøåé ñòå-ïåíè ïî äàííîé òàáëèöå åãî çíà÷åíèé.

1. 1. x −1 0 1 2
f(x) −1 5 7 15 .

1. 2. x 0 1 2 3
f(x) 1 5 25 79 .

1. 3. x −2 1 2 4
f(x) −6 3 8 48 .

1. 4. x −1 1 2 4
f(x) 10 6 4 −30

.
1. 5. x −3 −1 1 2

f(x) −30 0 2 −5
.

1. 6. x −4 −3 −1 1
f(x) −3 7 3 7 .

1. 7. x −2 0 1 2
f(x) 4 1 1 6 .

1. 8. x −1 1 2 4
f(x) 2 0 1/2 27 .

1. 9. x −1 0 1 4
f(x) 3 4 5 13 .

1. 10. x −1 0 1 5
f(x) 1 2 3 31 .

1. 11. x −2 −1 0 1
f(x) −8 9 14 13 .214



10.4. Èíäèâèäóàëüíûå çàäàíèÿ
1. 12. x −3 −1 0 1

f(x) 34 0 −4 −2
.

1. 13. x −2 0 1 2
f(x) −18 3 0 −8

.
1. 14. x −1 0 1 2

f(x) 4 1 2 8 .
1. 15. x −2 −1 1 2

f(x) −7 2 2 5 .2. Â êîëüöå C[x] íàéäèòå ìíîãî÷ëåí g(x) íàèìåíüøåé ñòå-ïåíè ïî äàííîé òàáëèöå åãî çíà÷åíèé.
2. 1. x 1 i −1

f(x) 3i −2 + i 2 + i
.

2. 2. x −2 −1 i

f(x) −6 − i −2 − i 1 .
2. 3. x −1 −i 1

f(x) 3 + i 1 + i −1 + i
.

2. 4. x −i i 0
f(x) 2 0 −1

.
2. 5. x −2 −1 i

f(x) −8 − 2i −i 4 − i
.

2. 6. x −1 2i 1
f(x) 3 − 3i −6 − i 5 − 3i

.
2. 7. x 0 1 i

f(x) −1 + i −2 1 + i
.

2. 8. x −i 0 i

f(x) 3 2 1 + 2i
.

2. 9. x −1 i −i
f(x) −4 + i i −3i

.
2. 10. x −2 0 i

f(x) −1 − 2i 1 1 − i
.

2. 11. x 0 1 2
f(x) −2i −2 − i −8

. 215
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2. 12. x 1 i 2

f(x) −1 + i −3 + i −1
.

2. 13. x −1 0 i

f(x) −2i −1 − 2i −2 − 2i
.

2. 14. x −i 0 1
f(x) 4 + 2i 2 −1 + i

.
2. 15. x −1 1 i

f(x) 1 + 2i 1 −2 + i
.3. �àçëîæèòå ðàöèîíàëüíóþ äðîáü F (x) â ñóììó ïðîñòåé-øèõ äðîáåé íàä ïîëÿìè R è C.

3. 1. F (x) =
2x− 3

(x− 1)2(x+ 2)2
. 3. 2. F (x) =

3x− 1

(x+ 2)2(x− 3)2
.

3. 3. F (x) =
x− 1

(x− 2)3(x+ 2)
. 3. 4. F (x) =

3x− 2

(x+ 3)3(x− 1)
.

3. 5. F (x) =
x− 5

(x− 3)2(x+ 2)2
. 3. 6. F (x) =

−3x+ 2

(x− 5)2(x+ 1)2
.

3. 7. F (x) =
5x− 4

(x− 4)3(x− 1)
. 3. 8. F (x) =

−4x+ 3

(x+ 4)(x+ 1)3
.

3. 9. F (x) =
x− 1

(x− 3)2(x+ 4)2
. 3. 10. F (x) =

3x− 5

(x− 2)2(x+ 1)2
.

3. 11. F (x) =
2x− 4

(x+ 5)(x− 1)3
. 3. 12. F (x) =

−3x+ 5

(x− 5)2x2
.

3. 13. F (x) =
2x− 4

(x+ 2)3x
. 3. 14. F (x) =

−x+ 3

(x− 1)2(x+ 2)2
.

3. 15. F (x) =
x+ 1

x3(x− 2)
.4. �àçëîæèòå ðàöèîíàëüíóþ äðîáü K(x) â ñóììó ïðîñòåé-øèõ äðîáåé íàä ïîëåì R.

4. 1. K(x) =
2x2 − x

(x2 − x+ 2)2
. 4. 2. K(x) =

2x2 − 1

(x2 + x+ 2)2
.

4. 3. K(x) =
x2 − 2x− 1

(x2 + 2)2
. 4. 4. K(x) =

x2 − 1

(x2 + 3x+ 4)2
.

4. 5. K(x) =
4x2 − 5x+ 2

(x2 + 1)2
. 4. 6. K(x) =

3x2 − x

(x2 + 4)2
.

4. 7. K(x) =
2x2 − 2

(x2 + 3)2
. 4. 8. K(x) =

x2 − 2x+ 1

(x2 − x+ 3)2
.216



10.4. Èíäèâèäóàëüíûå çàäàíèÿ
4. 9. K(x) =

5x2 − 6x+ 1

(x2 + 3)2
. 4. 10. K(x) =

x2 − 2x

(x2 + 5)2
.

4. 11. K(x) =
5x2 − 4x

(x2 + 3x+ 5)2
. 4. 12. K(x) =

6x2 − 1

(x2 + 2x+ 2)2
.

4. 13. K(x) =
x2 − 2

(x2 + 2)2
. 4. 14. K(x) =

2x2 + 1

(x2 − x+ 2)2
.

4. 15. K(x) =
−x2 + 3

(x2 + 1)2
.5. �àçëîæèòå ðàöèîíàëüíûå äðîáè F (x) è G(x) â ñóììóìíîãî÷ëåíà è ïðîñòåéøèõ äðîáåé íàä ïîëÿìè R è C.

5. 1. F (x) =
2x4 − 3x3 − 2x2 + 4x− 5

x3 − 2x2 − x+ 2
,

G(x) =
2x4 + 11x2 − x+ 1

x4 + 4x2
.

5. 2. F (x) =
3x4 + 4x3 − x2 − 35x− 6

x3 + x2 − x− 10
,

G(x) =
x4 + 3x3 − 2x2 − 2x+ 3

x4 − 2x2 + 1
.

5. 3. F (x) =
−x4 − 2x3 + 2x2 + 7x+ 6

x3 + 2x2 − x− 2
,

G(x) =
−2x4 + x3 − x2 + 2x+ 3

x4 + x3 − x− 1
.

5. 4. F (x) =
−2x4 − x3 + 6x2 − 2x− 1

x3 + x2 − x− 1
,

G(x) =
x4 + 4x3 − 7x2 − 25x− 21

x4 + 3x3 − x2 − 13x − 10
.

5. 5. F (x) =
−3x4 − 2x2 − 23x− 3

x3 + x+ 10
,

G(x) =
−3x4 − x3 + 9x2 + 3x+ 2

x4 + x3 − 3x2 − 5x− 2
.

5. 6. F (x) =
−x4 + 8x3 − 24x2 + 42x− 31

x3 − 2x2 + 2x− 1
,

G(x) =
2x4 − x3 + 2x2 + x

x4 − 2x3 + 2x− 1
. 217
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5. 7. F (x) =

−2x4 + 8x3 − 7x2 + 1

x3 − 4x2 + 6x− 3
,

G(x) =
x4 − x3 + x2 − 4

x4 − 4x3 + 3x2 + 4x− 4
.

5. 8. F (x) =
3x4 + 13x3 + 2x2 − 11x− 12

x3 + 4x2 − x− 4
,

G(x) =
x4 − 5x3 + 2x2 − x− 1

x4 − 5x3 + 10x2 − 9x+ 3
.

5. 9. F (x) =
3x4 − 11x3 + 16x2 − 9x+ 1

x3 − 3x2 + 3x− 1
,

G(x) =
−2x4 + 2x3 − x+ 5

x4 − x3 − x2 − x− 2
.

5. 10. F (x) =
−x4 + 2x3 + 2x− 4

x3 − 2x2 + x− 2
,

G(x) =
x4 − x3 + x2 − 2x+ 2

x4 − 7x3 + 18x2 − 20x+ 8
.

5. 11. F (x) =
−x4 + 2x3 + x2 + 5x+ 1

x3 − 1
,

G(x) =
2x4 + x3 − x2 − x− 2

x4 + 2x3 − 2x− 1
.

5. 12. F (x) =
x4 + 4x3 + 8x2 + 9x+ 2

x3 + 3x2 + 4x+ 4
,

G(x) =
−2x4 − x3 − 6x2 − 4x− 8

x4 + 6x3 + 13x2 + 12x+ 4
.

5. 13. F (x) =
2x4 − 9x3 + 14x2 − x− 3

x3 − 5x2 + 8x− 4
,

G(x) =
x4 − x2 + x− 4

x4 + 2x3 + x2 − 4
.

5. 14. F (x) =
x4 + 5x3 + 11x2 + 4x+ 1

x3 + 5x2 + 9x+ 5
,

G(x) =
x4 + x2 − 4x+ 1

x4 + 2x3 − 3x2 − 4x+ 4
.

5. 15. F (x) =
2x4 − 3x3 + 10x2 − 12x+ 3

x3 − x2 + 4x− 4
,

G(x) =
2x4 + 3x3 − 3x2 − 2x

x4 + x3 − 3x2 − x+ 2
.218



10.5. Äîïîëíèòåëüíûå çàäà÷è10.5. Äîïîëíèòåëüíûå çàäà÷è1. Âûâåäèòå èíòåðïîëÿöèîííóþ �îðìóëó Ëàãðàíæà ïîñðåä-ñòâîì ðåøåíèÿ ñèñòåìû óðàâíåíèé:






a0 + a1x1 + . . .+ an−1x
n−1
1 = y1

a0 + a1x2 + . . .+ an−1x
n−1
2 = y2

. . .
a0 + a1xn + . . . + an−1x

n−1
n = yn.2. Â êîëüöå Z5[x] íàéäèòå ìíîãî÷ëåí f(x) íàèìåíüøåé ñòå-ïåíè ïî äàííîé òàáëèöå åãî çíà÷åíèé.

2. 1. x 0 1 2

f(x) 1 1 0
. 2. 2. x 0 1 2 3

f(x) 2 2 4 4
.3. Â êîëüöå R[x] íàéäèòå ìíîãî÷ëåí f(x) íàèìåíüøåé ñòå-ïåíè ïî äàííîé òàáëèöå åãî çíà÷åíèé.

3. 1. x 0 1 2 . . . n

f(x) 1 2 4 . . . 2n .
3. 2. x 0 1 2 . . . n

f(x) 1 a a2 . . . an , a ∈ R.
3. 3. x 0 1 2 . . . n

f(x) 1 1/2 1/3 . . . 1/n
.4. Íàéäèòå f(x) ∈ C[x] ïî òàáëèöå çíà÷åíèé.

x 1 ǫ1 ǫ2 . . . ǫn−1

f(x) 1 2 3 . . . n
, ǫk = cos 2πk

n +i sin 2πk
n .5. Ïóñòü f(x) ∈ R[x], degf(x) = n ∈ N. Ïðåäïîëîæèì, ÷òî

f(a + i) ∈ Z ïðè �èêñèðîâàííîì a ∈ Z è ëþáîì i ∈ {0, 1, 2, . . .
. . . , n}. Äîêàæèòå, ÷òî f(b) ∈ Z ïðè ëþáîì b ∈ Z.6. Ïóñòü f(x) ∈ R[x], degf(x) = n ∈ N. Ïðåäïîëîæèì, ÷òî
f(0), f(1), f(4), f(9), . . . , f(n2) ∈ Z. Äîêàæèòå, ÷òî f(m2) ∈ Zïðè ëþáîì m ∈ Z.7. Âû÷èñëèòå ñëåäóþùèå ñóììû, çíàÿ, ÷òî α, β, γ � êîðíèìíîãî÷ëåíà ϕ(x).

7. 1. 1

2 − α
+

1

2 − β
+

1

2 − γ
, ϕ(x) = x3 − 3x− 1.

7. 2. 1

α2 − 2α+ 1
+

1

β2 − 2β + 1
+

1

γ2 − 2γ + 1
, 219
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ϕ(x) = x3 + x2 − 1.

7. 3. 1

α2 − 3α+ 2
+

1

β2 − 3β + 2
+

1

γ2 − 3γ + 2
,

ϕ(x) = x3 + x2 − 4x+ 1.8. �àçëîæèòå ðàöèîíàëüíóþ äðîáü F (x) â ñóììó ìíîãî÷ëå-íà è ïðîñòåéøèõ äðîáåé íàä ïîëåì Z5.
8. 1. F (x) =

x3 + 4x2 + 2x+ 3

2x2 + 3x+ 1
. 8. 2. F (x) =

4x3 + 3x2 + 2x

2x2 + 3x+ 4
.9. Íàä ïîëåì Zp ðàçëîæèòå 1̄/(xp−x) íà ïðîñòåéøèå äðîáè.10. �àçëîæèòå íà ïðîñòåéøèå äðîáè íàä ïîëåì C.

10. 1. 1/(x3 − 1). 10. 2. 1/(x4 − 1). 10. 3. 1/(x4 − 4).
10. 4. 1/(x4 + 4). 10. 5. 1/(x5 − 1).11. Ïóñòü f(x) = anx

n + an−1x
n−1 + . . . + a0 � ìíîãî÷ëåí ñöåëûìè êîý��èöèåíòàìè, è ïóñòü f(0)f(1) � íå÷åòíîå ÷èñëî.Äîêàæèòå, ÷òî óðàâíåíèå f(x) = 0 íå èìååò öåëûõ ðåøåíèé.12. �åøèòå â êîëüöå R[x] óðàâíåíèå

a
(x− b)(x− c)

(a− b)(a− c)
+ b

(x− a)(x− c)

(b− a)(b− c)
+ c

(x− a)(x− b)

(c− a)(c− b)
= x.13. Äîêàæèòå â êîëüöå R[x] òîæäåñòâî

a2 (x− b)(x− c)

(a− b)(a− c)
+ b2

(x− a)(x− c)

(b− a)(b− c)
+ c2

(x− a)(x− b)

(c− a)(c− b)
= x2.14. Ïóñòü α, β è γ � îñòàòêè îò äåëåíèÿ ìíîãî÷ëåíà f(x) ∈

∈ R[x] íà x− a, x− b è x− c ñîîòâåòñòâåííî. Íàéäèòå îñòàòîêîò äåëåíèÿ f(x) íà (x− a)(x− b)(x− c).15. Äëÿ ìíîãî÷ëåíà f(x) = x10 + a9x
9 + . . . + a0 ∈ R[x]èçâåñòíî, ÷òî f(1) = f(−1), f(2) = f(−2), . . ., f(5) = f(−5).Äîêàæèòå, ÷òî f(x) = f(−x) äëÿ ëþáîãî x ∈ R.



ÎÒÂÅÒÛ1.1.1. α−1 =

(

1 2 3 4 5 6 7 8 9

3 1 4 8 5 7 6 2 9

)

, αβ =

(

1 2 3 4 5 6 7 8 9

6 3 8 2 4 5 1 9 7

)

,

βα =

(

1 2 3 4 5 6 7 8 9

4 9 7 2 8 3 5 1 6

)

, (αβ)2 =

(

1 2 3 4 5 6 7 8 9

5 8 9 3 2 4 6 7 1

)

,

(βα)−1 =

(

1 2 3 4 5 6 7 8 9

8 4 6 1 7 9 3 5 2

)

, β−2 =

(

1 2 3 4 5 6 7 8 9

2 7 1 3 9 8 4 6 5

)

.1.1.2. α−1 =

(

1 2 3 4 5 6 7 8 9

9 7 1 6 5 4 3 2 8

)

, αβ =

(

1 2 3 4 5 6 7 8 9

4 3 2 7 5 9 6 1 8

)

,

βα =

(

1 2 3 4 5 6 7 8 9

7 9 4 8 5 3 1 2 6

)

, (αβ)2 =

(

1 2 3 4 5 6 7 8 9

7 2 3 6 5 8 9 4 1

)

,

(βα)−1 =

(

1 2 3 4 5 6 7 8 9

7 8 6 3 5 9 1 4 2

)

, β−2 =

(

1 2 3 4 5 6 7 8 9

9 8 7 3 5 2 4 1 6

)

.1.1.3. α−1 =

(

1 2 3 4 5 6 7 8 9

5 3 2 1 7 6 4 9 8

)

, αβ =

(

1 2 3 4 5 6 7 8 9

8 7 3 2 5 4 6 1 9

)

,

βα =

(

1 2 3 4 5 6 7 8 9

3 2 4 6 9 1 7 8 5

)

, (αβ)2 =

(

1 2 3 4 5 6 7 8 9

1 6 3 7 5 2 4 8 9

)

,

(βα)−1 =

(

1 2 3 4 5 6 7 8 9

6 2 1 3 9 4 7 8 5

)

, β−2 =

(

1 2 3 4 5 6 7 8 9

7 4 2 3 9 5 8 1 6

)

.1.1.4. α−1 =

(

1 2 3 4 5 6 7 8 9

3 7 9 4 1 5 2 6 8

)

, αβ =

(

1 2 3 4 5 6 7 8 9

1 4 3 7 5 8 9 6 2

)

,

βα =

(

1 2 3 4 5 6 7 8 9

1 8 3 2 6 5 4 7 9

)

, (αβ)2 =

(

1 2 3 4 5 6 7 8 9

1 7 3 9 5 6 2 8 4

)

,

(βα)−1 =

(

1 2 3 4 5 6 7 8 9

1 4 3 7 6 5 8 2 9

)

, β−2 =

(

1 2 3 4 5 6 7 8 9

8 2 5 4 7 6 3 9 1

)

.1.1.5. α−1 =

(

1 2 3 4 5 6 7 8 9

3 1 5 7 9 4 6 2 8

)

, αβ =

(

1 2 3 4 5 6 7 8 9

3 1 8 2 6 9 5 4 7

)

,

βα =

(

1 2 3 4 5 6 7 8 9

3 7 5 8 2 9 1 6 4

)

, (αβ)2 =

(

1 2 3 4 5 6 7 8 9

8 3 4 1 9 7 6 2 5

)

,

(βα)−1 =

(

1 2 3 4 5 6 7 8 9

7 5 1 9 3 8 2 4 6

)

, β−2 =

(

1 2 3 4 5 6 7 8 9

5 2 3 1 4 7 6 9 8

)

.1.1.6. α−1 =

(

1 2 3 4 5 6 7 8 9

7 4 3 9 6 1 5 8 2

)

, αβ =

(

1 2 3 4 5 6 7 8 9

1 5 6 8 2 9 4 7 3

)

,

βα =

(

1 2 3 4 5 6 7 8 9

2 3 1 6 9 4 7 5 8

)

, (αβ)2 =

(

1 2 3 4 5 6 7 8 9

1 2 9 7 5 3 8 4 6

)

,

(βα)−1 =

(

1 2 3 4 5 6 7 8 9

3 1 2 6 8 4 7 9 5

)

, β−2 =

(

1 2 3 4 5 6 7 8 9

9 2 7 8 4 6 3 5 1

)
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ÎÒÂÅÒÛ1.1.7. α−1 =

(

1 2 3 4 5 6 7 8 9

2 4 5 8 3 6 1 7 9

)

, αβ =

(

1 2 3 4 5 6 7 8 9

9 8 7 1 5 3 2 6 4

)

,

βα =

(

1 2 3 4 5 6 7 8 9

4 9 3 7 1 5 6 2 8

)

, (αβ)2 =

(

1 2 3 4 5 6 7 8 9

4 6 2 9 5 7 8 3 1

)

,

(βα)−1 =

(

1 2 3 4 5 6 7 8 9

5 8 3 1 6 7 4 9 2

)

, β−2 =

(

1 2 3 4 5 6 7 8 9

5 7 6 2 8 9 4 1 3

)

.1.1.8. α−1 =

(

1 2 3 4 5 6 7 8 9

6 8 4 9 2 5 3 1 7

)

, αβ =

(

1 2 3 4 5 6 7 8 9

3 2 5 6 8 9 1 4 7

)

,

βα =

(

1 2 3 4 5 6 7 8 9

9 1 6 2 7 4 3 8 5

)

, (αβ)2 =

(

1 2 3 4 5 6 7 8 9

5 2 8 9 4 7 3 6 1

)

,

(βα)−1 =

(

1 2 3 4 5 6 7 8 9

2 4 7 6 9 3 5 8 1

)

, β−2 =

(

1 2 3 4 5 6 7 8 9

4 9 8 5 1 6 7 3 2

)

.1.1.9. α−1 =

(

1 2 3 4 5 6 7 8 9

4 2 5 7 9 1 6 3 8

)

, αβ =

(

1 2 3 4 5 6 7 8 9

5 3 6 2 1 9 4 7 8

)

,

βα =

(

1 2 3 4 5 6 7 8 9

8 5 6 9 1 7 2 3 4

)

, (αβ)2 =

(

1 2 3 4 5 6 7 8 9

1 6 9 3 5 8 2 4 7

)

,

(βα)−1 =

(

1 2 3 4 5 6 7 8 9

5 7 8 9 2 3 6 1 4

)

, β−2 =

(

1 2 3 4 5 6 7 8 9

9 5 1 2 4 6 7 8 3

)

.1.1.10. α−1 =

(

1 2 3 4 5 6 7 8 9

3 8 9 2 4 1 5 6 7

)

, αβ =

(

1 2 3 4 5 6 7 8 9

9 3 6 8 1 7 5 2 4

)

,

βα =

(

1 2 3 4 5 6 7 8 9

5 6 7 3 4 8 2 9 1

)

, (αβ)2 =

(

1 2 3 4 5 6 7 8 9

4 6 7 2 9 5 1 3 8

)

,

(βα)−1 =

(

1 2 3 4 5 6 7 8 9

9 7 4 5 1 2 3 6 8

)

, β−2 =

(

1 2 3 4 5 6 7 8 9

5 2 6 1 4 7 3 8 9

)

.1.1.11. α−1 =

(

1 2 3 4 5 6 7 8 9

7 3 1 2 8 5 6 9 4

)

, αβ =

(

1 2 3 4 5 6 7 8 9

1 2 7 6 9 3 4 8 5

)

,

βα =

(

1 2 3 4 5 6 7 8 9

6 5 3 8 1 2 7 4 9

)

, (αβ)2 =

(

1 2 3 4 5 6 7 8 9

1 2 4 3 5 7 6 8 9

)

,

(βα)−1 =

(

1 2 3 4 5 6 7 8 9

5 6 3 8 2 1 7 4 9

)

, β−2 =

(

1 2 3 4 5 6 7 8 9

3 1 7 4 5 2 6 8 9

)

.1.1.12. α−1 =

(

1 2 3 4 5 6 7 8 9

7 6 5 9 3 8 2 4 1

)

, αβ =

(

1 2 3 4 5 6 7 8 9

5 7 8 1 2 9 3 4 6

)

,

βα =

(

1 2 3 4 5 6 7 8 9

8 5 6 9 4 2 3 1 7

)

, (αβ)2 =

(

1 2 3 4 5 6 7 8 9

2 3 4 5 7 6 8 1 9

)

,

(βα)−1 =

(

1 2 3 4 5 6 7 8 9

8 6 7 5 2 3 9 1 4

)

, β−2 =

(

1 2 3 4 5 6 7 8 9

5 2 6 1 4 7 3 8 9

)

.1.1.13. α−1 =

(

1 2 3 4 5 6 7 8 9

2 7 3 1 6 5 4 9 8

)

, αβ =

(

1 2 3 4 5 6 7 8 9

5 7 8 4 3 2 6 9 1

)

,222
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βα =

(

1 2 3 4 5 6 7 8 9

1 6 9 5 7 3 4 2 8

)

, (αβ)2 =

(

1 2 3 4 5 6 7 8 9

3 6 9 4 8 7 2 1 5

)

,

(βα)−1 =

(

1 2 3 4 5 6 7 8 9

1 8 6 7 4 2 5 9 3

)

, β−2 =

(

1 2 3 4 5 6 7 8 9

2 3 7 9 6 4 1 8 5

)

.1.1.14. α−1 =

(

1 2 3 4 5 6 7 8 9

8 4 2 1 6 9 7 3 5

)

, αβ =

(

1 2 3 4 5 6 7 8 9

7 4 6 9 2 3 5 1 8

)

,

βα =

(

1 2 3 4 5 6 7 8 9

5 9 8 1 3 4 6 7 2

)

, (αβ)2 =

(

1 2 3 4 5 6 7 8 9

5 9 3 8 4 6 2 7 1

)

,

(βα)−1 =

(

1 2 3 4 5 6 7 8 9

4 9 5 6 1 7 8 3 2

)

, β−2 =

(

1 2 3 4 5 6 7 8 9

6 7 3 4 5 1 2 8 9

)

.1.1.15. α−1 =

(

1 2 3 4 5 6 7 8 9

5 4 7 3 1 6 2 9 8

)

, αβ =

(

1 2 3 4 5 6 7 8 9

8 5 6 4 3 2 1 7 9

)

,

βα =

(

1 2 3 4 5 6 7 8 9

7 5 3 1 9 4 6 8 2

)

, (αβ)2 =

(

1 2 3 4 5 6 7 8 9

7 3 2 4 6 5 8 1 9

)

,

(βα)−1 =

(

1 2 3 4 5 6 7 8 9

4 9 3 6 2 7 1 8 5

)

, β−2 =

(

1 2 3 4 5 6 7 8 9

8 9 6 3 5 4 7 1 2

)

.1.2.1. α = (12843)(5)(67)(9) = (13)(14)(18)(12)(67) íå÷åòíàÿ. β =

= (17324)(5896) = (14)(12)(13)(17)(56)(59)(58) íå÷åòíàÿ. 1.2.2. α =

= (137289)(46)(5) = (19)(18)(12)(17)(13)(46) ÷åòíàÿ. β = (16892)(374)(5) =

= (12)(19)(18)(16)(34)(37) ÷åòíàÿ. 1.2.3. α = (1457)(23)(6)(89) =

= (15)(17)(14)(23)(89) íå÷åòíàÿ. β = (198576)(243) = (16)(17)(15)(18)(19)(23)(24)íå÷åòíàÿ. 1.2.4. α = (156893)(27)(4) = (13)(19)(18)(16)(15)(27) ÷åò-íàÿ. β = (139785)(24)(6) = (15)(18)(17)(19)(13)(24) ÷åòíàÿ. 1.2.5. α =

= (128953)(467) = (13)(15)(19)(18)(12)(47)(46) íå÷åòíàÿ. β = (154)(23)(6879) =

= (14)(15)(23)(69)(67)(68) ÷åòíàÿ. 1.2.6. α = (1657)(294)(3)(8) =

= (17)(15)(16)(24)(29) íå÷åòíàÿ. β = (1793)(26)(485) = (13)(19)(17)(26)(45)(48)÷åòíàÿ. 1.2.7. α = (17842)(35)(6)(9) = (12)(14)(18)(17)(35) íå÷åòíàÿ.
β = (198653)(274) = (13)(15)(16)(18)(19)(24)(27) íå÷åòíàÿ. 1.2.8. α =

= (18256)(3794) = (16)(15)(12)(18)(34)(39)(37) íå÷åòíàÿ. β = (145)(2893)(67) =

= (15)(14)(23)(29)(28)(67) ÷åòíàÿ. 1.2.9. α = (1674)(2)(3895) =

= (14)(17)(16)(35)(39)(38) ÷åòíàÿ. β = (193)(254)(68)(7) = (13)(19)(24)(25)(68)íå÷åòíàÿ. 1.2.10. α = (168245793) = (13)(19)(17)(15)(14)(12)(18)(16)÷åòíàÿ. β = (174653)(29)(8) = (13)(15)(16)(14)(17)(29) ÷åòíàÿ. 1.2.11.
α = (132498567) = (17)(16)(15)(18)(19)(14)(12)(13) ÷åòíàÿ. β =

= (17236)(45)(89) = (16)(13)(12)(17)(45)(89) ÷åòíàÿ. 1.2.12. α =

= (1948627)(35) = (17)(12)(16)(18)(14)(19)(35) íå÷åòíàÿ. β = (134756)(2)(89) =

= (16)(15)(17)(14)(13)(89) ÷åòíàÿ. 1.2.13. α = (1472)(3)(56)(89) =

= (12)(17)(14)(56)(89) íå÷åòíàÿ. β = (16753924)(8) = (14)(12)(19)(13)(15)(17)(16)íå÷åòíàÿ. 1.2.14. α = (14238)(596)(7) = (18)(13)(12)(14)(56)(59) ÷åòíàÿ.
β = (1762)(39)(45)(8) = (12)(16)(17)(39)(45) íå÷åòíàÿ. 1.2.15. α =

= (15)(2734)(6)(89) = (15)(24)(23)(27)(89) íå÷åòíàÿ. β = (1982)(364)(57) =223
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= (12)(18)(19)(34)(36)(57) ÷åòíàÿ.1.3.1. σ =

(

1 2 3 4 5 6 7 8

4 5 1 3 2 7 8 6

), τ =

(

1 2 3 4 5 6 7 8

2 1 4 5 6 3 7 8

). σ−1 = (876)(52)(341), τ−1 =

= (31)(65)(543)(412), στ = (15786)(24)(3), τσ = (15)(26783)(4). σ2τ ÷åòíàÿ,
(τσ)2τ(τσ)−1 íå÷åòíàÿ. 1.3.2. σ =

(

1 2 3 4 5 6 7 8

1 5 2 6 3 8 7 4

), τ =

(

1 2 3 4 5 6 7 8

3 2 7 8 6 5 1 4

).
σ−1 = (8642)(51)(54231), τ−1 = (48)(56)(731), στ = (1258637)(4), τσ =

= (1326457)(8). σ2τ ÷åòíàÿ, (τσ)2τ(τσ)−1 ÷åòíàÿ. 1.3.3. σ =

(

1 2 3 4 5 6 7 8

4 3 5 7 2 8 1 6

),
τ =

(

1 2 3 4 5 6 7 8

6 2 7 5 1 4 3 8

). σ−1 = (86)(741)(532), τ−1 = (463)(51)(7653), στ =

= (18675423), τσ = (15276843). σ2τ ÷åòíàÿ, (τσ)2τ(τσ)−1 íå÷åòíàÿ. 1.3.4.
σ =

(

1 2 3 4 5 6 7 8

2 5 1 3 6 8 7 4

), τ =

(

1 2 3 4 5 6 7 8

6 2 5 4 7 8 3 1

). σ−1 = (18652)(41)(13), τ−1 =

= (81)(86)(753), στ = (18257)(364), τσ = (12736)(458). σ2τ ÷åòíàÿ, (τσ)2τ(τσ)−1÷åòíàÿ. 1.3.5. σ =

(

1 2 3 4 5 6 7 8

2 3 5 7 6 1 8 4

), τ =

(

1 2 3 4 5 6 7 8

4 7 5 6 3 2 1 8

). σ−1 = (874)(65321),
τ−1 = (541)(726)(6531), στ = (17284)(36)(5), τσ = (17864)(25)(3). σ2τ íå÷åò-íàÿ, (τσ)2τ(τσ)−1 ÷åòíàÿ. 1.3.6. σ =

(

1 2 3 4 5 6 7 8

6 5 1 2 7 4 3 8

), τ =

(

1 2 3 4 5 6 7 8

4 6 1 3 5 8 2 7

).
σ−1 = (6134)(752)(23), τ−1 = (7862)(134), στ = (124)(368)(57), τσ =

= (187)(25)(346). σ2τ íå÷åòíàÿ, (τσ)2τ(τσ)−1 ÷åòíàÿ. 1.3.7. σ =

(

1 2 3 4 5 6 7 8

4 6 1 5 2 3 7 8

),
τ =

(

1 2 3 4 5 6 7 8

2 7 5 3 6 4 1 8

). σ−1 = (63)(542)(641), τ−1 = (721)(4653), στ =

= (1653274)(8), τσ = (1324657)(8). σ2τ íå÷åòíàÿ, (τσ)2τ(τσ)−1 íå÷åòíàÿ.1.3.8. σ =

(

1 2 3 4 5 6 7 8

2 5 8 3 1 7 6 4

), τ =

(

1 2 3 4 5 6 7 8

6 2 5 3 4 1 7 8

). σ−1 = (76)(834)(521),
τ−1 = (521)(6253)(341), στ = (176253)(48), τσ = (124567)(38). σ2τ íå÷åòíàÿ,
(τσ)2τ(τσ)−1 íå÷åòíàÿ. 1.3.9. σ =

(

1 2 3 4 5 6 7 8

4 6 7 5 2 3 1 8

), τ =

(

1 2 3 4 5 6 7 8

1 5 7 3 2 8 4 6

).
σ−1 = (541)(1736)(62), τ−1 = (86)(734)(52), στ = (1475683)(2), τσ =

= (1342867)(5). σ2τ ÷åòíàÿ, (τσ)2τ(τσ)−1 ÷åòíàÿ. 1.3.10. σ =

(

1 2 3 4 5 6 7 8

3 7 8 6 5 4 2 1

),
τ =

(

1 2 3 4 5 6 7 8

2 1 3 5 4 8 7 6

). σ−1 = (46)(72)(831), τ−1 = (856)(241)(4852), στ =

= (17238456), τσ = (13654827). σ2τ íå÷åòíàÿ, (τσ)2τ(τσ)−1 ÷åòíàÿ. 1.3.11.
σ =

(

1 2 3 4 5 6 7 8

7 5 2 3 4 6 1 8

), τ =

(

1 2 3 4 5 6 7 8

4 6 5 1 7 2 3 8

). σ−1 = (31)(7345)(52)(21), τ−1 =224
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= (26)(753)(41), στ = (1347265)(8), τσ = (1362745)(8). σ2τ ÷åòíàÿ, (τσ)2τ(τσ)−1÷åòíàÿ. 1.3.12. σ =

(

1 2 3 4 5 6 7 8

5 4 8 3 6 1 7 2

), τ =

(

1 2 3 4 5 6 7 8

4 8 3 2 5 6 1 7

). σ−1 = (2834)(651),
τ−1 = (4187)(82)(271), στ = (138756)(2)(4), τσ = (156437)(2)(8). σ2τ ÷åòíàÿ,
(τσ)2τ(τσ)−1 íå÷åòíàÿ. 1.3.13. σ =

(

1 2 3 4 5 6 7 8

3 7 4 5 1 6 8 2

), τ =

(

1 2 3 4 5 6 7 8

3 6 2 5 4 7 1 8

).
σ−1 = (872)(3154), τ−1 = (276)(423)(4531), στ = (14)(268)(37)(5), τσ =

= (12)(35)(4)(678). σ2τ íå÷åòíàÿ, (τσ)2τ(τσ)−1 íå÷åòíàÿ. 1.3.14. σ =

=

(

1 2 3 4 5 6 7 8

3 5 2 7 6 4 1 8

), τ =

(

1 2 3 4 5 6 7 8

2 4 8 1 6 5 3 7

). σ−1 = (312)(546)(751), τ−1 =

= (56)(783)(421), στ = (15438)(27)(6), τσ = (18726)(34)(5). σ2τ íå÷åòíàÿ,
(τσ)2τ(τσ)−1 ÷åòíàÿ. 1.3.15. σ =

(

1 2 3 4 5 6 7 8

7 6 2 4 8 3 1 5

), τ =

(

1 2 3 4 5 6 7 8

4 1 5 6 7 2 3 8

). σ−1 =

= (58)(71)(362), τ−1 = (265)(7643)(541), στ = (14385)(27)(6), τσ = (13)(2)(46587).
σ2τ íå÷åòíàÿ, (τσ)2τ(τσ)−1 ÷åòíàÿ. 1.4.1. γ : (2, 4, 5), (4, 5, 2), (5, 2, 4). χ : (6, 7, 5).1.4.2. γ : (5, 6, 7), (7, 5, 6), (6, 7, 5). χ : (7, 2, 6). 1.4.3. γ : (2, 6, 4), (4, 2, 6), (6, 4, 2).
χ : (5, 3, 6). 1.4.4. γ : (1, 2, 6), (2, 6, 1), (6, 1, 2). χ : (3, 5, 6). 1.4.5.
γ : (2, 3, 6), (3, 6, 2), (6, 2, 3). χ : (2, 3, 5). 1.4.6. γ : (6, 5, 7), (5, 7, 6), (7, 6, 5).
χ : (3, 6, 3). 1.4.7. γ : (3, 6, 5), (6, 5, 3), (5, 3, 6). χ : (4, 3, 6). 1.4.8.
γ : (6, 5, 7), (5, 7, 6), (7, 6, 5). χ : (4, 6, 5). 1.4.9. γ : (6, 5, 7), (5, 7, 6), (7, 6, 5).
χ : (3, 6, 2). 1.4.10. γ : (5, 4, 7), (4, 7, 5), (7, 5, 4). χ : (6, 5, 3). 1.4.11.
γ : (3, 7, 6), (7, 6, 3), (6, 3, 7). χ : (6, 5, 4). 1.4.12. γ : (2, 6, 5), (5, 2, 6), (6, 5, 2).
χ : (5, 6, 3). 1.4.13. γ : (2, 3, 5), (3, 5, 2), (5, 2, 3). χ : (4, 6, 5). 1.4.14. γ : (4, 7, 5),
(7, 5, 4), (5, 4, 7). χ : (5, 7, 3). 1.4.15. γ : (2, 7, 5), (7, 5, 2), (5, 2, 7). χ : (6, 6, 2).1.5.1. τ =

(

1 2 3 4 5 6 7 8 9

2 8 7 3 6 9 4 5 1

). 1.5.2. τ =

(

1 2 3 4 5 6 7 8 9

3 2 4 1 5 8 9 6 7

).1.5.3. τ =

(

1 2 3 4 5 6 7 8 9

6 3 5 2 8 1 4 9 7

). 1.5.4. τ =

(

1 2 3 4 5 6 7 8 9

3 4 9 2 5 1 6 7 8

).1.5.5. τ =

(

1 2 3 4 5 6 7 8 9

6 9 3 8 5 2 1 7 4

). 1.5.6. τ =

(

1 2 3 4 5 6 7 8 9

3 7 4 1 8 9 5 2 6

).1.5.7. τ =

(

1 2 3 4 5 6 7 8 9

3 7 5 2 6 1 8 9 4

). 1.5.8. τ =

(

1 2 3 4 5 6 7 8 9

8 9 3 5 7 4 2 1 6

).1.5.9. τ =

(

1 2 3 4 5 6 7 8 9

9 6 3 8 2 5 1 4 7

). 1.5.10. τ =

(

1 2 3 4 5 6 7 8 9

7 5 2 4 3 8 9 1 6

).1.5.11. τ =

(

1 2 3 4 5 6 7 8 9

8 5 1 9 3 7 6 4 2

). 1.5.12. τ =

(

1 2 3 4 5 6 7 8 9

4 8 2 3 6 5 1 7 9

).1.5.13. τ =

(

1 2 3 4 5 6 7 8 9

2 9 5 4 1 7 6 8 3

). 1.5.14. τ =

(

1 2 3 4 5 6 7 8 9

1 5 6 9 8 7 3 2 4

).
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ÎÒÂÅÒÛ1.5.15. τ =

(

1 2 3 4 5 6 7 8 9

3 8 7 6 4 2 5 9 1

). 1.6.1. γ =

(

1 2 3 4 5 6 7 8

1 5 4 6 7 2 8 3

).1.6.2. γ =

(

1 2 3 4 5 6 7 8

2 6 1 8 4 7 3 5

). 1.6.3. γ =

(

1 2 3 4 5 6 7 8

4 7 6 2 5 3 1 8

).1.6.4. γ =

(

1 2 3 4 5 6 7 8

2 5 6 8 3 7 1 4

). 1.6.5. γ =

(

1 2 3 4 5 6 7 8

1 8 7 5 4 2 3 6

).1.6.6. γ =

(

1 2 3 4 5 6 7 8

4 1 2 5 3 7 8 6

). 1.6.7. γ =

(

1 2 3 4 5 6 7 8

3 1 2 7 6 5 4 8

).1.6.8. γ =

(

1 2 3 4 5 6 7 8

1 4 6 8 5 2 7 3

). 1.6.9. γ =

(

1 2 3 4 5 6 7 8

7 1 8 5 3 6 4 2

).1.6.10. γ =

(

1 2 3 4 5 6 7 8

1 3 6 4 5 2 7 8

). 1.6.11. γ =

(

1 2 3 4 5 6 7 8

6 2 5 4 3 1 7 8

).1.6.12. γ =

(

1 2 3 4 5 6 7 8

7 2 8 3 6 4 5 1

). 1.6.13. γ =

(

1 2 3 4 5 6 7 8

4 7 1 2 3 8 5 6

).1.6.14. γ =

(

1 2 3 4 5 6 7 8

2 6 7 1 4 8 3 5

). 1.6.15. γ =

(

1 2 3 4 5 6 7 8

6 4 7 5 3 2 1 8

).2.1.1. Íåò. Íåò. 2.1.2. Íåò. Íåò. 2.1.3. Íåò. Íåò. 2.1.4. Äà. Äà (1/4). 2.1.5.Íåò. Íåò. 2.1.6. Äà. Äà (2). 2.1.7. Íåò. Íåò. 2.1.8. Íåò. Íåò. 2.1.9. Íåò. Íåò.2.1.10. Íåò. Íåò. 2.1.11. Íåò. Íåò. 2.1.12. Äà. Äà (−1/2). 2.1.13. Íåò. Íåò.2.1.14. Íåò. Íåò. 2.1.15. Íåò. Íåò. 2.2.1. Äà. Äà. 2.2.2. Äà. Äà. 2.2.3. Äà. Äà.2.2.4. Íåò. Íåò. 2.2.5. Äà. Äà. 2.2.6. Íåò. Íåò. 2.2.7. Äà. Äà. 2.2.8. Äà. Äà.2.2.9. Íåò. Íåò. 2.2.10. Äà. Äà. 2.2.11. Íåò. Íåò. 2.2.12. Äà. Äà. 2.2.13. Äà.Äà. 2.2.14. Äà. Äà. 2.2.15. Íåò. Íåò. 2.3.1. Äà. Íåò. 2.3.2. Äà. Íåò. 2.3.3. Íåò.Íåò. 2.3.4. Äà. Íåò. 2.3.5. Íåò. Íåò. 2.3.6. Äà. Íåò. 2.3.7. Íåò. Íåò. 2.3.8. Äà.Íåò. 2.3.9. Íåò. Íåò. 2.3.10. Äà. Íåò. 2.3.11. Íåò. Íåò. 2.3.12. Äà. Íåò. 2.3.13.Íåò. Íåò. 2.3.14. Íåò. Äà. 2.3.15. Íåò. Äà. 2.4.1. � 2.4.15. Äà. 2.5.1. Íåò. 2.5.2.Íåò. 2.5.3. Äà. 2.5.4. Äà. 2.5.5. Äà. 2.5.6. Äà. 2.5.7. Äà. 2.5.8. Äà. 2.5.9. Íåò.2.5.10. Äà. 2.5.11. Íåò. 2.5.12. Íåò. 2.5.13. Íåò. 2.5.14. Íåò. 2.5.15. Äà.3.2. Îòâåòû (q, r), ãäå q � íåïîëíîå ÷àñòíîå, r � îñòàòîê. 3.2.1.
(58, 7), (−58, 7), (−59, 6), (59, 6). 3.2.2. (31, 1), (−31, 1), (−32, 20), (32, 20). 3.2.3.
(35, 4), (−35, 4), (−36, 11), (36, 11). 3.2.4. (35, 2), (−35, 2), (−36, 16), (36, 16). 3.2.5.
(18, 5), (−18, 5), (−19, 19), (19, 19). 3.2.6. (20, 16), (−20, 16), (−21, 1), (21, 1). 3.2.7.
(28, 11), (−28, 11), (−29, 8), (29, 8). 3.2.8. (16, 26), (−16, 26), (−17,1), (17, 1). 3.2.9.
(49, 3), (−49, 3), (−50, 9), (50, 9). 3.2.10. (46, 9), (−46, 9), (−47, 5), (47, 5). 3.2.11.
(66, 3), (−66, 3), (−67, 8), (67, 8). 3.2.12. (18, 10), (−18, 10), (−19, 16), (19, 16).3.2.13. (63, 6), (−63, 6), (−64, 7), (64, 7). 3.2.14. (34, 3), (−34, 3), (−35, 19), (35, 19).3.2.15. (35, 2), (−35, 2), (−36, 14), (36, 14). 3.3. Îòâåòû (c, r), ãäå c � äåëè-òåëü, r � îñòàòîê. 3.3.1. (−178, 3). 3.3.2. (−120, 4). 3.3.3. (208, 151). 3.3.4.
(−190, 62). 3.3.5. (−89, 18). 3.3.6. (−190, 46). 3.3.7. (−49, 46). 3.3.8. (−160,106).3.3.9. (91, 68). 3.3.10. (−119, 67). 3.3.11. (−258, 17). 3.3.12. (174, 56). 3.3.13.
(−94, 9). 3.3.14. (228, 4). 3.3.15. (−349, 159). 3.4.1. ÍÎÄ(5544, 7644) = 84 =226



ÎÒÂÅÒÛ
= 40a − 29b, ÍÎÊ(5544, 7644) = 504 504. 3.4.2. ÍÎÄ(2585, 7975) = 55 =

= −37a + 12b, ÍÎÊ(2585, 7975) = 374 825. 3.4.3. ÍÎÄ(1188, 3080) = 44 =

= 13a − 5b, ÍÎÊ(1188, 3080) = 83 160. 3.4.4. ÍÎÄ(4704, 9100) = 28 = −118a +

+ 61b, ÍÎÊ(4704, 9100) = 1 528 800. 3.4.5. ÍÎÄ(1296, 6600) = 24 = −56a +

+ 11b, ÍÎÊ(1296, 6600) = 356 400. 3.4.6. ÍÎÄ(6188, 4709) = 17 = 121a −
− 159b, ÍÎÊ(6188, 4709) = 1 714 076. 3.4.7. ÍÎÄ(6125, 1190) = 35 = 7a −
− 36b, ÍÎÊ(6125, 1190) = 208 250. 3.4.8. ÍÎÄ(3069, 1881) = 99 = 8a −
− 13b, ÍÎÊ(3069, 1881) = 58 311. 3.4.9. ÍÎÄ(4968, 6678) = 18 = 82a −
− 61b, ÍÎÊ(4968, 6678) = 1 843 128. 3.4.10. ÍÎÄ(3120, 2325) = 15 = −38a +

+ 51b, ÍÎÊ(3120, 2325) = 483 600. 3.4.11. ÍÎÄ(6252, 777) = 3 = 108a −
− 869b, ÍÎÊ(6252, 777) = 1 619 268. 3.4.12. ÍÎÄ(2975, 9996) = 119 =

= 37a − 11b, ÍÎÊ(2975, 9996) = 249 900. 3.4.13. ÍÎÄ(1368, 7056) = 72 =

= 31a − 6b, ÍÎÊ(1368, 7056) = 134 064. 3.4.14. ÍÎÄ(1716, 1540) = 44 =

= 9a − 10b, ÍÎÊ(1716, 1540) = 60 060. 3.4.15. ÍÎÄ(5796, 5187) = 21 =

= −17a + 19b, ÍÎÊ(5796, 5187) = 1 431 612. 3.5.1. ÍÎÄ(46 368, 41 496) =

= 168. 3.5.2. ÍÎÄ(27 456, 24 640) = 704. 3.5.3. ÍÎÄ(43 776, 56 448) =

= 18. 3.5.4. ÍÎÄ(47 600, 39 984) = 1904. 3.5.5. ÍÎÄ(50 016, 49 728) =

= 96. 3.5.6. ÍÎÄ(49 920, 74 400) = 480. 3.5.7. ÍÎÄ(39 744, 26 712) =

= 72. 3.5.8. ÍÎÄ(49 000, 38 080) = 280. 3.5.9. ÍÎÄ(49 104, 60 192) = 1584.3.5.10. ÍÎÄ(49 504, 75 344) = 272. 3.5.11. ÍÎÄ(82 944, 52 800) = 192. 3.5.12.ÍÎÄ(75 264, 36 400) = 112. 3.5.13. ÍÎÄ(76 032, 49 280) = 1408. 3.5.14.ÍÎÄ(82 720, 63 800) = 440. 3.5.15. ÍÎÄ(44 352, 30 576) = 336. 3.6. Îò-âåòû (a, b). 3.6.1. (16, 1584), (144, 176). 3.6.2. (15, 630), (30, 315), (45, 210),
(90, 105). 3.6.3. (22, 3630), (66, 1210), (110, 726), (242, 330). 3.6.4. (19, 5187),
(57, 1729), (133, 741), (247, 399). 3.6.5. (14, 2856), (42, 952), (56, 714), (168, 238).3.6.6. (15, 6900), (60, 1725), (75, 1380), (300, 345). 3.6.7. (30, 15 660), (60, 7830),
(270, 1740), (540, 870). 3.6.8. (27, 5589), (243, 621). 3.6.9. (36, 6480), (144, 1620),
(324, 720), (180, 1296). 3.6.10. (12, 1872), (36, 624), (48, 468), (144, 156). 3.6.11.
(21, 756), (84, 189). 3.6.12. (26, 4914), (182, 702). 3.6.13. (35, 8925), (105, 2975),
(175, 1785), (525, 595). 3.6.14. (18, 4896), (288, 306). 3.6.15. (14, 4410), (70, 882),
(98, 630), (126, 490). 3.7. ÍÎÄ(a, b, c), ÍÎÊ(b, c). 3.7.1. 4, 3520. 3.7.2. 2, 7392.3.7.3. 4, 2856. 3.7.4. 1, 336. 3.7.5. 2, 5244. 3.7.6. 2, 6460. 3.7.7. 3, 4950. 3.7.8.
5, 4515. 3.7.9. 2, 8970. 3.7.10. 4, 2112. 3.7.11. 5, 1700. 3.7.12. 8, 728. 3.7.13.
4, 3724. 3.7.14. 4, 2232. 3.7.15. 2, 1584.4.1.1. 16. 4.1.2. 2. 4.1.3. 10. 4.1.4. 1. 4.1.5. 1. 4.1.6. 4. 4.1.7. 1. 4.1.8. 8.4.1.9. 5. 4.1.10. 5. 4.1.11. 9. 4.1.12. 9. 4.1.13. 7. 4.1.14. 4. 4.1.15. 13. 4.2.1. 4.4.2.2. 6. 4.2.3. 4. 4.2.4. 9. 4.2.5. 7. 4.2.6. 6. 4.2.7. 6. 4.2.8. 4. 4.2.9. 6. 4.2.10. 7.4.2.11. 6. 4.2.12. 3. 4.2.13. 7. 4.2.14. 6. 4.2.15. 6. 4.4.1. 34 560. 4.4.2. 103 680.4.4.3. 168 000. 4.4.4. 153 600. 4.4.5. 24 192. 4.4.6. 57 600. 4.4.7. 221 760. 4.4.8.
209 664. 4.4.9. 168 480. 4.4.10. 142 560. 4.4.11. 336 960. 4.4.12. 252 000. 4.4.13.
120 000. 4.4.14. 136 080. 4.4.15. 142 560. 4.5.1. Îáðàòèìûå ýëåìåíòû: 1, 3, 5, 7.Äåëèòåëè íóëÿ: 2, 4, 6. Îáðàòíûå ýëåìåíòû: 1, 3, 5, 7. 4.5.2.Îáðàòèìûå ýëåìåíòû:227



ÎÒÂÅÒÛ
1, 2, 4, 5, 7, 8. Äåëèòåëè íóëÿ: 3, 6. Îáðàòíûå ýëåìåíòû: 1, 5, 7, 2, 4, 8. 4.5.3.Îáðàòèìûå ýëåìåíòû: 1, 3, 7, 9. Äåëèòåëè íóëÿ: 2, 4, 5, 6, 8. Îáðàòíûå ýëåìåíòû:
1, 7, 3, 9. 4.5.4. Îáðàòèìûå ýëåìåíòû: 1, 3, 5, 9, 11, 13. Äåëèòåëè íóëÿ: 2, 4, 6,
7, 8, 10, 12. Îáðàòíûå ýëåìåíòû: 1, 5, 3, 11, 9, 13. 4.5.5. Îáðàòèìûå ýëåìåíòû: 1,
5. Äåëèòåëè íóëÿ: 2, 3, 4. Îáðàòíûå ýëåìåíòû: 1, 5. 4.5.6. Îáðàòèìûå ýëåìåíòû:
1, 5, 7, 11, 13, 17. Äåëèòåëè íóëÿ: 2, 3, 4, 6, 8, 9, 10, 12, 14, 15, 16. Îáðàòíûåýëåìåíòû: 1, 11, 13, 5, 7, 17. 4.5.7. Îáðàòèìûå ýëåìåíòû: 1, 3, 5, 7, 9, 11, 13, 15.Äåëèòåëè íóëÿ: 2, 4, 6, 8, 10, 12, 14. Îáðàòíûå ýëåìåíòû: 1, 11, 13, 7, 9, 3, 5,
15. 4.5.8. Îáðàòèìûå ýëåìåíòû: 1, 3, 7, 9, 11, 13, 17, 19. Äåëèòåëè íóëÿ: 2, 4, 5,
6, 8, 10, 12, 14, 15, 16, 18. Îáðàòíûå ýëåìåíòû: 1, 7, 3, 9, 11, 17, 13, 19. 4.5.9.Îáðàòèìûå ýëåìåíòû: 1, 5, 7, 11, 13, 17, 19, 23. Äåëèòåëè íóëÿ: 2, 3, 4, 6, 8, 9, 10,
12, 14, 15, 16, 18, 20, 21, 22. Îáðàòíûå ýëåìåíòû: 1, 5, 7, 11, 13, 17, 19, 23. 4.5.10.Îáðàòèìûå ýëåìåíòû: 1, 7, 11, 13, 17, 19, 23, 29. Äåëèòåëè íóëÿ: 2, 3, 4, 5, 6, 8, 9,
10, 12, 14, 15, 16, 18, 20, 21, 22, 24, 25, 26, 27, 28. Îáðàòíûå ýëåìåíòû: 1, 13, 11, 7,
23, 19, 17, 29. 4.5.11.Îáðàòèìûå ýëåìåíòû: 1, 2, 4, 7, 8, 11, 13, 14. Äåëèòåëè íóëÿ:
3, 5, 6, 9, 10, 12. Îáðàòíûå ýëåìåíòû: 1, 8, 4, 13, 2, 11, 7, 14. 4.5.12. Îáðàòèìûåýëåìåíòû: 1, 2, 3, 4. Äåëèòåëè íóëÿ: íåò. Îáðàòíûå ýëåìåíòû: 1, 3, 2, 4. 4.5.13.Îáðàòèìûå ýëåìåíòû: 1, 3. Äåëèòåëè íóëÿ: 2. Îáðàòíûå ýëåìåíòû: 1, 3. 4.5.14.Îáðàòèìûå ýëåìåíòû: 1, 2, 3, 4, 5, 6. Äåëèòåëè íóëÿ: íåò. Îáðàòíûå ýëåìåíòû:
1, 4, 5, 2, 3, 6. 4.5.15. Îáðàòèìûå ýëåìåíòû: 1, 2, 3, 4, 5, 6, 7, 8, 9, 10. Äåëèòåëèíóëÿ: íåò. Îáðàòíûå ýëåìåíòû: 1, 6, 4, 3, 9, 2, 8, 7, 5, 10.
4.6.1. · 1 3 5 7 9 11 13 15

1 1 3 5 7 9 11 13 15

3 3 9 15 5 11 1 7 13

5 5 15 9 3 13 7 1 11

7 7 5 3 1 15 13 11 9

9 9 11 13 15 1 3 5 7

11 11 1 7 13 3 9 15 5

13 13 7 1 11 5 15 9 3

15 15 13 11 9 7 5 3 1

.
4.6.2. · 1 3 7 9 11 13 17 19

1 1 3 7 9 11 13 17 19

3 3 9 1 7 13 19 11 17

7 7 1 9 3 17 11 19 13

9 9 7 3 1 19 17 13 11

11 11 13 17 19 1 3 7 9

13 13 19 11 17 3 9 1 7

17 17 11 19 13 7 1 9 3

19 19 17 13 11 9 7 3 1

.
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4.6.3. · 1 5 7 11 13 17 19 23

1 1 5 7 11 13 17 19 23

5 5 1 11 7 17 13 23 19

7 7 11 1 5 19 23 13 17

11 11 7 5 1 23 19 17 13

13 13 17 19 23 1 5 7 11

17 17 13 23 19 5 1 11 7

19 19 23 13 17 7 11 1 5

23 23 19 17 13 11 7 5 1

.
4.6.4. · 1 7 11 13 17 19 23 29

1 1 7 11 13 17 19 23 29

7 7 19 11 1 29 13 11 23

11 11 17 1 23 7 29 13 19

13 13 1 23 19 11 7 29 17

17 17 29 7 11 19 23 1 13

19 19 13 29 7 23 1 17 11

23 23 11 13 29 1 17 19 7

29 29 23 19 17 13 11 7 1

.
4.6.5. · 1 2 4 7 8 11 13 14

1 1 2 4 7 8 11 13 14

2 2 4 8 14 1 7 11 13

4 4 8 1 13 2 14 7 11

7 7 14 13 4 11 2 1 8

8 8 1 2 11 4 13 14 7

11 11 7 14 2 13 1 8 4

13 13 11 7 1 14 8 4 2

14 14 13 11 8 7 4 2 1

.
4.6.6. · 1 2 3 4

1 1 2 3 4

2 2 4 1 3

3 3 1 4 2

4 4 3 2 1

. 4.6.7. · 1 3

1 1 3

3 3 1

.
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ÎÒÂÅÒÛ4.6.8. · 1 2 3 4 5 6

1 1 2 3 4 5 6

2 2 4 6 1 3 5

3 3 6 2 5 1 4

4 4 1 5 2 6 3

5 5 3 1 6 4 2

6 6 5 4 3 2 1

.
4.6.9.

· 1 2 3 4 5 6 7 8 9 10

1 1 2 3 4 5 6 7 8 9 10

2 2 4 6 8 10 1 3 5 7 9

3 3 6 9 1 4 7 10 2 5 8

4 4 8 1 5 9 2 6 10 3 7

5 5 10 4 9 3 8 2 7 1 6

6 6 1 7 2 8 3 9 4 10 5

7 7 3 10 6 2 9 5 1 8 7

8 8 5 2 10 7 4 1 9 6 3

9 9 7 5 3 1 10 8 6 4 2

10 10 9 8 7 6 5 4 3 2 1

.
4.6.10. · 1 3 5 7

1 1 3 5 7

3 3 1 7 5

5 5 7 1 3

7 7 5 3 1

. 4.6.11. · 1 2 4 5 7 8

1 1 2 4 5 7 8

2 2 4 8 1 5 7

4 4 8 7 2 1 5

5 5 1 2 7 8 4

7 7 5 1 8 4 2

8 8 7 5 4 2 1

.
4.6.12. · 1 3 7 9

1 1 3 7 9

3 3 9 1 7

7 7 1 9 3

9 9 7 3 1

. 4.6.13. · 1 3 5 9 11 13

1 1 3 5 9 11 13

3 3 9 1 13 5 11

5 5 1 11 3 13 9

9 9 13 3 11 1 5

11 11 15 13 1 9 3

13 13 11 9 5 3 1

.
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ÎÒÂÅÒÛ4.6.14. · 1 5

1 1 5

5 5 1

. 4.6.15. · 1 5 7 11 13 17

1 1 5 7 11 13 17

5 5 7 17 1 11 13

7 7 17 13 5 1 11

11 11 1 5 13 17 7

13 13 11 1 17 7 5

17 17 13 11 7 5 1

.4.7.1. x = 1 + 4t, t ∈ Z. 4.7.2. x = 1 + 7t, t ∈ Z. 4.7.3. x = 3 + 6t, t ∈ Z.4.7.4. x = 5 + 7t, t ∈ Z. 4.7.5. x = 4t, t ∈ Z. 4.7.6. x = 1 + 3t, t ∈ Z. 4.7.7.
x = 5 + 11t, t ∈ Z. 4.7.8. x = 1 + 3t, t ∈ Z. 4.7.9. x = 3 + 9t, t ∈ Z. 4.7.10.
x = 6 + 19t, t ∈ Z. 4.7.11. x = 2 + 3t, t ∈ Z. 4.7.12. x = 4 + 8t, t ∈ Z. 4.7.13.
x = 6 + 9t, t ∈ Z. 4.7.14. x = 8 + 13t, t ∈ Z. 4.7.15. x = 12 + 16t, t ∈ Z.4.8.1. x = 4 + 3t, y = 1 + 2t, t ∈ Z. 4.8.2. x = −5 − 3t, y = 1 + 2t, t ∈ Z. 4.8.3.
x = 2t, y = 3+3t, t ∈ Z. 4.8.4. x = 5+6t, y = 3+5t, t ∈ Z. 4.8.5. x = −2−2t, y =
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3, z3 = −2, z4 = −1 −
− i

√
3, z5 = 1 − i

√
3. 5.8.12. 1)448 . 2) z0 = 10

√
2(cos (− π

20
) + i sin (− π

20
)), z1 =

= 10
√

2(cos 7π
20

+ i sin 7π
20

), z2 = 10
√

2(−
√

2
2

+ i
√

2
2

), z3 = 10
√

2(cos 23π
20

+ i sin 23π
20

),
z4 = 10

√
2(cos 31π

20
+ i sin 31π

20
). 3) z0 = 1 + i, z1 = −1 + i, z2 = −1 − i, z3 = 1 − i.5.8.13. 1)−214. 2) z0 = 6

√
2(cos (− π

36
) + i sin (− π

36
)), z1 = 6

√
2(cos 11π

36
+ i sin 11π

36
),

z2 = 6
√

2(cos 23π
36

+ i sin 23π
36

), z3 = 6
√

2(cos 35π
36

+ i sin 35π
36

), z4 = 6
√

2(cos 47π
36

+

+ i sin 47π
36

), z5 = 6
√

2(cos 59π
36

+ i sin 59π
36

). 3) z0 =
√

3 + i, z1 = −
√

3 + i, z2 = −2i.5.8.14. 1)−(2/3)30 . 2) z0 = 4
√

2(cos 7π
24

+ i sin 7π
24

), z1 = 4
√

2(cos 19π
24

+ i sin 19π
24

),
z2 = 4

√
2(cos 31π

24
+ i sin 31π

24
), z3 = 4

√
2(cos 43π

24
+ i sin 43π

24
). 3) z0 =

√
3

2
+ 1

2
i, z1 = i,236
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z2 = −

√
3

2
+ 1

2
i, z3 = −

√
3

2
− 1

2
i, z4 = −i, z5 =

√
3

2
− 1

2
i. 5.8.15. 1)436 . 2) z0 =

= 5
√

18(cos (− π
20

)+i sin (− π
20

)), z1 = 5
√

18(cos 7π
20

+i sin 7π
20

), z2 = 5
√

18(−
√

2
2

+i
√

2
2

),
z3 = 5

√
18(cos 23π

20
+ i sin 23π

20
), z4 = 5

√
18(cos 31π

20
+ i sin 31π

20
). 3) z0 = 4

√
9(

√
2

2
+ i

√
2

2
),

z1 = 4
√

9(−
√

2
2

+ i
√

2
2

), z2 = 4
√

9(−
√

2
2

− i
√

2
2

), z3 = 4
√

9(
√

2
2

− i
√

2
2

).6.1.1. AB =






1 2

−8 −16

−1 −2




. BT A =

(

2 −5 −6

4 −10 −12

). ABC =

=






2 + i −2 + 6i

−16 − 8i 16 − 48i

−2 − i 2 − 6i




. Ïðîèçâåäåíèÿ BA, CBA è BT C íå îïðåäåëåíû.6.1.2. BA =

(

−3 3 −4

6 −6 8

). CBA =

(

9 − 3i −9 + 3i 12 − 4i

−6 + 6i 6 − 6i −8 + 8i

). BT C =

=






−10 + 2i 2 − 4i

−5 + i 1 − 2i

5 − i −1 + 2i




. Ïðîèçâåäåíèÿ AB, BT A è ABC íå îïðåäåëåíû.6.1.3. AB =






−7 −2

−12 −2

−10 10




. BT A =

(

−6 3 −4

−6 8 −14

). ABC =






−14i 17 − 2i

−24i 32 − 2i

−20i 50 + 10i




.Ïðîèçâåäåíèÿ BA, CBA è BT C íå îïðåäåëåíû. 6.1.4. BA =

(

0 1 −4

0 −2 8

).
BT C =






4 1 − i

−12 −3 + 3i

8 2 − 2i




. CBA =

(

0 −2i 8i

0 −1 − 2i 4 + 8i

). Ïðîèçâåäåíèÿ AB, ABCè BT A íå îïðåäåëåíû. 6.1.5. AB =






−13 −4

−13 19

0 0




. BT A =

(

−11 −9 −12

−14 −1 14

).
ABC =






13 − 8i −12 + 13i

13 + 38i 57 + 13i

0 0




. Ïðîèçâåäåíèÿ BA, CBA è BT C íå îïðåäåëåíû.6.1.6. AB =






14 −8

−7 4

17 7




. BT A =

(

17 2 6

7 −3 4

). ABC =






16 + 28i 8 − 8i

−8 − 14i −4 + 4i

−14 + 34i −7 + 7i




.Ïðîèçâåäåíèÿ BA, CBA è BT C íå îïðåäåëåíû. 6.1.7. BA =

(

11 −4 −3

33 −12 −9

).
BT C =






−3 + 3i −2 + 9i

9 − 9i 6 − 27i

3 − 3i 2 − 9i




. CBA =

(

−66 24 18

−11 + 110i 4 − 40i 3 − 30i

). Ïðîèçâåäåíèÿ237
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AB, ABC è BT A íå îïðåäåëåíû. 6.1.8. AB =






−2 6

5 5

−19 −8




. BT A =

(

−5 2 −18

0 9 −6

).
ABC =






14 22i

5 25i

3 −51i




. Ïðîèçâåäåíèÿ BA, CBA è BT C íå îïðåäåëåíû. 6.1.9. BA =

=

(

−8 −22 −20

−4 −11 −10

). BT C =






−2 − 3i −1

4 + 6i 2

6 + 9i 3




. CBA =

(

16i 44i 40i

20 − 8i 55 − 22i 50 − 20i

).Ïðîèçâåäåíèÿ AB, ABC è BT A íå îïðåäåëåíû. 6.1.10. AB =






4 −3

−6 7

−3 1




.

BT A =

(

10 −9 −10

−5 8 5

). ABC =






5 + 4i −12 − 3i

−5 − 6i 18 + 7i

−5 − 3i 9 + i




. Ïðîèçâåäåíèÿ BA, CBA è

BT C íå îïðåäåëåíû. 6.1.11. BA =

(

−14 20 2

7 −10 −1

). BT C =






−4i 16 − 4i

2i −8 + 2i

4i −16 + 4i




.

CBA =

(

−21 − 7i 30 + 10i 3 + i

14 −20 −2

). Ïðîèçâåäåíèÿ AB, ABC è BT A íå îïðåäå-ëåíû. 6.1.12. AB =






12 22

14 21

2 13




. BT A =

(

−8 −2 14

−3 8 28

). ABC =






22i −36 + 44i

21i −42 + 42i

13i −6 + 26i




.Ïðîèçâåäåíèÿ BA, CBA è BT C íå îïðåäåëåíû. 6.1.13. BA =

(

5 −13 −6

−10 26 12

).
BT C =






−3 + 2i i

6 − 4i −2i

6 − 4i −2i




. CBA =

(

−5 − 10i 13 + 26i 6 + 12i

5 − 5i −13 + 13i −6 + 6i

). Ïðîèçâå-äåíèÿ AB, ABC è BT A íå îïðåäåëåíû. 6.1.14. AB =






12 7

25 33

4 11




. BT A =

=

(

19 13 14

10 26 19

). ABC =






−12 − 12i 17

−25 − 25i 17

−4 − 4i −3




. Ïðîèçâåäåíèÿ BA, CBA è BT C íåîïðåäåëåíû. 6.1.15. BA =

(

3 −8 5

−6 16 −10

). BT C =






−4 + 4i −2 + 8i

2 − 2i 1 − 4i

−2 + 2i −1 + 4i




. CBA =

=

(

−12 32 −20

−6 − 9i 16 + 24i −10 − 15i

). Ïðîèçâåäåíèÿ AB, ABC è BT A íå îïðåäåëåíû.238



ÎÒÂÅÒÛ6.2.1. ( 19 − 9i 26 + 40i

−13 − 20i 59 − 35i

). 6.2.2. (−10 + 20i 7 − 13i

14 − 26i −3 + 7i

).6.2.3. (24 − 4i 33 + 21i

0 −5 − 7i

). 6.2.4. ( −2 −2 − 10i

6 + 4i 14 + 2i

).6.2.5. (−12 −i

2i −8

). 6.2.6. ( 24 − 4i 0

−2 + 38i 4 + 14i

).6.2.7. ( 16i 10 + 34i

22 + 12i 51 + i

). 6.2.8. (−12 − 14i 22 − 8i

−16 − 44i 68 − 68i

).6.2.9. ( 24 + 4i 0

−20 − 20i −4

). 6.2.10. (−2 − 16i 30 + 12i

−10 − 4i −18 − 8i

).6.2.11. (9 + i 18 + 4i

0 −4

). 6.2.12. (10 + 15i 6 + 39i

13 − 2i 36 + 11i

).6.2.13. (−11 − 7i −1 + 9i

10 − 8i −2 − 6i

). 6.2.14. (4 − 14i 28 + 16i

0 −4

).6.2.15. (−12 − 13i 10 − 13i

−7 + 36i 34 − 19i

). 6.3.1. X = 1
5

(

−2 − i −4

9 −4 − 3i

).6.3.2. X = 1
5

(

−1 − i −5

6 −4 − i

). 6.3.3. X = 1
5

(

−2 − 2i −3

10 −6 − i

).6.3.4. X = 1
5

(

−4 −2

6 − i −4 − i

). 6.3.5. X = 1
5

(

−1 −3 − 2i

7 + i −7

).6.3.6. X = 1
5

(

−2 − 2i −1

7 −3 − i

). 6.3.7. X = 1
5

(

−2 −2 − i

9 −4 − 3i

).6.3.8. X = 1
5

(

−1 −5

7 − i −4 − 4i

). 6.3.9. X = 1
5

(

−2 + 2i −1 − i

7 −3

).6.3.10. X = 1
5

(

−4 − i −4

10 −4 − i

). 6.3.11. X = 1
5

(

−2 − i −3

10 − i −6

).6.3.12. X = 1
5

(

−2 −3 − i

10 −4 − 2i

). 6.3.13. X = 1
5

(

−1 −4 + i

7 − i −4

).6.3.14. X = 1
5

(

−1 + i −3

5 −3

). 6.3.15. X = 1
5

(

0 −1 − i

6 −4 − 2i

).6.4.1. X = 1
17

(

−99 15

−2 64

), Y = − 1
17

(

20 −2

−2 −4

).6.4.2. X = 1
16

(

−77 14

−2 74

), Y = − 1
16

(

19 −2

−2 −6

).6.4.3. X = 1
15

(

−57 13

−2 82

), Y = − 1
15

(

18 −2

−2 −8

).6.4.4. X = 1
14

(

−39 12

−2 88

), Y = − 1
14

(

17 −2

−2 −10

). 239



ÎÒÂÅÒÛ6.4.5. X = 1
13

(

−23 11

−2 92

), Y = − 1
13

(

16 −2

−2 −12

).6.4.6. X = 1
12

(

−9 10

−2 94

), Y = − 1
12

(

15 −2

−2 −14

).6.4.7. X = 1
11

(

3 9

−2 94

), Y = − 1
11

(

14 −2

−2 −16

).6.4.8. X = 1
10

(

13 8

−2 92

), Y = − 1
10

(

13 −2

−2 −18

).6.4.9. X = 1
9

(

21 7

−2 88

), Y = − 1
9

(

12 −2

−2 −20

).6.4.10. X = 1
8

(

27 6

−2 82

), Y = − 1
8

(

11 −2

−2 −22

).6.4.11. X = 1
7

(

31 5

−2 74

), Y = − 1
7

(

10 −2

−2 −24

).6.4.12. X = 1
6

(

33 4

−2 64

), Y = − 1
6

(

9 −2

−2 −26

).6.4.13. X = 1
5

(

33 3

−2 52

), Y = − 1
5

(

8 −2

−2 −28

).6.4.14. X = 1
4

(

31 2

−2 38

), Y = − 1
4

(

7 −2

−2 −30

).6.4.15. X = 1
3

(

27 1

−2 22

), Y = − 1
3

(

6 −2

−2 −32

).6.5.1. A1,2 =

(
−1±i

√
3

2
0

0 −1±i
√

3
2

), A3,4 =

(

− 1
2

± i
√

3
2

± i
√

3
2

− 1
2

).6.5.2. A1,2 =

(
1±i

√
15

4
0

0 1±i
√

15
4

), A3,4 =

(
1
4

± i
√

15
4

± i
√

15
4

1
4

).6.5.3. A1,2 =

(
−1±i

√
11

6
0

0 −1±i
√

11
6

), A3,4 =

(

− 1
6

± i
√

11
6

± i
√

11
6

− 1
6

).6.5.4. A1,2 =

(

−1 ± 2i 0

0 −1 ± 2i

), A3,4 =

(

−1 ±2i

±2i −1

).6.5.5. A1,2 =

(
3±i

√
7

4
0

0 3±i
√

7
4

), A3,4 =

(
3
4

± i
√

7
4

± i
√

7
4

3
4

).6.5.6. A1,2 =

(
1±i

√
7

2
0

0 1±i
√

7
2

), A3,4 =

(
1
2

± i
√

7
2

± i
√

7
2

1
2

).6.5.7. A1,2 =

(
−3±i

√
31

10
0

0 −3±i
√

31
10

), A3,4 =

(

− 3
10

± i
√

31
10

± i
√

31
10

− 3
10

).
240



ÎÒÂÅÒÛ6.5.8. A1,2 =

(
−3±i

√
7

2
0

0 −3±i
√

7
2

), A3,4 =

(

− 3
2

± i
√

7
2

± i
√

7
2

− 3
2

).6.5.9. A1,2 =

(
3±i

√
31

4
0

0 3±i
√

31
4

), A3,4 =

(
3
4

± i
√

31
4

± i
√

31
4

3
4

).6.5.10. A1,2 =

(
1±i

√
2

3
0

0 1±i
√

2
3

), A3,4 =

(
1
3

± i
√

2
3

± i
√

2
3

1
3

).6.5.11. A1,2 =

(
−3±i

√
23

8
0

0 −3±i
√

23
8

), A3,4 =

(

− 3
8

± i
√

23
8

± i
√

3
8

− 3
8

).6.5.12. A1,2 =

(
3±i

√
23

4
0

0 3±i
√

23
4

), A3,4 =

(
3
4

± i
√

23
4

± i
√

23
4

3
4

).6.5.13. A1,2 =

(
1±i

√
5

6
0

0 1±i
√

5
6

), A3,4 =

(
1
6

± i
√

5
6

± i
√

5
6

1
6

).6.5.14. A1,2 =

(
1±3i

5
0

0 1±3i
5

), A3,4 =

(
1
5

± 3i
5

± 3i
5

1
5

).6.5.15. A1,2 =

(
1±i

√
23

6
0

0 1±i
√

23
6

), A3,4 =

(
1
6

± i
√

23
6

± i
√

23
6

1
6

).6.6.1. A ∼






−1 2 3

0 1 0

0 0 7




, B ∼






1 2

0 0

0 0




, C ∼

(

1 3i

0 1

).6.6.2. A ∼






1 −1 −1

0 1 −2

0 0 −7




, B ∼

(

2 1 −1

0 0 0

), C ∼

(

2 i

0 1 + 2i

).6.6.3. A ∼






1 0 2

0 −1 2

0 0 −7




, B ∼






1 −4

0 −10

0 0




, C ∼

(

2i −3

0 i + 2

).6.6.4. A ∼






1 2 −1

0 1 −3

0 0 14




, B ∼

(

1 −3 2

0 0 0

), C ∼

(

−1 i

0 1 + 3i

).6.6.5. A ∼






−1 −1 1

0 1 −5

0 0 13




, B ∼






−1 5

0 23

0 0




, C ∼

(

−1 −i

0 5

).6.6.6. A ∼






1 1 0

0 −1 1

0 0 3




, B ∼






1 5

0 −13

0 0




, C ∼

(

−2 i − 1

0 −1 − i

).6.6.7. A ∼






−1 1 −1

0 −1 5

0 0 21




, B ∼

(

1 −3 −1

0 0 0

), C ∼

(

i − 1 3i

0 −2

).6.6.8. A ∼






1 3 1

0 −1 2

0 0 3




, B ∼






1 2

0 5

0 0




, C ∼

(

−1 i

0 6i

). 241



ÎÒÂÅÒÛ6.6.9. A ∼






−1 2 4

0 −1 −15

0 0 −37




, B ∼

(

1 −2 −3

0 0 0

), C ∼

(

1 0

0 −1

).6.6.10. A ∼






−1 1 2

0 −1 −3

0 0 −7




, B ∼






−1 2

0 −5

0 0




, C ∼

(

1 i

0 −2 − 2i

).6.6.11. A ∼






1 0 5

0 1 6

0 0 10




, B ∼

(

2 −1 −2

0 0 0

), C ∼

(

i i − 3

0 2

).6.6.12. A ∼






1 0 2

0 1 7

0 0 −22




, B ∼






−2 1

0 7

0 0




, C ∼

(

i 2i

0 −3

).6.6.13. A ∼






1 3 2

0 1 1

0 0 −3




, B ∼

(

1 −2 −2

0 0 0

), C ∼

(

−1 i

0 1 + i

).6.6.14. A ∼






1 4 3

0 −7 −5

0 0 −1




, B ∼






1 6

0 −13

0 0




, C ∼

(

−i − 1 2

0 −1

).6.6.15. A ∼






1 4 −3

0 −1 4

0 0 −22




, B ∼

(

−2 1 −1

0 0 0

), C ∼

(

−1 −4 − 4i

0 9 + 8i

).6.7.1. F−1 =








5 0 1 −1

−7 0 −2 1

1 2 1 −2

2 1 1 −1







. 6.7.2. F−1 = 1

2








−2 −5 −7 11

0 −8 −10 16

0 −2 −2 4

−2 0 −2 2







.6.7.3. F−1 =








−34 −14 −16 13

29 12 14 −11

−11 −4 −5 4

−2 −1 −1 1







. 6.7.4. F−1 =








11 4 5 −3

11 3 5 −2

1 −1 0 1

−2 −1 −1 1







.6.7.5. F−1 =








−18 −5 −1 6

5 0 −2 −1

6 2 1 −2

−2 −1 −1 1







. 6.7.6. F−1 =








5 −25 −22 27

1 −10 −9 11

−2 4 3 −4

0 1 1 −1







.6.7.7. F−1 = − 1

2








21 6 8 −7

15 4 6 −5

−14 −4 −6 4

4 2 2 −2







. 6.7.8. F−1 = 1

2








11 14 8 −13

5 6 4 −5

−2 −4 −2 4

−4 −2 −2 2







.6.7.9. F−1 = 1

2








9 5 8 −6

−2 0 4 −2

−14 −8 −10 8

−4 −2 −2 2







. 6.7.10. F−1 =








6 −18 −20 17

3 −12 −13 11

2 −4 −5 4

0 −1 −1 1







.242



ÎÒÂÅÒÛ6.7.11. F−1 = 1
2








−6 −7 −3 6

14 12 4 −10

−4 −4 −2 4

0 −2 −2 2







. 6.7.12. F−1 = 1

2








−21 −13 −5 12

5 5 3 −4

−6 −2 0 2

0 −2 −2 2







.6.7.13. F−1 =








−10 29 32 −27

7 −15 −17 14

3 −4 −5 4

0 −1 −1 1







. 6.7.14. F−1 = 1

2








51 14 11 −13

162 44 32 −42

−30 −8 −6 8

8 2 2 −2







.6.7.15. F−1 =








−100 −21 −28 22

−23 −4 −7 5

−14 −3 −4 3

−4 −1 −1 1







. 6.8.1. C−1 =

(

−3i −2

1 −i

).6.8.2. C−1 = 1
10

(

−1 − 3i 3 − i

6 − 2i 2 − 4i

). 6.8.3. C−1 = 1
10

(

−5i −3 − 6i

0 4 − 2i

).6.8.4. C−1 = 1
10

(

3 + i −4 + 2i

1 − 3i 2 − 6i

). 6.8.5. C−1 = 1
5

(

−3 −i

2i 1

).6.8.6. C−1 = 1
4

(

−2i 0

−2 + 2i −2 − 2i

). 6.8.7. C−1 = 1
4

(

3 − 3i −2 − 2i

−2 0

).6.8.8. C−1 = 1
6

(

−4 1

−2i −i

). 6.8.9. C−1 = 1
2

(

i 0

−1 − 2i −2

).6.8.10. C−1 = 1
4

(

1 + i 3 − 3i

−1 + i 3 − i

). 6.8.11. C−1 = 1
2

(

−2i −1 − 3i

0 1

).6.8.12. C−1 = 1
3

(

2 −3i

−1 0

). 6.8.13. C−1 = 1
2

(

0 1 + i

−2i 1 − i

).6.8.14. C−1 = 1
2

(

−1 + i −2 + 2i

0 −2

). 6.8.15. C−1 = 1
29

(

−10 + 4i −2 − 5i

9 + 8i −4 − 10i

).7.1.1. i = 6, j = 3, k = 5. 7.1.2. i = 2, j = 6, k = 3. 7.1.3. i = 5, j = 4,
k = 5. 7.1.4. i = 1, j = 3, k = 6. 7.1.5. i = 4, j = 2, k = 1. 7.1.6. i = 2, j = 6,
k = 5. 7.1.7. i = 4, j = 1, k = 4. 7.1.8. i = 5, j = 4, k = 6. 7.1.9. i = 1, j = 2,
k = 5. 7.1.10. i = 4, j = 3, k = 2. 7.1.11. i = 2, j = 5, k = 5. 7.1.12. i = 4,
j = 5, k = 1. 7.1.13. i = 6, j = 4, k = 3. 7.1.14. i = 2, j = 6, k = 5. 7.1.15. i = 2,
j = 3, k = 4. 7.2.1. |A| = −7, |B| = −1 487 600, |C| = −15. 7.2.2. |A| = −1 + 2i,
|B| = −20 093 000, |C| = −136. 7.2.3. |A| = −3 + 3i, |B| = 3999 600, |C| = −4.7.2.4. |A| = 2− 7i, |B| = −54 760, |C| = 240. 7.2.5. |A| = 6+15i, |B| = −5 078 000,
|C| = −13. 7.2.6. |A| = −19 − 30i, |B| = 1285 600, |C| = −23. 7.2.7. |A| = −15 +

+ 15i, |B| = −57 980 000, |C| = −3. 7.2.8. |A| = −19− 9i, |B| = 81 297 000, |C| = 2.7.2.9. |A| = −1 − 52i, |B| = 84 700, |C| = 26. 7.2.10. |A| = −55 − 29i, |B| =

= 15 867 000, |C| = −3. 7.2.11. |A| = 26 + 5i, |B| = 28 724 000, |C| = 4. 7.2.12.
|A| = 22 − 57i, |B| = 32 864 000, |C| = 141. 7.2.13. |A| = 10 − i, |B| = 482 890,
|C| = 38. 7.2.14. |A| = −9 + 5i, |B| = −7 163 800, |C| = −3. 7.2.15. |A| = 10− 19i,
|B| = 2500 500, |C| = 3. 7.3.1. |F | = 1, |H| = 72. 7.3.2. |F | = 2, |H| = −1421.243



ÎÒÂÅÒÛ7.3.3. |F | = 1, |H| = 338. 7.3.4. |F | = 1, |H| = 587. 7.3.5. |F | = 1, |H| = −10.7.3.6. |F | = 1, |H| = 57. 7.3.7. |F | = −2, |H| = −445. 7.3.8. |F | = 2, |H| = 328.7.3.9. |F | = 2, |H| = −2920. 7.3.10. |F | = 1, |H| = −81. 7.3.11. |F | = 2, |H| =

= 35. 7.3.12. |F | = 2, |H| = −620. 7.3.13. |F | = 1, |H| = 831. 7.3.14. |F | = 2,
|H| = 1154. 7.3.15. |F | = 1, |H| = 5. 7.4.1. 21 600. 7.4.2. −60 480. 7.4.3. 6480.7.4.4. −6480. 7.4.5. −233 906 400. 7.4.6. 6 985 440. 7.4.7. −7680. 7.4.8. −145 152.7.4.9. −1 088 640. 7.4.10. 8 398 080. 7.4.11. 1 512 000. 7.4.12. −752 400. 7.4.13.
178 214 400. 7.4.14. −8 398 080. 7.4.15. −711 360. 7.5.1. |C| = −15, |F | = 1. 7.5.2.
|C| = −136, |F | = 2. 7.5.3. |C| = −4, |F | = 1. 7.5.4. |C| = 240, |F | = 1. 7.5.5.
|C| = −13, |F | = 1. 7.5.6. |C| = −23, |F | = 1. 7.5.7. |C| = −3, |F | = −2. 7.5.8.
|C| = 2, |F | = 2. 7.5.9. |C| = 26, |F | = 2. 7.5.10. |C| = −3, |F | = 1. 7.5.11.
|C| = 4, |F | = 2. 7.5.12. |C| = 141, |F | = 2. 7.5.13. |C| = 38, |F | = 1. 7.5.14.
|C| = −3, |F | = 2. 7.5.15. |C| = 3, |F | = 1. 7.6.1. 5x4 −4x3−37x2 +45x−3. 7.6.2.
x4 − 33x2 + 79x − 69. 7.6.3. 2x4 − x3 − 7x2 + 12x − 8. 7.6.4. −x4 − x2 + 2x − 3.7.6.5. 3x3 − 17x2 − 18x − 20. 7.6.6. 5x2 + 8x − 61. 7.6.7. 2x3 − 6x2 + 38x − 2.7.6.8. −x3 − x − 3. 7.6.9. 12x2 − 7x + 10. 7.6.10. 2x3 + 2x2 − 6x + 10. 7.6.11.
−3x3 − 6x2 + 15x + 12. 7.6.12. x4 − 16x2 + x. 7.6.13. −x3 − 16x2 − 49x + 143.7.6.14. x4 − 13x2 − 2x + 14. 7.6.15. −3x3 + 5x2 − 81x + 4. 7.7.1. Ïðè x = 0 r = 4,ïðè x = 1 r = 4. 7.7.2. Ïðè x = 0 r = 4, ïðè x = 1 r = 4. 7.7.3. Ïðè x = 0 r = 4,ïðè x = 1 r = 4. 7.7.4. Ïðè x = 0 r = 4, ïðè x = 1 r = 4. 7.7.5. Ïðè x = 0 r = 4,ïðè x = 1 r = 4. 7.7.6. Ïðè x = 0 r = 4, ïðè x = 1 r = 4. 7.7.7. Ïðè x = 0 r = 4,ïðè x = 1 r = 4. 7.7.8. Ïðè x = 0 r = 4, ïðè x = 1 r = 4. 7.7.9. Ïðè x = 0 r = 4,ïðè x = 1 r = 4. 7.7.10. Ïðè x = 0 r = 4, ïðè x = 1 r = 4. 7.7.11. Ïðè x = 0

r = 4, ïðè x = 1 r = 4. 7.7.12. Ïðè x = 0 r = 3, ïðè x = 1 r = 4. 7.7.13. Ïðè
x = 0 r = 4, ïðè x = 1 r = 4. 7.7.14. Ïðè x = 0 r = 4, ïðè x = 1 r = 3. 7.7.15.Ïðè x = 0 r = 4, ïðè x = 1 r = 4.7.8.1. A−1 = − 1

7

(

3i 1

−2 3i

), C−1 = − 1
15






10 −10 −15

2 −5 −12

11 −5 −6




.7.8.2. A−1 = 1

−1+2i

(

i −1

−2 2 − i

), C−1 = − 1
136






1 −11 39

−11 −15 −21

14 −18 2




.7.8.3. A−1 = 1

−3+3i

(

−1 −2i

1 3 − i

), C−1 = − 1
4






−1 −1 0

−1 3 −4

1 1 −4




.7.8.4. A−1 = 1

2−7i

(

1 + i −2 − i

−3i −1

), C−1 = 1
240






−1 26 −17

−63 −42 129

27 18 −21




.7.8.5. A−1 = 1

6+15i

(

1 −8

2i 6 − i

), C−1 = − 1
13






−4 3 2

3 1 −8

−2 −5 1




.244



ÎÒÂÅÒÛ7.8.6. A−1 = 1
−19−30i

(

−5 + i −3 − 2i

−5 4i

), C−1 = − 1
23






10 −7 −9

−7 −2 4

−11 10 3




.7.8.7. A−1 = 1

−15+15i

(

3i + 2 −9 + i

1 8i

), C−1 = − 1
3






1 −1 −3

−3 0 9

4 2 −15




.7.8.8. A−1 = 1

−19−9i

(

6 + i −2

−1 −3 − i

), C−1 = 1
2






6 2 −8

−2 0 4

5 1 −7




.7.8.9. A−1 = 1

−1−52i

(

2 −6 + i

−9i 4 + i

), C−1 = 1
26






6 −5 1

8 2 −16

−12 −3 37




.7.8.10. A−1 = 1

−55−29i

(

7 −6i

−6 + i −7 + i

), C−1 = − 1
3






1 −5 9

−1 2 −3

1 −2 0




.7.8.11. A−1 = 1

26+5i

(

4 + 3i 2

i 5 − 2i

), C−1 = 1
4






1 3 −3

−10 2 2

1 −1 1




.7.8.12. A−1 = 1

22−57i

(

1 −7 − 2i

−8i 6 − i

), C−1 = 1
141






−8 −59 13

17 2 −10

9 84 3




.7.8.13. A−1 = 1

10−i

(

1 + 2i −2 − 3i

1 −4i

), C−1 = 1
33






1 −7 5

−7 11 3

−20 −12 14




.7.8.14. A−1 = 1

−9+5i

(

3 + 2i −2

−i −1 + 3i

), C−1 = − 1
3






−6 7 −3

12 −12 3

−3 2 0




.7.8.15. A−1 = 1

10−19i

(

−3 −2i

−5 + i −4 + 3i

), C−1 = 1
3






−18 23 −12

12 −16 9

9 −11 6




.8.1.1. x1 = 2, x2 = −1, x3 = 3. 8.1.2. x1 = −1, x2 = 2, x3 = 1. 8.1.3.

x1 = −2, x2 = 0, x3 = 1. 8.1.4. x1 = 2, x2 = −1, x3 = −1. 8.1.5. x1 = 1,
x2 = 1, x3 = −1. 8.1.6. x1 = 0, x2 = 1, x3 = −2. 8.1.7. x1 = −1, x2 = 1,
x3 = 2. 8.1.8. x1 = −1, x2 = 1, x3 = 0. 8.1.9. x1 = −2, x2 = 0, x3 = 2. 8.1.10.
x1 = −1, x2 = 2, x3 = 0. 8.1.11. x1 = 0, x2 = −1, x3 = 2. 8.1.12. x1 = −2,
x2 = 1, x3 = 1. 8.1.13. x1 = −3, x2 = 1, x3 = 0. 8.1.14. x1 = −1, x2 = 1,
x3 = 1. 8.1.15. x1 = −2, x2 = 3, x3 = 3. 8.2.1. 1) x1 = i, x2 = 1, x3 = −1.2) Íåò ðåøåíèé. 8.2.2. 1) Íåò ðåøåíèé. 2) x1 = −1, x2 = 2i, x3 = 0. 8.2.3.1) x1 = 0, x2 = −1, x3 = i. 2) Íåò ðåøåíèé. 8.2.4. 1) Íåò ðåøåíèé. 2) x1 = −i,
x2 = 0, x3 = 1. 8.2.5. 1) x1 = i, x2 = −1, x3 = 1. 2) Íåò ðåøåíèé. 8.2.6. 1) Íåòðåøåíèé. 2) x1 = 1, x2 = −i, x3 = 2. 8.2.7. 1) x1 = 1, x2 = −i, x3 = 0. 2) Íåòðåøåíèé. 8.2.8. 1) Íåò ðåøåíèé. 2) x1 = 0, x2 = −1, x3 = i. 8.2.9. 1) x1 = 1,245
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x2 = −1, x3 = 2. 2) Íåò ðåøåíèé. 8.2.10. 1) Íåò ðåøåíèé. 2) x1 = 1, x2 = 0,
x3 = −1. 8.2.11. 1) x1 = −2, x2 = i, x3 = 1. 2) Íåò ðåøåíèé. 8.2.12. 1) Íåòðåøåíèé. 2) x1 = 2, x2 = 0, x3 = −i. 8.2.13. 1) x1 = 0, x2 = 1, x3 = −i.2) Íåò ðåøåíèé. 8.2.14. 1) Íåò ðåøåíèé. 2) x1 = 1, x2 = −1, x3 = i. 8.2.15.1) x1 = 0, x2 = 1, x3 = 1. 2) Íåò ðåøåíèé. 8.3.1. x1 = 7

4
+ 3

4
x4, x2 = 5

3
+ 2

3
x4,

x3 = 5
12

+ 5
12

x4, x4 � ëþáîå ÷èñëî. 8.3.2. x1 = −8x3−3x4−9
3

, x2 = 12+7x3

3
, x3,

x4 � ëþáûå ÷èñëà. 8.3.3. x1 = 33x4−6
65

, x2 = −10−10x4

13
, x3 = 57+44x4

65
, x4 �ëþáîå ÷èñëî. 8.3.4. x1 = 2x4−3x3−24

11
, x2 = 16+13x3−5x4

11
, x3, x4 � ëþáûå ÷èñëà.8.3.5. x1 = −15x4−28

13
, x2 = 42+16x4

13
, x3 = 24+11x4

13
, x4 � ëþáîå ÷èñëî. 8.3.6.

x1 = 10x4−6x3+17
2

, x2 = 2x3−4x4−9
2

, x3, x4 � ëþáûå ÷èñëà. 8.3.7. x1 = x3 + 3,
x2 = −1 − x3, x4 = 2, x3 � ëþáîå ÷èñëî. 8.3.8. x1 = 10−3x4−8x3

3
, x2 = 7x3−14

3
,

x3, x4 � ëþáûå ÷èñëà. 8.3.9. x1 = −2x4−9
7

, x2 = 13−8x4

21
, x3 = −11x4−11

21
,

x4 � ëþáîå ÷èñëî. 8.3.10. x1 = 2x4 − 2x3 − 1, x2 = −1 − x4, x3, x4 � ëþáûå÷èñëà. 8.3.11. x1 = 8+2x4

5
, x2 = −16−9x4

5
, x3 = −31−9x4

5
, x4 � ëþáîå ÷èñëî.8.3.12. x1 = 26 + 11x4 − 16x3, x2 = −20 − 9x4 + 11x3, x3, x4 � ëþáûå ÷èñëà.8.3.13. x1 = 47

38
+ 10

19
x4, x2 = 15

19
+ 8

19
x4, x3 = − 5

76
+ 12

19
x4, x4 � ëþáîå ÷èñëî.8.3.14. x1 = −27 − 12x4 + 19x3, x2 = 23 + 10x4 − 15x3, x3, x4 � ëþáûå ÷èñëà.8.3.15. x1 = 19x4−7

31
, x2 = 63−16x4

31
, x3 = 25−28x4

31
, x4 � ëþáîå ÷èñëî. 8.4.1.

x1 = 9+3x3

4
, x2 = 5+7x3

8
, x3 � ëþáîå ÷èñëî. 8.4.2. x1 = −3x3−4

2
, x2 = 6+x3

2
,

x3 � ëþáîå ÷èñëî. 8.4.3. x1 = 3x3 − 10, x2 = 10x3 − 26, x3 � ëþáîå ÷èñëî. 8.4.4.
x1 = 7−4x3

3
, x2 = 5−2x3

3
, x3 � ëþáîå ÷èñëî. 8.4.5. x1 = 3x3+15

4
, x2 = 7x3−13

8
,

x3 � ëþáîå ÷èñëî. 8.4.6. x1 = − 11
4

+ 1
4
x3, x2 = 21

4
− 11

4
x3, x3 � ëþáîå ÷èñëî.8.4.7. x1 = 22x3+39

2
, x2 = 6x3 + 11, x3 � ëþáîå ÷èñëî. 8.4.8. x1 = 33−17x3

26
,

x2 = 1−21x3

26
, x3 � ëþáîå ÷èñëî. 8.4.9. x1 = 3x3+41

17
, x2 = −2+4x3

17
, x3 � ëþáîå÷èñëî. 8.4.10. x1 = − 11

29
+ x2, x3 = 8

29
, x2 � ëþáîå ÷èñëî. 8.4.11. x1 = 1

8
− 3

8
x3,

x2 = − 9
16

− 29
16

x3, x3 � ëþáîå ÷èñëî. 8.4.12. x1 = 2x3+15
7

, x2 = 13+5x3

7
, x3 �ëþáîå ÷èñëî. 8.4.13. x1 = −7−7x3

4
, x2 = 25+13x3

4
, x3 � ëþáîå ÷èñëî. 8.4.14.

x1 = 1+x3

3
, x2 = x3, x3 � ëþáîå ÷èñëî. 8.4.15. x1 = 7−11x3, x2 = −3+6x3, x3 �ëþáîå ÷èñëî. 8.5.1. Åñëè α = −6 � íåò ðåøåíèé, åñëè α = −7 � íåò ðåøåíèé,åñëè α 6= −6, α 6= −7, òî x1 = α2−7α−8

α2+13α+42
, x2 = − 2

α+6
, x3 = −34+8α

α2+13α+42
. 8.5.2.Åñëè α = −5 � íåò ðåøåíèé, åñëè α = −6 � íåò ðåøåíèé, åñëè α 6= −5, α 6= −6,òî x1 = α2−6α−7

α2+11α+30
, x2 = − 2

α+5
, x3 = −23+7α

α2+11α+30
. 8.5.3. Åñëè α = −4 � íåòðåøåíèé, åñëè α = −5 � íåò ðåøåíèé, åñëè α 6= −4, α 6= −5, òî x1 = α2−5α−6

α2+9α+20
,

x2 = − 2
α+4

, x3 = −14+6α
α2+9α+20

. 8.5.4. Åñëè α = −3 � íåò ðåøåíèé, åñëè α =

= −4 � íåò ðåøåíèé, åñëè α 6= −3, α 6= −4, òî x1 = α2−4α−5
α2+7α+12

, x2 = − 2
α+3

,
x3 = −7+5α

α2+7α+12
. 8.5.5. Åñëè α = −2 � íåò ðåøåíèé, åñëè α = −3 � íåò ðåøåíèé,åñëè α 6= −2, α 6= −3, òî x1 = α2−3α−4

α2+5α+6
, x2 = − 2

α+2
, x3 = −2+4α

α2+5α+6
. 8.5.6. Åñëè

α = −1 � íåò ðåøåíèé, åñëè α = −2 � íåò ðåøåíèé, åñëè α 6= −1, α 6= −2, òî
x1 = α−3

α+2
, x2 = − 2

α+1
, x3 = 1+3α

α2+3α+2
. 8.5.7. Åñëè α = 0 � íåò ðåøåíèé, åñëè

α = −1 � áåñêîíå÷íî ìíîãî ðåøåíèé: x1 = 1 − x3, x2 = 2, x3 � ëþáîå ÷èñëî,åñëè α 6= 0, α 6= −1, òî x1 = α−2
α

, x2 = − 2
α
, x3 = 2

α
. 8.5.8. Åñëè α = 0 � íåò246



ÎÒÂÅÒÛðåøåíèé, åñëè α = 1 � íåò ðåøåíèé, åñëè α 6= 0, α 6= 1, òî x1 = α+1
α

, x2 = 2
1−α

,
x3 = α+1

α2−α
. 8.5.9. Åñëè α = 1 � íåò ðåøåíèé, åñëè α = 2 � íåò ðåøåíèé, åñëè

α 6= 1, α 6= 2, òî x1 = α2+α
α2−3α+2

, x2 = 2
2−α

, x3 = − 2
α2−3α+2

. 8.5.10. Åñëè α = 2 �íåò ðåøåíèé, åñëè α = 3 � íåò ðåøåíèé, åñëè α 6= 2, α 6= 3, òî x1 = α2+2α+1
α2−5α+6

,
x2 = 2

3−α
, x3 = −7−α

α2−5α+6
. 8.5.11. Åñëè α = 3 � íåò ðåøåíèé, åñëè α = 4 �íåò ðåøåíèé, åñëè α 6= 3, α 6= 4, òî x1 = α2+3α+2

α2−7α+12
, x2 = 2

4−α
, x3 = −14−2α

α2−7α+12
.8.5.12. Åñëè α = 4 � íåò ðåøåíèé, åñëè α = 5 � íåò ðåøåíèé, åñëè α 6= 4,

α 6= 5, òî x1 = α2+4α+3
α2−9α+20

, x2 = 2
5−α

, x3 = −23−2α
α2−9α+20

. 8.5.13. Åñëè α = 5 � íåòðåøåíèé, åñëè α = 6 � íåò ðåøåíèé, åñëè α 6= 5, α 6= 6, òî x1 = α2+5α+4
α2−11α+30

,
x2 = 2

6−α
, x3 = −34−4α

α2−11α+30
. 8.5.14. Åñëè α = 6 � íåò ðåøåíèé, åñëè α = 5 �íåò ðåøåíèé, åñëè α 6= 6, α 6= 5, òî x1 = α2+6α+5

α2−13α+42
, x2 = 2

7−α
, x3 = −47−5α

α2−13α+42
.8.5.15. Åñëè α = 7 � íåò ðåøåíèé, åñëè α = 8 � íåò ðåøåíèé, åñëè α 6= 7, α 6= 8,òî x1 = α2+7α+6

α2−15α+56
, x2 = 2

8−α
, x3 = −62−6α

α2−15α+56
.8.6.1. B =

(

α β

0 α

), α, β ∈ R. 8.6.2. B =

(

α β

0 α

), α, β ∈ R.8.6.3. B =

(

3α + β −α

α β

), α, β ∈ R. 8.6.4. B =

(

−2α + β α

α β

), α, β ∈ R.8.6.5. B =

(

−2α + β 2α

α β

), α, β ∈ R. 8.6.6. B =

(

α + β −α

α β

), α, β ∈ R.8.6.7. B =

(

−α + β −α

α β

), α, β ∈ R. 8.6.8. B =

(

−α + β 1
2
α

α β

), α, β ∈ R.8.6.9. B =

(

3α + β −α

α β

), α, β ∈ R. 8.6.10. B =

(

−2α + β −α

α β

), α, β ∈ R.8.6.11. B =

(

−α + β 3
2
α

α β

), α, β ∈ R. 8.6.12. B =

(
2
3
α + β − 2

3
α

α β

), α, β ∈ R.8.6.13. B =

(

− 2
3
α + β 1

3
α

α β

), α, β ∈ R. 8.6.14. B =

(

−α + β α

α β

), α, β ∈ R.8.6.15. B =

(

−α + β 2α

α β

), α, β ∈ R.9.1.1. q(x) = 2x2 + 3x + 3 � íåïîëíîå ÷àñòíîå, r(x) = 1x + 3 � îñòàòîê.9.1.2. q(x) = 1x2 + 3x + 1 � íåïîëíîå ÷àñòíîå, r(x) = 2x + 2 � îñòàòîê. 9.1.3.
q(x) = 1x2 + 2x � íåïîëíîå ÷àñòíîå, r(x) = 1x + 3 � îñòàòîê. 9.1.4. q(x) =

= 3x2 + 1 � íåïîëíîå ÷àñòíîå, r(x) = 1x � îñòàòîê. 9.1.5. q(x) = 2x � íåïîëíîå÷àñòíîå, r(x) = 1x2 +1x+ 3 � îñòàòîê. 9.1.6. q(x) = 2x2 +1 � íåïîëíîå ÷àñòíîå,
r(x) = 2x + 1 � îñòàòîê. 9.1.7. q(x) = 1x � íåïîëíîå ÷àñòíîå, r(x) = 1x + 1 �îñòàòîê. 9.1.8. q(x) = 2x2 + 3 � íåïîëíîå ÷àñòíîå, r(x) = 2x2 +2x+2 � îñòàòîê.9.1.9. q(x) = 1x2 + 2x + 2 � íåïîëíîå ÷àñòíîå, r(x) = 2x + 3 � îñòàòîê. 9.1.10.
q(x) = 2x2 + 3 � íåïîëíîå ÷àñòíîå, r(x) = 1x + 1 � îñòàòîê. 9.1.11. q(x) = 2x �247



ÎÒÂÅÒÛíåïîëíîå ÷àñòíîå, r(x) = 1x2 + 2x + 3 � îñòàòîê. 9.1.12. q(x) = 3x2 + 1x �íåïîëíîå ÷àñòíîå, r(x) = 2x + 3 � îñòàòîê. 9.1.13. q(x) = 2x + 2 � íåïîëíîå÷àñòíîå, r(x) = 3x2 +1 � îñòàòîê. 9.1.14. q(x) = 1x2 � íåïîëíîå ÷àñòíîå, r(x) =

= 3x + 2 � îñòàòîê. 9.1.15. q(x) = 1x2 + 2x + 1 � íåïîëíîå ÷àñòíîå, r(x) = 1x2 +

+ 2x + 3 � îñòàòîê. 9.2.1. ÍÎÄ1(f(x), g(x)) = x2 − 2 = g(x)(x + 2) − f(x)(x + 1).9.2.2. ÍÎÄ1(f(x), g(x)) = x3 + 1 = g(x)(x + 1) − f(x). 9.2.3. ÍÎÄ1(f(x), g(x)) =

= x2 + 5 = g(x)(x2 − 4x + 4) − f(x)(x − 3). 9.2.4. ÍÎÄ1(f(x), g(x)) = x + 2
3

=

= (− 1
3
x2 + 1

3
x + 1

3
)f(x) + ( 1

3
x3 + 2

3
x2 − 5

3
x − 4

3
)g(x). 9.2.5. ÍÎÄ1(f(x), g(x)) =

= 1 = g(x)(−3x2 − x + 1) + f(x)x. 9.2.6. ÍÎÄ1(f(x), g(x)) = 1 = g(x)(x3 + x2 −
− 3x − 2) − f(x)(x + 1). 9.2.7. ÍÎÄ1(f(x), g(x)) = x − 1 = g(x)( 2

3
x2 − 2

3
x − 1) +

+f(x)(− 1
3
x+ 1

3
). 9.2.8. ÍÎÄ1(f(x), g(x)) = 1 = g(x)( 1

2
x4 −x2 −1)+ f(x)(− 1

2
x2 +

+ 3
2
). 9.2.9. ÍÎÄ1(f(x), g(x)) = 1 = −g(x)(3x3 − 2x2 − x + 2) + f(x)(3x2 + x − 1).9.2.10. ÍÎÄ1(f(x), g(x)) = 1 = g(x)( 1

3
x3 + 5

6
x2 − 1) − f(x)( 1

3
x2 + 1

2
x). 9.2.11.ÍÎÄ1(f(x), g(x)) = 1 = f(x)(− 1

6
x2+ 1

3
x− 2

3
)+g(x)( 1

6
x5− 1

3
x4+ 1

2
x3+ 2

3
x2− 4

3
x+ 7

6
).9.2.12. ÍÎÄ1(f(x), g(x)) = x− 1 = g(x)(− 1

11
x3 + 2

11
x2 − 5

11
x− 1

11
)+ f(x)( 1

11
x3 −

− 1
11

x2+ 3
11

x+ 6
11

). 9.2.13.ÍÎÄ1(f(x), g(x)) = x−1 = g(x)(− 1
4
x3− 3

2
x2+x+ 17

4
)+

+ f(x)( 1
4
x2 − 3

4
). 9.2.14. ÍÎÄ1(f(x), g(x)) = x2 − 1 = (−x)f(x) + (x2 −x+1)g(x).9.2.15.ÍÎÄ1(f(x), g(x)) = 1 = g(x)(x4+6x3+14x2+15x+7)−f(x)(x3+3x2+4x+

+2). 9.3.1. f(1+ i) = 2−2i. 9.3.2. f(−3+ i) = 138+494i. 9.3.3. f(−1− i) = 8−6i.9.3.4. f(1 − 2i) = −9 + 8i. 9.3.5. f(i) = 11 − 7i. 9.3.6. f(3i) = 340 + 180i. 9.3.7.
f(−2 − i) = −1 − 44i. 9.3.8. f(−1 + 2i) = 12 + 15i. 9.3.9. f(−i) = 7 + 5i. 9.3.10.
f(1 + 2i) = −12 − 2i. 9.3.11. f(2i) = 2 + 22i. 9.3.12. f(2 + i) = −135 + 95i.9.3.13. f(3i) = 206 + 24i. 9.3.14. f(1 + i) = −19. 9.3.15. f(i) = 2 − 3i. 9.4.1.
f(x) = (x+1)4 − 2(x+1)3 − (x+1)2. 9.4.2. f(x) = (x+1)5 − 2(x+1)4 − (x+1)3 +

+6(x+1)2 −3(x+1). 9.4.3. f(x) = (x+1)6−10(x+1)5 +46(x+1)4−131(x+1)3 +

+ 239(x + 1)2 − 260(x + 1) + 150. 9.4.4. f(x) = 3(x + 1)5 − 10(x + 1)4 − 6(x + 1)3 +

+ 42(x + 1)2 − 46(x + 1) + 11. 9.4.5. f(x) = 3(x + 1)3 − 11(x + 1)2 + 14(x + 1) − 4.9.4.6. f(x) = (x + 1)4 − 5(x + 1)3 + 5(x + 1)2 + 5(x + 1) − 5. 9.4.7. f(x) = 4(x +

+ 1)4 − 18(x +1)3 +14(x +1)2 +15(x +1)− 6. 9.4.8. f(x) = (x+ 1)5 − 10(x +1)4 +

+ 28(x + 1)3 − 22(x + 1)2 − 7(x + 1) + 22. 9.4.9. f(x) = 3(x + 1)4 − 17(x + 1)3 +

+ 37(x + 1)2 − 37(x + 1) + 15. 9.4.10. f(x) = 2(x + 1)4 − 5(x + 1)3 + 2(x + 1) + 3.9.4.11. f(x) = (x+ 1)6 − 6(x +1)5 +14(x +1)4 − 12(x +1)3 − 3(x+1)2 +7(x +1)+

+ 1. 9.4.12. f(x) = (x + 1)5 − 6(x + 1)4 + 15(x + 1)3 − 20(x + 1)2 + 16(x + 1) − 8.9.4.13. f(x) = (x + 1)5 + (x + 1)4 − 17(x + 1)3 + 24(x + 1)2 − 6(x + 1) + 4. 9.4.14.
f(x) = (x + 1)5 − 6(x + 1)4 + 15(x + 1)3 − 19(x + 1)2 + 10(x + 1). 9.4.15. f(x) =

= (x + 1)5 − (x + 1)3 + 3(x + 1). 9.5.1. a = −1, b = 2, c = 0. 9.5.2. a = −2, b = 6,
c = 3. 9.5.3. a = 1

2
, b = 3, c = 3. 9.5.4. a = 2, b = 1, c = −1. 9.5.5. a = 2, b = 3,

c = 6. 9.5.6. a = 3, b = −3, c = 2. 9.5.7. a = 2, b = 12, c = 12. 9.5.8. a = 1
2
,

b = 2, c = 4. 9.5.9. a = 2
3
, b = 2, c = 16

3
. 9.5.10. a = 4, b = 4, c = 6. 9.5.11.

a = 1
3
, b = − 3

2
, c = − 3

4
. 9.5.12. a = −3, b = −12, c = −6. 9.5.13. a = 2

3
, b = 1,

c = 16
3
. 9.5.14. a = 1, b = 6, c = 4. 9.5.15. a = 1

2
, b = 3

2
, c = 1

2
. 9.6.1. x1 = 1,

x2 = 3, x3 = −1−i
√

11
2

, x4 = −1+i
√

11
2

. 9.6.2. x1 = −2, x2 = 5, x3 = 3−i
√

11
2

,248



ÎÒÂÅÒÛ
x4 = 3+i

√
11

2
. 9.6.3. x1 = 2, x2 = −3, x3 = −1 − i, x4 = −1 + i. 9.6.4. x1 = 1,

x2 = −4, x3 = −3−i
√

3
2

, x4 = −3+i
√

3
2

. 9.6.5. x1 = −2, x2 = 3, x3 = −1 − i
√

3,
x4 = −1+ i

√
3. 9.6.6. x1 = 1, x2 = −3, x3 = −3−i

√
7

4
, x4 = −3+i

√
7

4
. 9.6.7. x1 = 2,

x2 = 4, x3 = −1−i
√

11
6

, x4 = −1+i
√

11
6

. 9.6.8. x1 = −1, x2 = −1, x3 = −2 − i,
x4 = −2 + i. 9.6.9. x1 = 1, x2 = −1, x3 = 1−i

√
15

4
, x4 = 1+i

√
15

4
. 9.6.10. x1 = 1,

x2 = 5, x3 = 1 − i, x4 = 1 + i. 9.6.11. x1 = −3, x2 = 4, x3 = 1−i
√

2
3

, x4 = 1+i
√

2
3

.9.6.12. x1 = −2, x2 = 3, x3 = 1−i
√

23
4

, x4 = 1+i
√

23
4

. 9.6.13. x1 = 1, x2 = 4,
x3 = 3−i

√
31

4
, x4 = 3+i

√
31

4
. 9.6.14. x1 = 2, x2 = −2, x3 = 5−i

√
23

6
, x4 = 5+i

√
23

6
.9.6.15. x1 = −1, x2 = 5, x3 = 1−i

√
19

2
, x4 = 1+i

√
19

2
. 9.7.1. x1 = 3−2i, x2 = 3+2i,

x3 = −i, x4 = i. 9.7.2. x1 = 1 + i
√

3, x2 = 1− i
√

3, x3 = 3 + 2i, x4 = 3− 2i. 9.7.3.
x1 = 3 + 2i, x2 = 3 − 2i, x3 = −1 − 2i, x4 = −1 + 2i. 9.7.4. x1 = i, x2 = −i,
x3 = 1+2i, x4 = 1−2i. 9.7.5. x1 = −2i, x2 = 2i, x3 = −1−2i, x4 = −1+2i. 9.7.6.
x1 = 2i, x2 = −2i, x3 = −2−2i, x4 = −2+2i. 9.7.7. x1 = 2− i, x2 = 2+ i, x3 = 1+

+ 3i, x4 = 1 − 3i. 9.7.8. x1 = 1 + i, x2 = 1 − i, x3 = −i, x4 = i. 9.7.9. x1 = 1 + 3i,
x2 = 1 − 3i, x3 = −2 + i, x4 = −2 − i. 9.7.10. x1 = −2 + i, x2 = −2 − i, x3 = −2i,
x4 = 2i. 9.7.11. x1 = −1+i, x2 = −1−i, x3 = 2−i, x4 = 2+i. 9.7.12. x1 = −2+3i,
x2 = −2 − 3i, x3 = −2i, x4 = 2i. 9.7.13. x1 = −1 + 2i, x2 = −1 − 2i, x3 = 1 + 3i,
x4 = 1 − 3i. 9.7.14. x1 = −2 + 3i, x2 = −2 − 3i, x3 = 1 + 2i, x4 = 1 − 2i. 9.7.15.
x1 = 2 − i, x2 = 2 + i, x3 = −i, x4 = i. 9.8.1. R: f(x) = (x + 1)(x − 2)(x2 + 1),
g(x) = (x2 + 3)(x2 − 3x + 3)(x2 + 3x + 3). C: f(x) = (x + 1)(x − 2)(x − i)(x +

+ i), g(x) = (x − 3+i
√

3
2

)(x − 3−i
√

3
2

)(x − i
√

3)(x + i
√

3)(x − −3+i
√

3
2

)(x − −3−i
√

3
2

).9.8.2. R: f(x) = (x − 1)(x + 3)(x2 + 4), g(x) = (x2 − 2
√

2x + 4)(x2 + 2
√

2x + 4).
C: f(x) = (x − 1)(x + 3)(x − 2i)(x + 2i), g(x) = (x −

√
2 − i

√
2)(x −

√
2 + i

√
2)(x +

+
√

2 − i
√

2)(x +
√

2 + i
√

2). 9.8.3. R: f(x) = (x − 1)(x − 1)(x2 − 2x + 2), g(x) =

= (x2 − 3
√

2x + 9)(x2 + 3
√

2x + 9). C: f(x) = (x − 1)(x − 1)(x − 1 − i)(x − 1 + i),
g(x) = (x − 3

√
2+i3

√
2

2
)(x − 3

√
2−i3

√
2

2
)(x − −3

√
2+i3

√
2

2
)(x − −3

√
2−i3

√
2

2
). 9.8.4. R:

f(x) = (x + 1)3(x2 − x + 1), g(x) = (x2 −
√

10x + 4)(x2 +
√

10x + 4). C: f(x) = (x +

+ 1)(x +1)(x + 1)(x− 1−i
√

3
2

)(x− 1+i
√

3
2

), g(x) = (x−
√

10+i
√

6
2

)(x−
√

10−i
√

6
2

)(x−
− −

√
10−i

√
6

2
)(x − −

√
10+i

√
6

2
). 9.8.5. R: f(x) = (x − 1)(x + 1)2(x2 + x + 1), g(x) =

= (4x2−2
√

2x+1)(4x2 +2
√

2x+1). C: f(x) = (x+1)(x+1)(x−1)(x− −1+i
√

3
2

)(x−
− −1−i

√
3

2
), g(x) = 16(x −

√
2−i

√
2

4
)(x −

√
2+i

√
2

4
)(x − −

√
2−i

√
2

4
)(x − −

√
2−i

√
2

4
).9.8.6. R: f(x) = (x − 1)(x + 2)(x + 2)(x2 + x + 1), g(x) = (x −

√
3)(x +

√
3)(x2 +

+
√

3x+3)(x2 −
√

3x+3). C: f(x) = (x−1)(x+2)(x+2)(x− −1+i
√

3
2

)(x− −1−i
√

3
2

),
g(x) = (x −

√
3)(x +

√
3)(x −

√
3+3i
2

)(x −
√

3−3i
2

)(x − −
√

3+3i
2

)(x − −
√

3−3i
2

). 9.8.7.
R: f(x) = (x − 1)(x − 3)2(x2 + x + 1), g(x) = (x2 −

√
6x + 2)(x2 +

√
6x + 2). C:

f(x) = (x − 1)(x − 3)(x − 3)(x − −1+i
√

3
2

)(x − −1−i
√

3
2

), g(x) = (x −
√

6−i
√

2
2

)(x −
−

√
6+i

√
2

2
)(x − −

√
6−i

√
2

2
)(x − −

√
6+i

√
2

2
). 9.8.8. R: f(x) = (x − 2)(x − 3)(x2 + 9),

g(x) = (x− 1)(x+1)(x2 −x+1)(x2 +x+1). C: f(x) = (x− 2)(x− 3)(x− 3i)(x+3i),
g(x) = (x − 1)(x + 1)(x − 1+i

√
3

2
)(x − 1−i

√
3

2
)(x − −1+i

√
3

2
)(x − −1−i

√
3

2
). 9.8.9. R:249



ÎÒÂÅÒÛ
f(x) = (x−1)(x−2)(x2−4x+5), g(x) = (x2−

√
2x+3)(x2+

√
2x+3). C: f(x) = (x−

−1)(x−2)(x−2−i)(x−2+i), g(x) = (x−
√

2−i
√

10
2

)(x−
√

2+i
√

10
2

)(x−−
√

2−i
√

10
2

)(x−
− −

√
2+i

√
10

2
). 9.8.10. R: f(x) = (x − 1)(x − 1)(x + 6)(x2 + x + 1), g(x) = (9x2 −

−3
√

2x+1)(9x2+3
√

2x+1). C: f(x) = (x−1)(x−1)(x+6)(x− −1+i
√

3
2

)(x−−1−i
√

3
2

),
g(x) = 81(x −

√
2

6
− i

√
2

6
)(x −

√
2

6
+ i

√
2

6
)(x +

√
2

6
+ i

√
2

6
)(x +

√
2

6
− i

√
2

6
). 9.8.11. R:

f(x) = (x−1)(x−1)(x2+4x+5), g(x) = (x2−
√

3x+1)(x2+
√

3x+1). C: f(x) = (x−
−1)(x−1)(x+2+i)(x+2−i), g(x) = (x−

√
3+i
2

)(x−
√

3−i
2

)(x− −
√

3+i
2

)(x− −
√

3−i
2

).9.8.12. R: f(x) = (x+2)(x+2)(x2 −3x+4), g(x) = (4x2 −2x+1)(4x2 +2x+1). C:
f(x) = (x+2)(x+2)(x− 3+i

√
7

2
)(x− 3−i

√
7

2
), g(x) = 16(x− 1+i

√
3

4
)(x− 1−i

√
3

4
)(x−

− −1+i
√

3
4

)(x − −1−i
√

3
4

). 9.8.13. R: f(x) = (x − 1)(x − 1)(x + 1)(x2 + x + 1),
g(x) = (x2−

√
2x+1)(x2 +

√
2x+1). C: f(x) = (x−1)(x−1)(x+1)(x− −1+i

√
3

2
)(x−

− −1−i
√

3
2

), g(x) = (x−
√

2−i
√

2
2

)(x−
√

2+i
√

2
2

)(x− −
√

2−i
√

2
2

)(x− −
√

2+i
√

2
2

). 9.8.14.
R: f(x) = (x − 1)(x + 1)(x + 1)(x2 + 6), g(x) = (x2 −

√
7x + 3)(x2 +

√
7x + 3). C:

f(x) = (x−1)(x+1)(x+1)(x−i
√

6)(x+i
√

6), g(x) = (x−
√

7−i
√

5
2

)(x−
√

7+i
√

5
2

)(x−
− −

√
7−i

√
5

2
)(x − −

√
7+i

√
5

2
). 9.8.15. R: f(x) = (x − 3)(x − 3)(x2 + 1), g(x) = (x −

−1)(x+1)(x2 +1)(x2 −
√

2x+1)(x2 +
√

2x+1). C: f(x) = (x−3)(x−3)(x− i)(x+ i),
g(x) = (x − 1)(x + 1)(x − i)(x + i)(x −

√
2−i

√
2

2
)(x −

√
2+i

√
2

2
)(x − −

√
2−i

√
2

2
)(x −

− −
√

2+i
√

2
2

).10.1.1. f(x) = 5
3
x3−2x2+ 7

3
x+5. 10.1.2. f(x) = 3x3−x2+2x+1. 10.1.3.f(x) =

= 3
4
x3− 1

4
x2 + 1

2
x+2. 10.1.4. f(x) = −x3 +2x2−x+6. 10.1.5. f(x) = 1

6
x3−3x2 +

+ 5
6
x+4. 10.1.6. f(x) = x3 +4x2 +x+1. 10.1.7. f(x) = 1

2
x3 +x2− 3

2
x+1. 10.1.8.

f(x) = 3
4
x3 − x2 − 7

4
x + 2. 10.1.9. f(x) = 1

12
x3 + 11

12
x + 4. 10.1.10. f(x) = 1

5
x3 +

+ 4
5
x + 2. 10.1.11. f(x) = x3 − 3x2 + x +14. 10.1.12. f(x) = − 1

3
x3 + 3x2 − 2

3
x− 4.10.1.13. f(x) = 1

2
x3 − 4x2 + 1

2
x + 3. 10.1.14. f(x) = 1

6
x3 + 2x2 − 7

6
x + 1. 10.1.15.

f(x) = x3 −x2 −x+3. 10.2.1. g(x) = x2 +(i− 1)x+2i. 10.2.2. g(x) = −x2 +x− i.10.2.3. g(x) = ix2 − 2x + 1. 10.2.4. g(x) = −2x2 + ix − 1. 10.2.5. g(x) = −3x2 −
− (1 − i)x + 2. 10.2.6. g(x) = 2x2 + x − 3i + 2. 10.2.7. g(x) = −x2 − ix + i − 1.10.2.8. g(x) = −ix2 +(i+1)x+2. 10.2.9. g(x) = (i−1)x2 +2x−1. 10.2.10. g(x) =

= −x2 +(i−1)x+1. 10.2.11. g(x) = −2x2 + ix−2i. 10.2.12. g(x) = −ix2 +2ix−1.10.2.13. g(x) = x2−1−2i. 10.2.14. g(x) = −x2+(i−2)x+2. 10.2.15. g(x) = 2x2−
−ix−1+i. 10.3.1. F (x) = − 1

9(x−1)2
+ 8

27(x−1)
− 7

9(x+2)2
− 8

27(x+2)
. 10.3.2. F (x) =

= − 7
25(x+2)2

+ 1
125(x+2)

+ 8
25(x−3)2

− 1
125(x−3)

. 10.3.3. F (x) = 3
64(x+2)

+ 1
4(x−2)3

+

+ 3
16(x−2)2

− 3
64(x−2)

. 10.3.4. F (x) = 11
4(x+3)3

− 1
16(x+3)2

− 1
64(x+3)

+ 1
64(x−1)

. 10.3.5.
F (x) = − 2

25(x−3)2
+ 9

125(x−3)
− 7

25(x+2)2
− 9

125(x+2)
. 10.3.6. F (x) = − 13

36(x−5)2
+

+ 1
27(x−5)

+ 5
36(x+1)2

− 1
27(x+1)

. 10.3.7. F (x) = 16
3(x−4)2

− 1
9(x−4)2

+ 1
27(x−4)

−
− 1

27(x−1)
. 10.3.8. F (x) = − 19

27(x+4)
+ 7

3(x+1)3
− 19

9(x+1)2
+ 19

27(x+1)
. 10.3.9. F (x) =

= 2
49(x−3)2

+ 3
343(x−3)

− 5
49(x+4)2

− 3
343(x+4)

. 10.3.10. F (x) = 1
9(x−2)2

+ 7
27(x−2)

−
− 8

9(x+1)2
− 7

27(x+1)
. 10.3.11. F (x) = − 1

3(x−1)3
+ 7

18(x−1)2
− 7

108(x−1)
+ 7

108(x+5)
.10.3.12. F (x) = − 2

5(x−5)2
+ 1

25(x−5)
+ 1

5x2
− 1

25x
. 10.3.13. F (x) = 4

(x+2)3
+250
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+ 1

(x+2)2
+ 1

2(x+2)
− 1

2x
. 10.3.14. F (x) = 2

9(x−1)2
− 7

27(x−1)
+ 5

9(x+2)2
+ 7

27(x+2)
.10.3.15. F (x) = − 3

8x
− 3

4x2
− 1

2x3
+ 3

8(x−2)
. 10.4.1. K(x) = x−4

(x2−x+2)2
+ 2

x2−x+2
.10.4.2. K(x) = −2x−5

(x2+x+2)2
+ 2

x2+x+2
. 10.4.3. K(x) = −2x−3

(x2+2)2
+ 1

x2+2
. 10.4.4.

K(x) = −3x−5
(x2+3x+4)2

+ 1
x2+3x+4

. 10.4.5. K(x) = −5x−2
(x2+1)2

+ 4
x2+1

. 10.4.6. K(x) =

= −x−12
(x2+4)2

+ 3
x2+4

. 10.4.7. K(x) = − 8
(x2+3)2

+ 2
x2+3

. 10.4.8. K(x) = −x−2
(x2−x+3)2

+

+ 1
x2−x+3

. 10.4.9. K(x) = −6x−14
(x2+3)2

+ 5
x2+3

. 10.4.10. K(x) = −2x−5
(x2+5)2

+ 1
x2+5

.10.4.11. K(x) = −19x−25
(x2+3x+5)2

+ 5
x2+3x+5

. 10.4.12. K(x) = −12x−13
(x2+2x+2)2

+ 6
x2+2x+2

.10.4.13.K(x) = − 4
(x2+2)2

+ 1
x2+2

. 10.4.14.K(x) = 2x−3
(x2−x+2)2

+ 2
x2−x+2

. 10.4.15.
K(x) = 4

(x2+1)2
− 1

x2+1
. 10.5.1. R: F (x) = 2x + 1 + 1

x−2
+ 2

x−1
− 1

x+1
, G(x) =

= 2 + 1
4x2

− 1
4x

+ x+11
4(x2+4)

. C: F (x) = 2x + 1 + 1
x−2

+ 2
x−1

− 1
x+1

, G(x) = 2 +

+ 1
4x2

− 1
4x

+ 2−11i
16(x−2i)

+ 2+11i
16(x+2i)

. 10.5.2. R: F (x) = 3x + 1 + x−2
x2+3x+5

, G(x) = 1 +

+ 3
4(x−1)2

+ 1
x−1

+ 1
4(x+1)2

+ 2
x+1

. C: F (x) = 3x+1+ 11+7i
√

11
11(2x+3−i

√
11)

+ 11−7i
√

11
11(2x+3+i

√
11)

,
G(x) = 1 + 3

4(x−1)2
+ 1

x−1
+ 1

4(x+1)2
+ 2

x+1
. 10.5.3. R: F (x) = −x + 2

x−1
− 1

x+1
,

G(x) = −2 + 1
2(x−1)

+ 3
2(x+1)

+ x−2
x2+x+1

. C: F (x) = −x + 2
x−1

− 1
x+1

, G(x) = −2 +

+ 1
2(x−1)

+ 3
2(x+1)

+ 3+i5
√

3
6x+3−i3

√
3

+ 3−i5
√

3
6x+3+i3

√
3
. 10.5.4. R: F (x) = −2x+1− 3

(x+1)2
+

+ 3
x+1

, G(x) = 1 + 1
x+1

− 1
x−2

+ x−2
x2+4x+5

. C: F (x) = −2x + 1 − 3
(x+1)2

+ 3
x+1

,
G(x) = 1 + 1

x+1
− 1

x−2
+ 1+4i

2x+4−2i
+ 1−4i

2x+4+2i
. 10.5.5. R: F (x) = −3x − 1

x+2
+

+ 2x+1
x2−2x+5

, G(x) = −3 − 2
(x+1)3

+ 4
3(x+1)2

+ 22
9(x+1)

− 4
9(x−2)

. C: F (x) = −3x −
− 1

x+2
+ 4+3i

4x−4+8i
+ 4−3i

4x−4−8i
, G(x) = −3 − 2

(x+1)3
+ 4

3(x+1)2
+ 22

9(x+1)
− 4

9(x−2)
.10.5.6. R: F (x) = −x + 6− 6

x−1
+ −4x+19

x2−x+1
, G(x) = 2 + 2

(x−1)3
+ 4

(x−1)2
+ 7

2(x−1)
−

− 1
2(x+1)

. C: F (x) = −x + 6 − 6
x−1

+
−2−(17/

√
3)i

x−(1/2)−(
√

3/2)i
+

−2+(17/
√

3)i

x−(1/2)+(
√

3/2)i
, G(x) =

= 2 + 2
(x−1)3

+ 4
(x−1)2

+ 7
2(x−1)

− 1
2(x+1)

. 10.5.7. R: F (x) = −2x + 5x−1
x2−3x+3

,
G(x) = 1 − 3

2(x−1)
+ 1

18(x+1)
+ 8

3(x−2)2
+ 40

9(x−2)
. C: F (x) = −2x + 15−i13

√
3

6x−9−i3
√

3
+

+ 15+i13
√

3
6x−9+i3

√
3
, G(x) = 1 − 3

2(x−1)
+ 1

18(x+1)
+ 8

3(x−2)2
+ 40

9(x−2)
. 10.5.8. R: F (x) =

= 3x+1− 1
2(x−1)

+ 3
2(x+1)

, G(x) = 1− 4
(x−1)2

− 12
x−1

+ 12x−28
x2−3x+3

. C: F (x) = 3x+1−

− 1
2(x−1)

+ 3
2(x+1)

, G(x) = 1− 4
(x−1)2

− 12
x−1

+ 6+(10/
√

3)i

x−(3/2)−(
√

3/2)i
+ 6−(10/

√
3)i

x−(3/2)+(
√

3/2)i
.10.5.9. R: F (x) = 3x− 2+ 2

(x−1)2
+ 1

x−1
, G(x) = −2− 13

15(x−2)
− 1

3(x+1)
+ 6x−3

5(x2+1)
.

C: F (x) = 3x − 2 + 2
(x−1)2

+ 1
x−1

, G(x) = −2 − 13
15(x−2)

− 1
3(x+1)

+ 6+3i
10(x−i)

+

+ 6−3i
10(x+i)

. 10.5.10. R: F (x) = −x + x+2
x2+1

, G(x) = 1 + 10
(x−2)3

+ 12
(x−2)2

+ 7
x−2

−
− 1

x−1
. C: F (x) = −x + 1−2i

2x−2i
+ 1+2i

2x+2i
, G(x) = 1 + 10

(x−2)3
+ 12

(x−2)2
+ 7

x−2
− 1

x−1
.10.5.11. R: F (x) = −x + 2 + 8

3(x−1)
− 5x+1

3x2+3x+3
, G(x) = 2 − 1

8(x−1)
+ 1

2(x+1)3
+

+ 9
4(x+1)2

− 23
8(x+1)

. C: F (x) = −x + 2 + 8
3(x−1)

− 5+i
√

3
6x+3−i3

√
3

+ −5+i
√

3
6x+3+i3

√
3
, G(x) =

= 2 − 1
8(x−1)

+ 1
2(x+1)3

+ 9
4(x+1)2

− 23
8(x+1)

. 10.5.12. R: F (x) = x + 1 + x−1
x2+x+2

,
G(x) = −2− 11

(x+1)2
+ 35

x+1
− 48

(x+2)2
− 24

x+2
. C: F (x) = x+1+ 1−(3/

√
7)i

2x+1+i
√

7
+ 1+(3/

√
7)i

2x+1−i
√

7
,251
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G(x) = −2 − 11

(x+1)2
+ 35

x+1
− 48

(x+2)2
− 24

x+2
. 10.5.13. R: F (x) = 2x + 1 + 11

(x−2)2
+

+ 3
x−1

, G(x) = 1− 1
4(x−1)

− 1
2(x+2)

− 5x
4(x2+x+2)

. C: F (x) = 2x + 1 + 11
(x−2)2

+ 3
x−1

,
G(x) = 1− 1

4(x−1)
− 1

2(x+2)
+

−5+(5/
√

7)i

8x+4+i4
√

7
+

−5−(5/
√

7)i

8x+4−i4
√

7
. 10.5.14.R: F (x) = x+ 2

x+1
−

− 9
x2+4x+5

, G(x) = 1− 1
9(x−1)2

+ 8
27(x−1)

+ 29
9(x+2)2

− 62
27(x+2)

. C: F (x) = x+ 2
x+1

−
− 9i

2x+4+2i
+ 9i

2x+4−2i
, G(x) = 1− 1

9(x−1)2
+ 8

27(x−1)
+ 29

9(x+2)2
− 62

27(x+2)
. 10.5.15. R:

F (x) = 2x−1+ x+1
x2+4

, G(x) = 2+ 3
2(x−1)

− 1
2(x+1)

. C: F (x) = 2x−1+ 2−i
4x−8i

+ 2+i
4x+8i

,
G(x) = 2 + 3

2(x−1)
− 1

2(x+1)
..
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