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IIpenucaosue

prﬂ;HOCTI/I, NCIIBIThIBAEMbI€ BYEPANTHUMU IMIKOJIHbHUKaM”W B
CBS3W C TIEPEXO/IOM Ha HOBBIE (DOPMBI U METOIBI 00y UEHUsS B By3aX,
BIIOJIHE 3aKOHOMEDPHBI U UMEIOT HayuHoe obbsicrenne [1]. Ormenn-
HBbIE CTEPEOTHUITBI MTO3HABATEIBHON AeATeTbHOCTH, C(hOPMUPOBAH-
HBIE B IIKOJIE, 3aTPYAHSAIOT yIeHue B 1-M ceMecTpe u HYKIAI0TCSI B
HEKOTOPOit KOPPEKTUPOBKE. B CBA3M ¢ 3TUM OJTHOI M3 BaXKHEHUIITIX
COCTABJ/IAIOIINX Ha4YaJIBHOTO O6yLIeHI/IH B BYy3aX ABJIACTCA WHIIWBU-
nyasbHasi paboTa CTyIeHTOB-TepBOKypcHUKOB. Ho 15t ee opranm-
3aIUu, 0CODEHHO B 1-M cemecTpe, HEOOXOAUMBI COOTBETCTBYIOIINE
yuebHBIE TOCODUS.

Hacrosimuit mpakTuKyM c03/1aH Ha OCHOBE OMbITa PabOTHI aB-
TOPOB € TEepBOKypcHuUKaMu B ['OMeTbCKOM TOCyZapCTBEHHOM YHU-
Bepcutere uM. O. Cropunbl Haunuas ¢ 1980-x rr. B 1991-1992 rr.
aBTOpaMu OBLIN W3TaHBI JJAOOPATOPHBIE PADOTHI U TEKCTHI JIEKIIHit
o kypcy «AnreGpa u teopust uncen» [3], [12], [13], oxBarsiBato-
e Te pas3fe/ibl JAHHOTO Kypca, KOTOPble CTYJeHTaMW MaTeMma-
THYECKOTO (paKy/JhbTeTa TPATUIMOHHO M3YIAOTCA B 1-M cemecTpe.
B Teuenne HECKOTBKUX JIET 9TU TOCOOUS HEOJHOKPATHO mepepabda-
TBIBAJIUCH U JIOTIOJTHSIIUCE, TIOCJIE€ Yero OHUM OBLIN B3SITHI 32 OCHOBY
pu COCTAaBJIEHUN HACTOAIIECTO TIPAKTUKYMa.

Bech uzyuaembrit matepuas pazout #Ha 10 rmas. Kaxgasa rnasa
MOCBSIIEHA OTPEIEIEHHON TeMe Kypca « Arebpa n TeOpust Uucess.
WNamaratoTcst u WIIOCTPUPYIOTCS HA MPUMEPAX COOTBETCTBYIOIIUE
MaTEeMATHIECKNE TOHATHS, (DOPMYTUPYIOTCS KII0UEBBIE CBOMCTBA
U TEOPEMbI, TIPUBOASTCS 00pa3Ibl PEINeHUs] TUTIOBBIX 3aJad. IJTO
BCE BMECTE COCTAB/ISIET sIIPO JAHHOTO pasjesa Kypca, 3HAHUE KO-
TOPOTO O/IKHO OOECTIeUNTh CTYAEHTY-ITEPBOKYPCHUKY CAMOCTOSI-
TeJIbHOE BBITIOJHEHNE WHANBUIYATHEHOTO 33 aHNUs.

B mpakTukyme mo KaxKoii TeMe MpeasoXKeHBI 15 BapmaHTOB
UHIABUIYAJbHBIX 33JaHUIi, YTO CIIOCOOCTBYET aKTUBU3AIUU CAMO-
CTOSITENIBHON PaboThl BCEX CTyAeHTOB. lIpuBeseHnl Tak:kKe HEKO-
TOpbIE JOMOJHUTENbHBIE 33/a4U, TO3BOJLAIONINE KOHTPOJIUPOBATH
IyOMHY TOHMMAHWS W3YYEeHHOTO MATEPUaIa U PA3BUBATH TBOPUE-
CKOE MBIIIJIEHNE 00y arOIINXCS.

Hacrogmmit npakTtukym mnpegHa3sHAdYeH TPEXkKIe  BCEro
cTyJeHTaM-MareMaTnkaM. [lOCKOIBKY Marepuaj Kypca <«Aj-
rebpa m Teopws uncena» 1-T0 cemMecTpa SIBISIETCS OA30BBIM /ISt
BCeil BBICIIEI MaTeMATHKM, TO JaHHOE ydueDHOe M0COobHMe MOXKeT



6LIT]3 C yClexoM TMPpUMEHEHO TIpPpU U3YyYEHUU COOTBETCTBYIOIINUX
pasmenoB kypca «Beicmiag maremarwkay CTyIEHTAMHU IPYTHUX
HEMaATEMATUYECKUX CHe]_[I/IaJIBHOCTef/'I.

ABTOpPBI BBIpAXKAIOT WMCKPEHHIOW OJIATOMAPHOCTH UJIEHY-KOP-
peconnenty HAH Benapycun mpodeccopy JI. A. IllemeTkoBy 3a
MHOTOYHUC/IEHHBIE TOJIE3HBIE COBETHI, CIIOCOOCTBYIOIIUE YJIyUIle-
HUIO Ka9YecTBA M3JIATaeMoro Marepuaaa. ABTOPHI Takxke OJaro-
MapHBI PEIeH3eHTaM — KOJIEKTUBY Kadeapbl aarebpbl m MeTo-
MUKW TPENoJaBaHusl MaTeMATHKU BuUTeOCKOTO ToCymIapCTBEHHOTO
yuuBepcutera um. II. M. MamepoBa, BO3T/IaBIIeMOMY ITOKTOPOM
dusznko-mMareMarndeckux Hayk, npodeccopom H. T. BopobnesbiM,
IOKTOPY (DUBMKO-MaTEeMATUIECKUX HAyK, mpodeccopy kadempsb
BBICIIEH anredpsl  Beopycckoro TrocymapCTBEHHOTO YHUBEPCH-
rera B.B.Bensamy-Kpupiy 3a KOHCTpyKTHBHBIE 3aMedaHus, u
. A. XomanoBuuy — 3a MOMOIIb B MOJATOTOBKE PYKONHCH K W3Ta-
HUIO.

Aemopwi



1. BUHAPHBIE OTHOIITEHU A
n MEPECTAHOBKUA

1.1. BuHapHbIe OTHOIIIEHNISA

MHuoxkecTBO yI06HO 3a1aBaTh, ncnonb3ys 3amuck X = {«a | 5}.
OTa 3amuch 03HAUAET, YTO MHOKECTBO X COCTOUT U3 BCEX 3TEMEH-
TOB (v, JIJIsi KOTOPBIX BBIMOJHSETCS CBOWCTBO 3. 32 HEKOTOPHIMU
MHOXKECTBaMHW 3aKPEeTJIEHbI CTaHJapPTHBIE O6OBHa‘IeHI/IH:

N — MHO2KECTBO BCEX HATYPAJbHBIX YNCEJI;

7, — MHOXECTBO BCEX IIEJIBIX UHCEJ;

Q — MHOXKeCTBO BCEX PAIMOHAIBHBIX UUCET;

R — MHOXKECTBO BCEX EHCTBUTETbHBIX UHCEI.

[Iycte X n Y — nmpousBosbHBIE MHOXKECTBA. Byaem paccMarpu-
BaTh ynopadowennvie napu (x,y) snementoB x € X, y € Y. JIse
mapet (r1,y1) n (T2,92), vie x1,72 € X, y1,y2 € Y, cunraorcsa
PaBHBIMHU, €C/IN X1 = T2 U Y1 = Y2.

MHoKecTBO BCex yHopsiioYeHHbIX nap (x,y) HasbiBaeTcs de-
Kapmosvim (npamvim) npousdeedenuem vmuoxects X n Y u o6o-
smadaercd yepe3 X X Y. Takum obpazom,

XxY ={(z,y) | veX, yeY}
IIpu X = Y roBopar o mexkapToBOM KBaJpaTe MHOXKECTBA X U
mamyT X2 Bvecto X x X,

[MogmuoxkecTBo F' nexkaprosa mpoussegenust X X Y Ha3bIBACT-
ca bunapuvim omuowernuem Mexxay X u Y. COBOKYITHOCTH BCEX
x € X, I KOTOPBIX CYIIEeCTBYeT Tako#l ameMeHT y € Y, UTO
(x,y) € F, maspBaerca obaacmuio onpedesenus GUHAPHOTO OT-
nomenus F. Obaacmwvio snavenutdi GunapHoro orHomenus I Ha-
3bIBAETCSI MHOXKECTBO BCcex y € Y, makux, 4ro (z,y) € F ana
HeKoTOporo x € X.

Mpumep 1.1. Bumummure BCe MOAMHOXKECTBA JTEKAPTOBA IPO-
m3Benenns MHokectB X = {0,1} n Y = {1, 2}.

O fcno, uro X xY = {(0,1),(0,2),(1,1),(1,2)} — nexaproBo
npousBenenne X m Y. Beinuinem Bce ero moaMHOXKeCTBA:

=0, F={01} F={02)} F,={(11)}

F5 :{(1?2)}7 FGZ{(Oa 1)5(052)} F7_{( ) ( )}

Fg = {(0’ 1)’ (1’2)}7 Fy = {(052) (1 1)} FlO - {( ’2)’( )}
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Fi = {(17 1)7 (172)}u Fip = {(07 1)7 (07 2)7 (17 1)}7

Fig = {(0’ 1)’ (0’2)’ (1’2)}= Fiy= {(0’ 2)’ (1’ 1)’ (1’2)}7
Fis = {(07 1)7 (17 1)7 (172)}1

Fig=XxY = {(05 1)5 (052)5 (15 1)? (15 2)}

JIroboe u3 mecrHammaTu nogMuokects F;, ¢ = 1,...,16, ompe-
nesisier OmHapHOe oTHOImeHne mexay X u Y. Haiianre obiacts
ompeAeaeHns U 00JaCTh 3HAUYEHNH KarKI0T0 OTHOIIEHMSI. X

[Iycts F' — OuHApHOE OTHOIIEHHE Ha MHOXKecTBe X, TO eCThb
FCX x X, ux,y,z — snementsl muOKecTBa X . OTHOIMenne F
HA3bIBAETCSI:

pegaexcusnvim, ecmu (x,x) € F nnga scex x € X;

cummempuHvLm, eci u3 yciosus (x,y) € F ciemyer, 9ro
(y,2) € F;

aHMUCUMMEMPUYHBLM, eciu U3 yeaoswii (x,y) € F u (y,z) €
€ F cinenyer, uto x = y;

mpan3umuenoLm, ecin u3 yenosuit (x,y) € F u (y,z) € F
cnenyer, uro (z,z) € F.

Mpumep 1.2. Kakumu croiicTBamMu 06/1a1a10T CIeayomnme Ou-
HApHBIE OTHOIIEHUS HA N:

Fy ={(z,y) | = wy B3auMHO npOCTHI };

By ={(z,y) | = memur y};

Fy={(z,y) | ==y}

(] TTommuox)ecTBO F) mexaprora mpomseemennst N x N coctont
u3 Beex nap (z,y) HATyPaIbHBIX YUCEN, Y KOTOPBIX MEePBOe YHC/IO
B3aMMHO TIPOCTO €O BTOPBbIM. F) He Oymer pedieKCUBHBIM, TaK KAk,
wanpumep, (4,4) ¢ Fy. Ecm (x,y) € Fy, T0 £ U y B3aNMHO TPO-
crel. [losromy y w = B3auMHO mpocTsl, 3uaunt (y,x) € Fy u Fy
cumMmeTpuaHo. Bunaproe otHomerre F) e 6y1eT TPAH3UTHBHBIM.
Heiicreurensro, (2,3) € F1, (3,4) € Fy, vo (2,4) ¢ F.

fcuo, uro Fy pediekcusHo u Tpar3uTusHo. Ho Fh He saBisieTcs
CHUMMETPUYHBIM, MOCKOIBKY (3,6) € Iy, a (6,3) ¢ Fh.

Ornorienvie F3 He Oymer pedJ IeKCHBHBIM W CHMMETPUYHBIM.
Tak xak (2,4) € F3 u (4,16) € F3, wvo (2,16) ¢ F3, To Fj me
OyJer U TPAH3UTUBHBIM. X

[Iycts F' — OuHApHOE OTHOIIEHHE Ha MHOXKecTBe X, TO eCThb
F C X x X. Buecro (z,y) € F ycaosumcest nucars xFy.

Omuowenuem IK6UBAAEHMHOCTU HABBIBAIOT OMHAPHOE OTHO-
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[menHue, KOTopoe pedIeKCUBHO, CAMMETPUYHO U TpaH3uTUBHO. OT-
HOIIIEHNE KBUBAJIEHTHOCTH ynobHO obo3HavdarTh cuMBosioMm ~. Ta-
KM 06pa30M, OJIA OTHOIMIEHUA SKBUBAJICHTHOCTU ~ HAa MHOXKECTBE
X BBITIOTHAIOTCS CIEYIONINE CBOMCTBA:

x ~x st Becex ¢ € X (pedIeKCUBHOCTS );

ecm T ~ Yy, T0 Yy ~ T (CUMMETPUIHOCTS );

eCIM T~ YUYy~ 2, TO T ~ z (TPAH3UTUBHOCTH ).

IIycts X — MHOXKECTBO C OTHOIIEHWEM SKBUBAJEHTHOCTH ~.
IMommuoxkectBo cl(a) = {b € X | b ~ a} Bcex 1€MeHTOB, HAXO/IS-
[MUXCA B OMHAPHOM OTHOIIEHUHU ~ C 9JIEMEHTOM @, HA3BIBAIOT KAGC-
com areusasenmuocmu. Kinacce sksusanentnocru cl(a) obozxaqa-
0T Takxe depe3 a. COBOKYTTHOCTE BCEX KJIACCOB KBUBATEHTHOCTH
obozHauaoT Yepe3 X / ~ u HA3BIBAIOT HarmopMHONCECMEOM MHO-
xkectBa X 10 ~. HamoMHnM, 9TO Henepecexkaruumucs Ha3bBatoT
JIBA MHOXKECTBA, MEPecedeHne KOTOPHIX MyCTO.

Teopema 1.1. 1. Muootcecmso ¢ omuouweHUEM IKBUBAAEHM-
HOCTMU  ABAAEMCA 006edUHEHUEM NONAPHO HENEPECEKAIOULULCA
KAGCCO8 IKEUBANECHIMHOCTIU,

2. IIycmv mnooicecmeo X asaaemca 006edunernuem nonapHo
HENEPECERAOUUTCA NOOMHOdcECME X, 20e (. npobezaem HeKxomo-
poe muootcecmso undercos 1. Tozda cyuecmsyem omuoweHue %-
BUBANEHMHOCTNU HG MHONHCecmee X, daA KOMOPO20 KAACCHL IKEU-
sanenmuocmu cosnadarom ¢ X, a € 1.

3. 3adanue OMHOWEHUA IKEUBAACHMHOCTIU HE MHOAHCECMEE
X pasHocusvro npedcmasaenuro X 6 ude 066eduHeHUA NONAPHO
HENEPECERAOUUTCA NOOMHONCECTNS.

Mpumep 1.3. Badukcupyem narypaspHoe uucio k. Beemem
OGUHAPHOE OTHOIIEHWE ~ Ha 7, CIUTasA T ~ Y TOTJA U TOJBKO TO-
rja, KOTJa paBHBI OCTATKU TIpu jejenHun x u y Ha k. OTHOIIEHNE
~ 6yﬂeT OTHOIIIEHUEM 3KBUBAJIEHTHOCTHA. K.HaCC 3KBUBAJIEHTHOCTU
cl(xr) = T cocronT M3 BCEX IEBIX YMCeJ, KOTOPbIe NP JeIeHNnH
Ha k UMEIOT OJUH W TOT ¥Ke OcTaToK. OCTATKM MOTYT NMPUHUMATD
suauenus 0,1,...,k — 1. [TosTomy (hakTOPMHOKECTBO COCTOUT U3
k snementor: Z / ~={0,1,...,k —1}. X

Hopadkom Ha mHodCECMBE HA3BIBAIOT OWHAPHOE OTHOIIEHUE,
KOTOpOe pedIeKCUBHO, AaHTUCUMMETPUIHO W TpaH3uTuBHO. [Topsi-
JIOK yIOOHO 0603HaYaTh CUMBOIOM <. Ecmm x < y m & # y, TO
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mumyT < y. Bvmecro x < y numyT takxke y > x. Urak, gas
MHO)KeCTBa X C TOPSIKOM < BBITIOTHSIOTCS C/IEAYIONINE CBOMCTBA:

x < x s Beex ¢ € X (pedekcuBHOCTS );

ez <yny<x, 10x=y (AHTUCHUMMETPUIHOCTH );

ez <yny<z 10z <2z (TPAH3UTHUBHOCTS).

MmuoxkectBo X ¢ MOpsAKOM < HAZBIBAIOT “ACMUYHO YNopAado-
YeHHbLM. DJEMEHTHI & U i HA3BIBAIOT CPABHUMDBLMU, €CITH JTUO0 T <
< y, mbo y < x. Ecim gs 1060it maper ameMenToB © u y n3 X
60 < y, mbo y < x, T0 X HABBIBAIOT AUHETHO YNoPAJoOueHHbIM
MHOMHCECTNBOM (ATTH UEN®IO).

Haubosvuwum 31€MeHTOM YACTUYHO YHOPSTOUEHHOTO MHOXKE-
ctBa X Ha3bIBaeTcd TeMeHT n € X Takoit, uTo & < n g BCeX
x € X, a MaKcumasvroLm — dyieMeHT m € X Takoil, 9To u3 ycuao-
BUA M < Y I HEKoTOporo y € X cienyer, uro m = y. Hauboms-
M 9JeMeHT BCeraa MaKCHMaJsieH, TpudeM HanOOMbIi 3IeMeHT
CpaBHUM C KaKXJIBIM 3JIEMEHTOM W3 X MaKCI/IMaHbHBIﬁ SJIEMEHT
MOXKET He ObITh CPABHUMBIM C HEKOTOPBIMU 3jieMeHTaMu u3 X, B
YACTHOCTU, MAKCUMAJBHBIN SJIEMEHT MOYKET He ObITh HAUOO/IbIINM.
MaxkcuMa bHBIX JIEMEHTOB, €CJU OHU CYIIECTBYIOT, MOXKET ObITh
HECKOIbKO. Hanbonbimmit s7eMeHT, ecii OH CYIIECTBYET, Ompese-
JIEH OTHO3HATHO.

[TomobubiM 06pa3oM BBOAATCS HAUMEHULUL DTEMEHT W MUHU-
MAABHBLE FTTEMEHTHI.

Mpumep 1.4. Bo mHOXKeCTBe Z MEIBIX 9UCET C OOBITHBIM OTHO-
IIIeHNEeM MEeHBINle WM PaBHO < HET MUHUMAJBHBIX U MaKCHMAaJlb-
HBIX 371eMeHTOB. B N ¢ oTHOmenneM < ecTh MUHUMAJILHBIN 37T€-
MeHT 1, HO HET MaKCUMAaJbHBIX 3JIEMEHTOB. X

Mpumep 1.5. ITycts X — npomsBobHOoe MHOKECTBO 1 S(X) —
COBOKYITHOCTh BCEX TOAMHOXKeCTB n3 X . 3ajajaum GMHAPHOE OTHO-
menne B wa S(X), cunras X; BXs Torga u ToABKO TOra, KOrja
X1 C Xo. 970 orHorenne B pedeKCUBHO, aHTUCUMMETPUIHO U
tpar3uTHBHO. 3HaunT, S(X) — YACTUYHO YyMOPSATOIEHHOE MHOYKE-
ctBo. X Oyzer HAOONBIINM, a & — HAUMEHDBIIAM 3JeMEHTOM B
S(X). Ecim x,y € X,z # y, T0 0jiHO3IEMEHTHBIE MHOXKecTBa {2}
u {y} npunamnexxar S(X). Kpome roro, {z} u {y}, a takxe {y}
u {x} ne cpasuumel. ITosromy S(X) ne Gymer jmHeiiHO ynopsiio-
YEeHHBIM MHOXKECTBOM. X
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ITycts X — gacTuvHO ynopsijjoueHHOe MHOYKECTBO M Y — MO/I-
MHOYKEeCTBO MHOYKecTBa, X . Djement ¥ € X Ha3bIBaeTCs Geprhet
2paHblo TIOAMHOXKeCTBA Y, ecn y < x Jis Bcex y € Y. Ecanm
9JIEMEHT T SIBJISIETCs BEpXHel paHbi0 MOJMHOXKECTBA Y U T < 2
JIUTsT BCEX BEPXHUX I'PaHEeil z TMOAMHOMXKECTBA Y, TO & HA3BIBAETCSI
mouHot seprHeti 2parbr0 TOIMHOXKECTBA Y .

Ecnu B 31MX ompesesieHUsIX MOMEHATh < Ha =2, TO TOJIYUUM
OTIIpeJieSIeHNe HuMCHEl 2pany U MmoyHot HudiCHel 2paH.

Pewemwxoti HA3BIBAIOT YACTUYHO YTOPSIOUEHHOE MHOYKECTBO,
B KOTOpPOM J1I000€ TOJAMHOXKECTBO U3 JBYX 3JIEMEHTOB UMEET TOU-
HYI0 HUXKHIOI0 U TOYHYIO BEpXHIOI TpaHu. ToUHast HUXKHSIS TPAHb
JIBYX3JIEMEHTHOTO MHOXKecTBa {x,y} obo3navdaercst uepes x Ay, a
TOYHAad BEPXHAA I'DaHb — 4epe3 T V y.

Pemrerka L wazwiBaeTcst noanoti, ecnm a0doe MOIMHOKECTBO
X C L wveeT TOUHYIO BEPXHIOID W TOYHYIO HUAKHIOW rpanu. Ode-
BUJIHO, UTO JIF00ast TTOJIHAST PEIIeTKa, COAEP>KUT HAnOOIBIUI U HaU-
MEHBIINHA 3/IeMEeHTHL.

IMogmuoxkecrso X pemerku L HazwiBaeTcs nodpeuwemxoti, eciam
zAye XnaxVyeX gnascex z,y € X. Illyctoe mogMHOXKECTBO
u J1060€e 0THO3IEMEHTHOE TTOAMHOXKECTBO OYIyT MOpEIeTKAMHU.

HemocpeacTeenHo u3 onpeiesieHust PereTk BHITEKAIOT CIeIy-
IOIIHE CBOCTBA, KOTOPBIe CHOPMYIUPYEM B BUIE JIEMMBI.

Jlemma 1.2. Jlaa a006ux saemenmos T,y, z pewemxu L 6vi-
NOAHAIOMCA CACOYIOWUE YMBEPHCOEHUA:

)azAx=2z, zVz=x (udemnomenmnocms);

zNy=yAz, xVy=yVaz (kommymamusrnocms);

) (xAyY)Nz=xAN(yAz), (xVy)Vz=zV(yVz) (acco-
YUAGMUBHOCTD ) ;

hzAN(@Vy) =zV(xAy)=x (nozarowenue);

5) © < y mozda u moavko mozda, kozda TNy = urVy=1y
(cosmecmumocms ).

Mpumep 1.6. Ha muoxkectBe N HATYpaIbHBIX YHUCET BBEIEM
OmHApHOE OTHOIIeHNe <, CUuTasg ¢ < b B TOYHOCTH TOrIga, KO-
raa a geaut b. MuoxectBo N cTaHOBUTCS pPeENIeTKOM, B KOTOPOii
a ANb =HO/(a,b) — wanbonbmmii obumit neaurens, a a Vb =
= HOK(a, b) — nanmenbinee obiiee kparHoe. B 31oit pererke Han-
MEHBITIUM 3d71eMeHTOM OymeT 1, a mHambosbmiero smeMenta Her. X
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1.2. OTobpakeHus

[Mycts gambr gBa mMuOX)ecTBa X 1 Y. Omobpasceruem MHO-
kecTBa X BO MHOXKECTBO Y HA3BIBAETCsS OWHAPHOE OTHOIIEHUE (¥
Mexxay X u Y, ob1aaroree CaeayoniuM CBOMCTBOM: s KK I0TO
x € X cymecTByeT eqWHCTBEHHBIH y € Y, Takoit, uto zwy. dpy-
TUMW CJIOBaMHU, OTOOpakeHme ¢ MHOXKeCTBa X BO MHOYXKECTBO Y
COTIOCTARJISIET KAXKJIOMY 3/eMEHTY & € X eJIMHCTBEHHBII JIeMEHT
y € Y. OrobpakeHns 3aMuChIBAIOT TaK:

go:X—>Y1/mI/IXi>Y.

Eciau mpu orobpaxkennu ¢ : X — Y asnement x € X mepexoant

B 3j1eMeHT y € Y, TO numyT

QOZ.%'I—>yI/IJII/I.%'|i>y,
a 3eMeHT Yy 0003HAYAIOT uepe3 () M HA3BIBAIOT 00pa3oMm ae-
MeEHMA T TIPU 0TOOPAKEHUN (.

OrobparkeHnst HA3BIBAIOT TAKKE PYHKUUAMU.

Nrak, arober 3amars orobpakenne ¢ : X — Y, HAHO0 3a1aTh
nBa MHOYXKecTBa X W Y ¥ MPaBUIO , MO KOTOPOMY KaXKIOMY 3JIe-
MEHTY MHOKecTBa X CTaBUTCSI B COOTBETCTBUE eIMHCTBEHHBIN 316~
MEHT MHOXKeCTBa Y.

JlBa orobpaxkenus: w1 : X1 — Y1 1 @9 : Xo — Yo cunmTarrcs
pasnvmu, ecin X7 = X9, Y1 = Yo u p1(z) = pa(z) ansa Beex
x € Xy. Hpyrumu ciaoBamu, ABa OTOOPaXKEHUsT PABHBI, €CIU OHU
rD;efICTByIOT Ha OJHUX M TeX K€ MHOXKECTBaX, M UX ﬂeﬁCTBHe Ha
9/IEMEHTAX COBIIAIAET.

[Iycts ¢ : X — Y — orobpaxkenne MHOXKecTBa X BO MHOXKE-
creo Y. Ecmn Xg C X, ro Im Xy = {¢(z) | v € Xo} — obpas
MmHooicecmea X npu orodbpaxkenun @, a Imp = Im X — obpas
0MobPadICEHUA P.

Orobpaxkenne ¢ : X — X HazbIBaeTCSa npeobpa3osaHuem MHO-
xectBa X. Toowcdecmeennvim Tpeobpa3oBanreM MHOXKeCTBa X Ha-
3pIBaeTCda oTobpaxkenue £x : X — X, mepeBOdInee KaxKIbIA d7e-
meHT & € X B cebs1, 1o ecthb ex () = = mus Beex © € X.

Orobpaxenne @ : X — Y HazwsiBaeTcs:

UHBEKMUBHbIM WV unsekyued, ecin p(x1) # ¢(x2) mus mro-
ObIX 71, T € X, T1 # X9,

10



1.2. Omobpasicenus

cropsexmueHbiM WIN cropsexyueti, ecin Imp =Y,

buexmuerviM I bUEKYUEL, eCIn p OTHOBPEMEHHO WHbHEKTUB-
HO M CIOPDBHEKTUBHO.

[Ipy UHBEKTUBHOM OTOOPAYKEHUU PATUIHBIE JEMEHTHI MHO-
xecTBa X TIEPEXONdAT B pa3IWMYHBIE 7eMeHTH MHOXKecTBa Y. Pa-
BeHCTBO Im ¢ = Y o3Hawaer, 4T0 MpU CIOPBHEKTUBHOM OTOOparKe-
HUW KayKIbIH 3JIeMEeHT MHOYKeCTBa Y SIBJISIETCsT 00pa30oM HEKOTOPO-
ro snementa MHOXKeCTBA X . [loaTOMy CIOpBEKTHBHOE 0TOOpaKeHNe
Ha3BIBAIOT OTOOpaKEeHNEeM MHOXKECTBa X Ha MHOXKECTBO Y .

BuekTuBHOEe OTOOpaXKeHMe HABBIBAIOT TAKXKE 63GUMHO 00HO-
3HaYHbLM 0TOOparKeHneM MHOXKecTBa X Ha MHOXKecTBO Y. Ilosto-
My, ecau @ : X — Y — 63auMH0 00H03HAUHOE OMOOPAANCEHUE MHO-
otcecmsea X wa muooicecmso Y, mo:

DABAUNHDBIE IAEMEHMBL MHONCECMEG X NMEPETO0AM 6 PA3AUY-
HblE INEMEHMBL MHOHCECMEA Y |

KaocOutll snemenm muoocecmea Y ABAAEMCA 00PA3OM HEKO-
mopozo asemenma muoocecmsa X .

OTcroma IeTKO MOy IUTh, ITO NPU B3GUMHO OOHOZHAYHOM OMO-
bpasiceru Kadncovli snemenm muoscecmea Y asasemcsa obpazom
eJUHCTBERHO20 IAEMERMA MHONHCEcEa X .

Mpumep 1.7. 3adukcupyem HarypaspHoe unciao k. 3agaanm
orobpaxennst ¢ : N — Nwu ¢ : N — N, nonarast p(z) =k u

b(x) =

a4 Kaxkgoro ¢ € N,
Ouerngno, Imp = {k}, npuuem orobpazkenne ¢ He siBJIsIeTCsI
UH'LEKTUBHBIM U CIOPEKTUBHBIM. Tak Kak

Y1) =k-1,9(2)=k-2, ..., Yp(k—-1) =1,
W(k) =2k, vk +1) =2k +1, ...,

to Imyp = N\ {k,k+1,...,2k — 1} u ¢ ne ciopwexrusno. Ho v
WHBHEKTUBHO. X

k—x, ecmzx<Ek,

k+x, ecmmzx>k

)

[Mycts A m B — muoxkecTBa. Ecam cymmecTByeT GUeKIs MHO-
skecTBa A Ha MHOXKeCTBO B, T0 A u B HA3bIBAIOT PAGHOMOUHBLMU
MHOXKecTBaMu. MHOKeCTBO A HABBIBAIOT KOHEUHBLM, €CTH OHO JIH-
6o mycro, smbo paBHOMONIHO MHOXKecTBY {1,2,...,n}, m1s Heko-
toporo n € N. B satom ciydae n — 49muCI0 371eMEHTOB MHOYXKECTBA

11



1. BUHAPHBIE OTHOIITEHNA 1 IEPECTAHOBKI

A, aro 3amuceiBaercs tak: |[A| = n. s mycroro MHOXKecTBa &
nosaraior || = 0. Samucs |A| < 0o o3navaer, uto A — KOHewHOE
MHOYKECTBO.

Teopema 1.3. ITyemv A u B — xoneunvie mHoocecmsa u
|A| = |B|. Tozda daa awbozo omobpascenus ¢ : A — B axeu-
BANEHMHBL CACOYIOULUE YMEEPAHCOCHUA:

1) ¢ — unsexyua; 2) ¢ — cropsexyua; 3) @ — buexyuA.

PaccmoTpum moHsTHE YMHOKEHUS oToOpaykeHuit. IlycTh qambl
nBa orobpakenus: ¢ : X — Y u ¢ : U — V. llpeanonoxum, 910
Y CU. Tak kak p(z) € Y n'Y C U, 1o cymecrsyer o6pas ¢ (¢(x))
anemenTa @(x) npu orobpaxkenun 1, npuuem Y(p(z)) € V. Takum
06pa3oM, MOXKHO OMpeJe/uTh oToOpaxKenue Yy : x +— P(p(x))
MHOXKecTBa X BO MHOXKECTBO V', KOTOPOe HA3BIBAECTCSA NPou3eede-
Huem omobpascenuti p u . Utak, npoussedenue omobpastcenudi
p: X—=>Yuy:U—-V, tmeY CU, — 310 Takoe oTobpakeHne
o : X — V, uro Yo(x) = Y(p(z)) ans seex z € X. Obpa-
TUM BHUMAHME HA TO, YTO OTOOPAKEHUST MEPEMHOYKAIOTCS CIIPaBa
HAJIEBO.

Mpumep 1.8. Ilycts p(z) =k u
-]

k+x, ecmmax>k
s kaxxgoro x € N. Torma vo(z) = ¢¥(e(x)) = (k) = 2k nna
Bcex ¢ € N, 1o ecth ¥ : N — N — oTobpazxkenue, KOTOpoe KayKIblit
snement r € N nepeBoaut B 2k.

Paccmorpum npomssesenue ¢ip. Tak kak oi(z) = p(Y(x)) =
=k = ¢(x), o ¢y : N — N — orobparxeHnne, KOTopoe COBIagaer
C @, TO ecTh Y = . B gactrHoCTH, 1) # (V) N yMHOKEHWE OTO-
OpazKeHnii HeKOMMYTATHBHO. X

k—x, ecmx <k,

)

Teopema 1.4. Ywmnoowcenue omobpascenuti nodyunaemca 3a-
KOHY accoyuamuserocmu, mo ecmv ecau @ : X — Y, x:Y - U u
YU — V. — mpu omobpasicenus, mo ¥(xp) = (¥x)p.

Beemem Ttemepnr momsitme ob6parHOTO OTOOpakenusi. IlycThb
¢ : X — Y — orobpaxenne MmuOKectBa X B Y, a €x U €y —
TOXK,IECTBEHHBIE TTpeobpazoBanus MuOKecTB X u Y. Jlerko mpose-
PUTB, UTO Pex = QY U EY (P = .

EcrecTBennblit HHTEPEC MPEACTABISIOT OTOOPAXKEHUS, TTPOU3-

12



1.2. Omobpasicenus

BeJIeHNe KOTOPHIX STBJISIETCST TOYKIECTBEHHBIM TTPEoOpa3oBaHNEM.

Jlemma 1.5. Ecaup: X - Y uv:Y — X — omobpasicenuas,
OAA KOMOPHIX Yp = Ex, MO O UHBEKMUBHO, A 1) — CIOPBEKMUEHO.

Orobpaxenne ¢ : X — Y HazbpIBaeTCI 00pamumMviM, €CIU CY-
IIECTBYeT Takoe orobpaxkenue ¢ : Y — X, ur0o Y = €x, a @ =
= cy. B sTom cayuae oTobpakenue 1) HA3BIBAIOT 006paAMHbIM K

0TOGPAIKEHNIO Y 1 0BO3HAUAIOT Uepe3 L.

Jlemma 1.6. Ob6pamumoe omobpasicenue obaadaem edun-
cmeeHHbLM 06PAMHBLM 0MOOPANCEHUEM.

Teopema 1.7. 1. Omobpasicenue obpamumo moz0a u MoOALKO
mozda, xo2da 0oHoO bUEKMUBHO.

2. Ecau omobpasicernue buexmugno, mo oopammoe ¥ Hemy omo-
bpasicenue maxoice bUEKMUBHO.

Bamernm, uro ecian ¢ : X — Y — OuekTuBHOE 0TOOpaKeHne, TO
obparHoe otobpaskenne ¢! 1Y — X jpeiicTByeT Tak: iy x
TOT/Ia ¥ TOJBKO TOT/IA, KOTJA Q@ T > Y.

Teopema 1.8. Fcau ¢ : X — Y, ¢ : Y — U — buexmus-
HOle 0MObpasicenus, mo npoussedenue Yy maroce OUEKMUBHO U
(W)t =7l

Mpumep 1.9. Kaxxmoe u3 orobpazkeHnii

fl(x) =, f2($) = —x, fg(x) = i’ f4($) — _l

x
SIBJISIETCA OMEeKTUBHBIM npeobpazoBaHUEM MHOYKECTBA

R* =R\ {0}. Cocraum Ttabauily yMHOXKEHUsI 3THX OTOGpa-
KEeHU.

IIpoussenenue f; f; crapuTcs Ha mepecedeHUN CTPOKH f; U CcTOIONA
fj. Hampuwmep,
1 5

1
fofs:x & - it — mostomy fafs = fy.

W3 tabavmbl BUAHO, 9TO yMHOXKEHWE KOMMYTATHBHO W f1 sB-
JISIETCS TOXKIECTBEHHBIM TpeobpazoBanuem. Tak kak f;l = f;, TO

13



1. BUHAPHBIE OTHOIITEHNA 1 IEPECTAHOBKI

KaykJgo0e peobdpas3oBaHie COBMAIAeT CO CBOMM OOPATHBIM Tpeobpa-
30BaHUEM. X

Appunnvim npeobpasosaruem npamoti Ha3bIBAETCsS 0TOOparKke-
HAC (Qgp ¢ T — ax +b, a,b € R, a # 0 mmoxecrsa R B R.
CoBokymHOCTH Beex adOUHHBIX TpeodbpaszoBaHuil TpsiMoil 0603Ha-
gaerca uepe3 Ap(R). B coorBercTBIE € TPABUIOM YMHOXKEHHUST OTO-
opakennii adpduHHbIe TPeodpPa30BAHNS MIPIMOIl TEPEMHOXKAIOTCS
TaK: Qg pPed : & — cx +d — alcx +d) +b = acx + (ad + b)
T Qg pPe.d = Pac,ad+b- B FacTHOCTH, yMHOXKeHUe adPUHHBIX TIpe-
obpazoBanmit HEKOMMYTAaTUBHO. T0XKIeCTBEHHBIM OyzeT mpeodpa-
30BaHUE Q1 0, & OOPATHBIM I g OyAET py—1 _4-1p. Hecmoxmo
MPOBEPUTD, UTO TpHu a < b, ¢ < d addbunnoe npeodpazoBanme

T —

—c
_a(x—a)—i—c

ocyIIecTBIIsieT GUeKTHBHOE 0TOOparkenne orpeska [a, b] mpsiMoil Ha
0Tpe30K [c, d].

1.3. IlepecTaHOBKH

[Iycts X = {1,2,...,n}. Banmuo omno3HAaUHOE OTOOpaZKe-
e MHOXKeCTBa X Ha cebs HA3BIBAETCA Nepecmanoskoti cmeneni
n. COBOKYITHOCTH BCEX TEPECTAHOBOK CTEMeHN 7 0003HAYAIT ue-
pe3 S,. llepecranoBky 7 € S, ya00HO M300parKaTh ABYCTPOUHOI
Tab/nIell, MOTHOCTHIO YKA3biBasi 00pa3bl BCEX JIEMEHTOR:

. 1 2 ... n (1 2...n
= 7(1)7(2)...7(n) T = \aas...an )’
rae {a1,a2,...,a,} =X, 7:1—aq,...,n— a,.

Tox gecTBeHHOE TTPEOOPA3OBAHNE £x SIBISIETCS B3aWMHO OJIHO-
3HAYHBIM OTOOpaYKeHWEM, W TIO3TOMY £x € S,. OUeBuIHO, UTO

oy — 12...n
X = \12...0)"
[IpomsBemenne T ABYX MEPECTAHOBOK T W 0 HAXOIUTCI KakK

npoussenenne orobpakennii: 47(k) = 0(7(k)), k=1,2,...,n.
Mpumep 1.10. IlepecTtanoBku

1234 1234
5‘<&w1>6&’7_<&m2>6&
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1.3. Ilepecmanosru

IEPEMHOXKAIOTCST TaK:
1234

L
r=(a100) (aa72) = 3112 | = (2754)
L
2134
1234
L
= (3112) (a21) = | 2121 = (1243)
UL
1243

B wactHOCTH, 0T # T U YMHOXKEHNE TEPECTAHOBOK HEKOMMY-
TATUBHO. X

Ecmu n — marypasbHoe aucio, To depes n! (unraercsa «du dak-
Topuasy ) obosnauaerca nponssegenune 1-2-3-. .. -n. Kpome roro,
momarafor 0! = 1.

Teopema 1.9. 1. Ilpoussedenue d8yxr nepecmarosor 6HOEH
ecms nepecmaroska, mo ecmv 76 € S, daa ecex T € S, u 0 €
€ S,.

2. Ymmooicenue mnepecmanogox accoyuamueno, Mo ecmb
(x7)0 = x(70) daa scex x,T,0 € Sy,.

3. Cywecmsyem mooicdecmeentas nNepecmanoska, mo ecmo
MaAKaa NePecmanoska € € Sy, 4mo TE = €T = T OA4 6CEX T €
€ S,.

4. Kaoicdaa mepecmanoska obaadaem obpammoti nepecmaHos-
K0T, Mo ecmb 0Aa A10060T nepecmanosku T € S, cCywecmsyem ma-
KaA Nepecmaro6ra, e S, 4mo rl=r"lr=¢.

5. [Sn| = nl.

BaMeTnM, 4T0 0GPATHYIO IEPECTAHOBKY T | TIOIyYNM, TIepecTa-
BUB B TIEPECTAHOBKE T CTPOKHW MecTtamu. Hampuwmep:

1234\ (3421\ (1234
3421) ~\1234) ~ \4312)"
[Tepectanorka

S araz...a—10aag41 ... 0n
azaz... A a1 Qg41...0n
Ha3bIBAECTCA UYUKAOM oaunvt k n KPaTKO 3allUCBhIBACTCA TaK:. T —
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1. BUHAPHBIE OTHOIITEHNA 1 IEPECTAHOBKI

= (a1ay...ax). B arom cayuae

T T T T T
ayt— az—agzt— ... —ag t— aj,

OCTaJIbHBIE€ CUMBOJIBI TIEPECTAaHOBKa 7 TMEePEBOJAUT B cebst.
I_[I/IK.HBI 0e3 O6HII/IX CHMBOJIOB HAa3BbIBAIOTCAd HE3A6UCUMBIMU.

[Ipon3BOIBLHYIO IEPECTAHOBKY T MOMKHO 3aIHCATL B BHIE IIPO-
U3BeIeHUS He3aBUCUMBIX IUKJIOB. 1151 3TOr0 6epeM Npou3BO/IbHbI
cumBoa a1 € X u HaxoguM T(a1) = az. Ewm ag = ap, To nonyvaem
vk (a1) gaweel 1. Ecan ag # ag, 1o 6epem 7(ag) = as. Tak kak
T — unbeknusa u 7(ay) = ag, T0 az = 7(az) # ag. Ecim ag = ay,
To umeeMm WK (ajaz). Ilpu ag # ay waxomum ay = 7(az). Ecim
ay € {ay,a9,a3}, TO MHBEKTUBHOCTH T TPUBOJUT K TOMY, UTO (g =
= ay. Monyuaem tukn (ayazas) u t. 1. Ilepebupast Bce cuMBOIIBI U3
X, mosrydaem 3anmch TepecTaHOBKY B BUJIE MPOU3BEICHNS HE3ABN-
cuMBIX THKJI0B. O9eBHIHO, TAKOE PA3JIOKEHUE €JIMHCTBEHHO.

[TockonbKy HE3aBUCHUMBIE TIUKJIBI HE UMEIOT OOIINX CUMBOJIOB,
TO OHW SIBJISIIOTCS KOMMYTHUPYIOIIMMA TiepecTaHOBKaMu. LIUKJIbI
¢ obmmmu cumBoIaMu He KommyTupytor. Hanpumep, (12)(13) =
= (132), a (13)(12) = (123).

Hukn gaumbl 2 #Ha3bIBaeTCI mparcnosuyued. 1pancno3nnmd
(ij) BCE 37IEMEHTBI, OTJIMYHBIE OT & U j, TIEPEBOJUT B cebsi, TO €CTh
(if) = (12...i—1ii+1...j—1jj+1...n>‘

12...i—14i+1...5—1ij+1...n
Teopema 1.10. 1. Kaotcowiti yuxa oaumnse k MoHCHO 3anUCaMD
6 eude npoussedernus k — 1 mparcnosuyu:
(alag . ak) = (alak)(alak,l) e (alag).
2. Beakyro nepecmanosky T € S, MOJCHO 3anucamb 6 eude

npouaeec?euwz n—=c mpaucno3uuuﬁ, 2de ¢ — MUCAO HE3AGUCUMDLT
UUKA06 NEPECTAHOBKY T .

Mpumep 1.11. BanumuTe B BUE TPOU3BEIEHUS HE3ABUCUMBIX

[IUKJIOB TEPECTAHOBKY
123456
513624/

[] IlepectanoBka mepeBoguT 1 +— 5 — 2 +— 1,4 +— 6 — 4,

1234
3 3, mosTOMY (5 1362?1) _ (152)(3)(46).
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1.3. Ilepecmanosru

123456
OrBerm: (513624) = (152)(3)(46). X

Mpumep 1.12. 3amummure B BUJe TAaOJUIBI MTEPECTAHOBKY
(135)(2)(467).
(1 Tlepecramoska mepepoant 1 +— 3+—5—1,4—6+— 7 — 4,

s s (o (1220307

1234567)_ 2

O rrem: (135)(2)(467) = (3256174

Mpumep 1.13. Bouramcanre 371, 87, 772 mis mepectanoBok
B = (132)(45), 7 = (21)(354)(143).

O Yro6e! momyunTs 31, 3amummem mukael B 3 B 06PATHOM T10-
pajke. B utore mogyunm: 371 = (54)(231) = (123)(45). Haitzem:

1 34
12115
4113]
BT = (132)(45)(21)(354)(143) = | 1] | 4 = (123)(4)(5). Janee
3125]
13115
2 14
72 = (712 = ((341)(453)(12))2 = (341)(453)(12) x
2
11345
111
21453
x (341)(453)(12) = |3 ] | | = (132)(4)(5).
11134
14lll
31245

1

Hwukabl equHUYHON IJIWHBI B 3alUCH TEPECTAHOBKHA MOYKHO
OTyCKaTh.

Orser 3! =(123)(45), BT = (123), 772 = (132). X

17



1. BUHAPHBIE OTHOIITEHNA 1 IEPECTAHOBKI

Mpumep 1.14. Haiigure nepecTaHOBKY (v U3 PABEHCTBA
12345
(135)(23)a = <42 1 35> .

O Tlepecranoska (135)(23) siBsistercst Npon3BeIeHNEM 3aBHUCH-
MBIX IUKJIOB. [TepeMHOKIM 3TH [UKJIBI U IPEJICTABUM B TabJINIHOI
3armcu:

2
11345

12345
<135><23>=¢3m=< )
31211 \35241
5

" 12345\ (12345 .
T \35241) T \42135) O

12345\ ' (12345\  (12345\ ' (12345
35241) \35241) %7 \35241) \42135)°
(12345 (12345\ _ (12345
“=\s3142) \42135) ~ \43512)"

12345>

43512
Mpumep 1.15. Pazjoxxure B Mpon3BeieHre TPAHCIO3UININ TIe-

PECTAHOBKY
(12345678
T~ \61485723)"

O 3anumeM T B BuJe IIPOU3BEICHUA HE3aBUCHMBIX ITHKJIOB,
a 3aTeM K&)K,ZI;BIIZ OUKJI TPEeACTaBUM KaK TIPOM3BEAEeHUNE TPaHCIIO-

OTBeT:a:< X

sunuii. B wrore nogyunm: T = (éfiggg;g) = (1672)(348) =
= (12)(17)(16)(38)(34).
Orser 7= (12)(17)(16)(38)(34). X

Hawm monanoburca dynkums y = signz (signum — 3mak), Ko-
Topag oTobpazxkaer R wa muoxkectso {—1,1} creayiomunm ob6pazom

. -1, ecm x <0,
x — signx =

1, ecmu x 2= 0.
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1.3. Ilepecmanosru

Ouesngro, uro sign(xy) = (signz)(signy) npu = # 0 # y, 10
eCTh 3HaK MPON3BENCHNU IBYX ACHCTBUTENIBHBIX YUCEN, OTINIHBIX
OT HyJIsI, PABEH MPOM3BEICHUIO 3HAKOB 3TUX YMCEIL.

Beesem orobpazkenue sgn : S, — {—1, 1}, cuuraa

i1—k
= ign ———— 1.1
sgnr ZLkl 51gn7_(z,) ) (1.1)
{ik}yCX

e 7 € Sy, X ={1,2,...,n}. lockonbky 7 — Guekrusi, 10 7(i) #
# 7(k) mpm i # k, u 3HAMeHATe b KAXKIOW IPOOM OTIHUEH OT
uysst. [Iponssenenne Buuncisiercst o Beem napam {i,k} = {k,i}
Pa3/IMYIHBIX HATYPAJIBHBIX YNCEJI, SHAUNUT, KazKJasd ,Hp06]) OTJINYHaA
or nyss n sgnt € {—1,1}. Ipo6s

i—k k—1

(i) —7(k) (k) —7(i)
BCTPEYAeTCsl 10 OJHOMY pasy yist Kaxkzaoi napel {i,k}. TTosromy
MOYKHO 3HaK MPOM3BEEHNsT BBIYUCINTH TOJILKO 110 iapam {4, k}, y
KOTOpBIX ¢ > k. B aTom ciayuae
i—k
7(i) — 7(k)
u dopmyrna (1.1) mpumer Bu:
sgnT = H sign(7(i) — 7(k)). (1.2)
1<k<i<n
[TepecTaHOBKY T HA30BEM wemmoti, eciu sgnt = 1, u nenemmofi,
ecnu sgnt = —1.

= sign(7(i) — 7(k))

sign

Teopema 1.11. 1. Toowcdecmeenrnas nepecmaHo8ka € AGAAEM-
cAa vemnot.

2. Tpancnosuyusa (12) aeasemces newemnoti nepecmanosro.

3. 3nax npoussederus NEPECMAHOBOK PABEH NPOU3ELICHUNO
3HaK08 CoMHOoHCUmMened.

Caencrsue. 1. [Ipoussedenue 08Yx vemHvT Uil 08YT HEYEM-
HOLT NEPECMAHOB0K eCb YeMHAA NEPECNAHOCKA.

2. Ilpoussedenue wemmot u Heuemuot NEPECMaAHO8OK ECMb
HEYEMHAA NEPECMAHOBKE.

3. Ilepecmanoska umeem my sce 4emHocms, 4mo u et obpam-
HAA.

4. Tparcnozuyua Asaiemca HeuwemHolt nepecmarosrod.
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1. BUHAPHBIE OTHOIITEHNA 1 IEPECTAHOBKI

Teopema 1.12. Ecau T € S, U ¢ — YUCAO HE3ABUCUMDBLT Ulh-
KA08, 68 NPOU3GedeHUe KOMOPHIT PA3AG2AEMCA NEPECNANOEKE T, MO
sgnt = (—1)""°.

Mpumep 1.16. /lannr nmepecTaHoBKU

123456
::<215346>,;3:(r%4)esg

1. Beranciure o~ 1, 372, af.

2. Pazyioxkure off B mponsBeieHne HE3aBUCHMBIX ITUKJIOB.

3. Paznoxure o B mpom3BeieHne TPAHCIIO3UITNIA.

4. Berauncimre 3nax nepecranosku (af)2af7L.

O 1. Jdns waxoxaernst 06paTHOii MepecTanoBKr o b ompese-
JIgeM, BO 9TO miepexoadatT 1,2, ..., 6 n3 AnKHell CTPOKN B BEPXHIOIO:
1—-2,2—-51,3—-4,4—55— 3,6 — 6. CrnenoBareanHo,

1 (123456 ' /123456
~\215346) T \214536)"
Tak xak 3 € Sg, TO

P )
ITosTomy

-1 -1
4.4 (123456 123456\ "
p=p"8 _'(253146) (253146) =
 /123456) (123456 (123456
=\413526) (413526) = (543216

[Tonpo6HO MpaBU/IO YMHOKEHHUS TIEPECTAHOBOK MPOULIIOCTPUDPYEM
Ha TpuMepe mpousBeneHust af:

123456
_ (123456) (123456 __éééiié__ 123456
“B=\915346) (253146 __llllll__ 145236)°

145236

2. Ilepecranoska o3 nepesogur 1 — 1,2 —4 — 2,6 — 06,
3 — 5 — 3, moaTomy

a8 = (1 13a5¢) = DEOE)0)
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1.3. Ilepecmanosru

eCTh Pa3/IOYKEHNe MepPecTaHoBKN (v B IPON3BE/IEHIE HE3aBUCHMBIX
IUKJIOB.

3. Urobb1 3ammcarh pas/oyKeHWe TepPecTaHOBKN (v B TTPON3Be-
JIeHIe TPAHCIO3UIN, 3alnIlleM ee CHAYAJa B BUJIE MPOU3BEICHUS
HE3aBUCUMBIX IUKJIOB:

123456
__<215346>._(1mc%4x6y
Kaxaprit nmmkia aanHbl 00IbIle 2 pas/ioXnM B TPOU3BEIEHNE
TPAHCIO3ULUI 10 IPABUILY
(arag...ax_1a;) = (arax)(ar1ak_1) . .. (a1a2).

[Momyuanm « = (12)(34)(35) — nckoMoe passoKeHne.

4. 3HaK MEepPecTaHOBKU T BBIUUCISETCS 0 (OpMYyJIe

sgnt = (—1)"7°,

rJie M — CTeMeHb MEePEeCTAHOBKY, ¢ — YNCI0 HE3aBUCUMBIX ITHKJIOB.
Tak xak a = (12)(354)(6), To sgna = (—1)973 = —1, 1o ecTs Te-
PeCTaHOBKA (v HeUeTHAs. AHaﬂoquo, B = (1254)(3)(6) m sgnﬁ =
= (=1)573 = —1. Tlosromy sgn((af3)? aﬁ by = sgn(aﬁaﬁaﬁ
= sgna - sgnfB - sgna - sgnf3 - sgna - sgnfBl = (—1

OrrBeqwl.a—1=:<123456> _ (123456)
214536 543216
a1 = (112930 2 08 = EHEO)
3. a = (12)(34)(35). 4. sgn((aB)?aB~!) = 1. X
Mpumep 1.17. Ilpu Kakux 3HAUEHUAX 7, j, k HedeTHOI OymeT
MepecTaHOBKA
__<25k361>?
173514)°
[0 BamernM, 9T0 B KaXKJ0i CTPOKE MEPECTAHOBKU (v BCe (-
pBbl JOKHBI OBITH pasgndubivu. [lostomy k = 4, a ana i u j

BO3MOYKHBI B CIydad.
1.9=2, 5 =6. Torna

254361 )
__<263514>::(2x56M3)HS§mx:(—1ﬁ 2 _ 1.

2.1=06, j =2. Torma
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1. BUHAPHBIE OTHOIITEHNA 1 IEPECTAHOBKI

_(254361

6235 14) = (261435) n sgna = (—1)671 = —1.

OrBemi=6,7=2k=4. X

Jlemma 1.13. Badurcupyem nepecmanosky m € Sy,. Kaotcdoe
u3 omobpasicenuti o : T — T Y BT > TW, Y 1 T — TT AeaaemcA
buexyuet muoocecmsa Sy. [loamomy

S,={rt|7eS,y={rr|T€8,}={nT|TES,}

COBOKYTHOCTE BCEX UETHBIX MEPECTAHOBOK CTEMEHU 71 0603HA-

quM uepes A,.

Teopema 1.14. Cosoxynnocms A, 6cer 4wemuux nepecmaro-
60K cmenenu n = 2 obaadaem cAedYOWUMU CEOTLCMBAMU:

1) ecau T ud €Ay, motd € Ayp;

2) mosicdecmeenna NepecmaHoskra € Yemmasa, mo ecmsv &€ €
€ An;

3) ecauT € A,, moT L€ Ay;

4) |A,| =nl/2.
Mpumep 1.18. Ilepeuncaure Bce 3meMeHTs U3 S, u A, npu
n < 3.

O Owuesngno, S1 = {e}, A1 = {e}. fcuHo Taxxe, 9ro0

Sy = { @ f) , G;) } — {(12),}, As = {c}.

[Iycts n = 3, X = {1,2,3}. Beinumrem Bce mepecTaHOBKU MHO-
KeCTBa X " PA3JIOZKUM MX B TTPOU3BEACHNE HE3ABUCUMBIX ITUKJIOB.

= @6 (155) = 0@ (55;) = (9@,

@ig) = (12)3), <;§?> = (123), (},j;) = (132).

Mrax, S5 = {¢, (12), (13), (23), (123), (132)}, A3 = {e, (123), (132)}.

CocraBum Tabswimsl ymMHOXKeHUs st S u As. Ha nepecevenun
«CTPOKHU» 0 U «CTOJOIA» T CTABUM TPOU3BEIEHUE OT.
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1.4. HUnodusudyasvroie 3adanus

S; = [ (12) | (13) | (23) [ (123) | (132)
e = | (12) | (13) | (23) | (123) | (132)
1) T a2 | ¢ 3023 @23 | 13
13y [ (13) | 123 | = | (132 | (12) | (23)
@3) [ (23) [ (13 [a23) [ = | (13) | (12)
(123) [ (123) | (13) | (23) | (12) [ (132) | =
(132) | (132) | (23) | (12) | (13) | ¢ | (123)
As € (123) (132)
€ € (123) | (132)
(123) | (123) | (132) | «
132) | (132 | ¢ | (123

AHaJOTMIHO MOXKHO OBLITO OBI

noctymuth u ¢ Sy. Ho |Sy| = 24

U TPU COCTABJIEHWM TabJWIBl YMHOXKEHUS JJjst Sy TPHUIILIOCH Obl

3anoaHuTh 24 - 24 = 576 KJj1eTok.

X

1.4. NaaguBuayaabHbIe 3aTaHUA

1. Jlanb! mepecTaHoBKY o 1 (3, mpunaaexaimune Sg. Beraucanre

a_17 aﬁ?

Ba, (aB)?, (Ba)~t, B2

Ll_a::<123456789>7

281357649

Lz.a::<123456789>
387654291)°
1'3.0[:<123456789>
432716598)"
1'4.&:<123456789>
571468293)"
1‘5'0[:<123456789>
281637495)°
1‘6'0[:<123456789>
693275184)’
1‘7'0[:<123456789>
715236849)’

742185396/

(

123456789>

123456789
617358492
123456789
942371658)°
123456789

(177335100)
(v32571652)
<349216857>'
(s32115070)
(r6vs12055)
(br235101)

123456789
532148976/
123456789
761842953/
123456789
971235468)°

DD D D @
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1. BUHAPHBIE OTHOIITEHNA 1 IEPECTAHOBKI

L8.a::<123456789> B::<123456789>
857361924)’ 482517693
L91a2:<123456789> 5= (123456789)
628137495 951248763
1.10_06:(123456789) ﬁ::<123456789>.
641578923 791635482
1L (123456789) ﬁ::<123456789>.
342967158)" 736541298
L 12, (123456789) ﬁ::<123456789>.
975832164 324761598
L 13 ::<123456789> ﬁ::<123456789>
413765298 649137582
L1 (123456789) 5 (123456789)
438295716 719542683
1J5-a::<123456789) ﬁ::<123456789>_
574216398 916374528

2. 3anummnTe MepecTaHoOBKU « U ( u3 3aJaHusd 1 B BUAE MPON3-
BEJICHUSA HE3aBUCUMBIX IIUKJIOB W B BUJE TTPOU3BEACHUA TPAHCIO-
aunuit. Hafianme weTHOCTH 3THX TIEPECTAHOBOK.

3. Jlaubl IepecTaHOBKU ¢ U T, MpUHAJEXKAIme Sg. 3anuiiu-
Te MEPECTAHOBKM 0 W T B Buje Tabiuiel. Berancaure o, 771,

oT, To, He npuberas K TabananHoii 3anucu. OnpenennTe 4eTHOCTh

nepectanosok o7, (10)?r(ro) 7L
3.1. o = (143)(25)(678), 7 = (214)(345)(56)(13)
3.2. 0 = (13245)(15)(2468), 7 = (137)(65)(84).
3.3. 0 = (235)(147)(68), T = (3567)(15)(364).
3.4. o = (31)(14)(25681), T = (357)(68)(18).
3.5. o = (12356)(478), 7 = (1356)(627)(145).
3.6. 0 = (32)(257)(4316), T = (431)(2687)
3.7. o = (146)(245)(36), T = (3564)(127).
3.8. o = (125)(438)(67), T = (143)(3526)(125)
3.9.0-—-(26)(6371) 145), 7 = (25)(437)(68).
3.10. o = (138)(27)(64), T = (2584)(142)(658)
3.11. o = (12)(25)(5437)(13), 7 = (14)(357)(62).
3.12. o = (156)(4382), 7= (172)(28)(7814)
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1.4. HUnodusudyasvroie 3adanus

3.13. o = (4513)(278), 7 = (1354)(324)(672).
3.14. o = (157)(645)(213), 7 = (124)(387)(65).
3.15. o = (263)(17)(85), = (145)(3467)(562).

4. Tlpn xaKuWX 3HAYEHUAX 1, j,k:nepeCTaHOBKa ~ uernasa?! [Ipu
KaKAX 3HAYEHUAX 1, J, k TIEPECTAHOBKA Y HEYETHAS

i1 7:<123456> <2243k17>
o i3j16k)’ 1535426)°
49— (1234567) ::<2345361>
o 3i1jk42 71k4325
43.7::<1234567> ::<137ik24>_
Jk13475 j276514
1234567 205641
4'4"YZ(z?53;k4> “<k14325>
45.7::<1234567>. ::<3k41167>
kil7j54) 1425675
L6 7::<1234567> ::<1kj2475>
o 2i435k1 1176425
4T 72:(1234567) ::<5¢2k31>_
o 7Ti2j14k 174256
48.V::<1234567> ::<62k1¢3>_
13jk214 714523
1234567 5kjl143
4'9"YZ<JP,MI<:24> ::<215624>'
410 (1234567) _ <5k4¢12>_
' 3ij2k16 173264
L1 (1234567) _ <62jk137>
T i21j45k i543712
119 7:<123456> ::<42ik176>
T 13jk41 7145372
1234567 545132
4J3'7::<11k76]4> “<k21436>
41 = (1234567) (61k1274>.
2913k356 1535426
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1. BUHAPHBIE OTHOIITEHNA 1 IEPECTAHOBKI

15 o (1234567 _ (43ik15
T T \65i1k43) XT \j12543)
1

5. Haiinnre mepectanoBKy T m3 paBeHcTBa a7 = o, TIe «Q,
[ — mepecTaHoOBKHU U3 3amaHns 1.

6. Haiture mepecTaHoBKY < U3 paBeHcTBa o7 'y = o~ 71, rie
T, 0 — MEPECTAHOBKU W3 3aaHUS 3.

1.5. JlonmogHUTEIbLHBIE 33/1aYN

1. CKoOJIBKO CyIIeCTBYeT oOToDpaskeHwii MHOXKecTBa, A =
= {a,b,c,d} B cebs1, UMEIOMINX HEMOIBUKHBIE TOUKHU?!

2. CKOJIBKO CYIIECTBYET YACTUYHO YIIOPSITOUEHHBIX MHOXKECTB
n3 n < 4 sneMeHTos?

3. CKOJIbKO CYIIECTBYET JUHEHHO YIOPSITOUEHHBIX MHOXKECTB
n3 n < 4 snemenTos?

4. Kakumu cBoiicrBamu obsagaer 6bunapuoe oruormenne F C
C R x R, onpenenennoe ciepyomum obpasom: (a,b) € F torma u
TOJIBKO TOTJIa, KOT/a

a_ b 0
a2+1 " b2 +1°

5. [lpuBenure mpumepbl OMHAPHBIX OTHOIIEHUI, KOTOPBIE U3
Tpex CBOHCTB (pedIeKCHBHOCTD, CHMMETPUYHOCTH, TPAH3UTHB-
HOCTH) 001871/ OBl TOIBKO JBYMSI.

6. Haf/'I,ZI;I/ITe BCE€ OTHOIMEHWA 3KBUBAJIEHTHOCTU Ha TPEXIJIEMEHT-
HOM MHOXKECTBE W Ha YE€THIPEXIJIEMEHTHOM MHOZKECTBE.

7. CKO.HBKO MOZKHO COCTaBUTH Pa3HBIX MICCTU3HAYHBIX YHNCEJI
w3 muchp 0, 1, 2, 3, 4,7, 97

8. ITycts T' — MHOYKECTBO BCEX MPOCTHIX TPEX3HAUHBIX UUCEJI, &
S — mHOXKecTBO Beex 1udp. OTobpakenne v;, ¢ = 1,2, 3, KaxK10My
TPEX3HAYHOMY UUC/Y CTABUT B COOTBETCTBUE €ro i-10 udpy. Bymzer
JIN 7y; AHBEKINel, CIOpbeKIneil n Onexmeii”?

9. Ilycts 17 — MHOXKECTBO BCEX MPAMOYTOILHBIX, 1Th — pas-
HOCTOPDOHHUX TPEYTO/JIHBHUKOB, a R+ — MHO>KECTBO BCeX II0JJIO0OZKU-
tenpabx uncen. Orobpawxenne o; : T; — RT, i = 1,2, xaxgomy
TPEYTOJIbHUKY CTaBUT B COOTBETCTBUE €TI0 MJIOITAJb. HB.}IHGTCH JIn
oTobpaxkenue o;, ¢ = 1,2, UHbEKINEl, CIOpbEKIneii, OneKmei?

10. Ilycrw K, ¢ = 1,2, — MHOXKeCTBO BCEX TMapaeIenuIe/IoB 1
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1.5. Jlonoanumenvhvie 3adavu

Ky0OB COOTBETCTBEHHO, a RT — MHOMXKECTBO BCEX TMOMOKHUTETLHBIX
qncen. Orobpaxenne o; : K; — RT, i = 1,2, xaxxg0My mapasie-
JIEATIey WIN KyOy CTaBAT B COOTBETCTBHE ero obbem. dABisiercs
Jin 0TOOpaKeHNe 0; UHBHEKITHEH, CIOpheKITnei, OneKimeii?

11. Haiiaure npoussenenus fo, of, f2, ©? npeobpazopanmit
muoxkecTBa R. Kakwue n3 stux npeobpazosanunii obparumei? s
obpaTuMbIX TPeoOpa30BaHUil YKAKATE 00PATHBIE.

11.1. f(x) = 4z, o(x) = bz.

11.2. f(z) = 3z + 1, o(x) =2z + 3.

11.3. f(x) = Bz +1)/(z®2 + 1), o(z) = (22 + 3)/(2® +2).
11.4. f(x) = 23, p(x) = cos .

11.5. f(z) = In(|z| + 1), o) =22+ 1.

12. MoxHO it KayKIyI0 YeTHYIO MePECTAHOBKY CTEIeHu N > 2
MpEeJICTABUTE B BUJIE MPOU3BEIEHUsT ITUKJIOB JIIMHBI 37

13. Jlokakure, 9T0 KayKIyIO IEPECTAHOBKY U3 S;,, MOXKHO MpeJ-
CTAaBUTH B BUJE TTPOU3BEIEHU TPAHCIO3UINN BUIA

(12), (13), ..., (1n).

14. Moxaxwute, uto 7" = ¢, m € N, Torga m TOJBLKO TOTIA,
KOTJIa M JeJUTCd Ha JJINHY KaXKJ0TO He3aBUCUMOTO ITUKJIA U3 Pa3-
JIOXKEHWS TIePECTAHOBKU T.

15. Beraucaure 7" mi1st Bcex T € S, ¥ BCEX HATYPAIbHBIX 1 < 5.

16. Berancianre

100 150
123456 78910 1234567 8 910
(3541710269 8> ’ (3546971108 2>

17. nsg dpukcupoBaHHO TMEPECTAHOBKU ¢ € Sy HaliuTe BCe
MepPeCcTaHoOBKMU T € Sy, YAOBAETBOPSIONINE YCIOBUIO TW = (OT.

1234 1234
111.¢__<2314>. 112.@__<2143>.

1234 1234
113.¢::<3412>. 114.@::<4321>.

1234
115.¢::<1342>.



2. TPVIIIIBI, KOJIBITIA, ITOJIS

2.1. 'pynnsr

Bunapnoti aneebpauveckoti onepayueli na MuOKecTBe X HA3DI-
BaroT oToOpaxkenue mekaprora keagpara X X X B X. Ecim ¢ @ X X
x X — X — Ounapmag omeparus Ha X, TO KaxKIOH ymopsmo-
yennoii mape (a,b) snemenToB u3 X COOTBETCTBYET OHO3IHAYHO
onpenenenHblii anement ¢ = ¢(a,b). Bunapuyio onepanmio vHa X
0003HAYAIOT OJHUM W3 CJIEIYIONIUX CUMBOJIOB: +, -, B, 0, ®, * U
T. 1. Ecim Bmecto ¢ yenoBumcest tmcars o, 1o BMecto ¢ = ¢(a,b)
caemyer mucarh ¢ = a o b.

Haubonee gacto ncnonb3yores gBe pOPMbI 3aMUCH OTIEPAIIH:
QIINTUBHAS U MYyJbTUIIUKAaTUBHASA. [lpu addumusnoti opme 3a-
NUCY OTIEPAITUIO HABBIBAIOT CAOMCEHUEM U BMECTO ¢ = @ O b mumryT
c = a+ b. llpu myavmunsukamusHoti popme 3anucu OTEPATIHIO
HA3BIBAIOT YMHONCEHUEM U BMECTO ¢ = @ O b numyT ¢ = a - b wan
¢ = ab. B ganbueiinmiem mpu n3/I0KeHUN TeOpun OygeM HCIIOIB30-
BaTh MYJbTUILIUKATUBHYIO (OPMY 3AMUCH.

IMyctes Ha muoorcecmee X onpedenena OUHAPHAA ONEPAUUA
(ymuOkennme), To ectb ab € X s Beex a,b € X. Ecm a(be) =
= (ab)c st Beex a,b,c € X, TO omepaius HA3BIBAETCS (CCOUUA-
muenot. Kcau ab = ba gna Bcex a,b € X, To omeparius Ha3bIBa-
ercst Kommymamuerot. Fcim snement e € X u ae = ea = a s
BCex a € X, TO € HABBIBAETCS eQUHUYHBIM IAEMEHMOM, IITH TTPOCTO
eduruyetd. Obpammvim K SAEMEHMY G HAZBIBAETCS TAKOW JIEMEHT
a_l, aro aa” ! = a " la =e.

Hoayzpynnoti HA3BIBAETCST HEIYCTOE MHOXKECTBO P ¢ OGuHapHOI
anrebpanveckoil omeparnmeii (yMHOXKEHHEM), KOTOpas YIOBJIETBO-
psIeT CIeAYIONUM JIBYM TpeOOBAaHUSIM: OMEpAIldsi OTNpene/ieHa Ha
P, o ectb ab € P nna Bcex a,b € P; omeparusi acCOIMATUBHA, TO
ects a(bc) = (ab)e mst mobwIX a,b, c € P.

Teopema 2.1. B noayepynne moocem bvoimsv He 6oaee 00H020
edunuuro20 aaemenma. Ecau 6 noayepynne umeemea edunuumnoil
aNEMEHM, MO KaxicOwl saremenm obaadaem ne boaee wem 0OHUM
06DAMHBIM.

Teopema 2.2. B noayepynne pe3ysbmam npuMeHeHUus onepa-

28



2.1. I'pynnot

YU K HECKOADKUM INEMEHMAM HE 3a6UCUM 0m cnocoba pacnpe-
deaenus cxobox.

Teopema 2.2 mo3BOJgET WCHOAB30BATH B TMOJYTPYINAX 3HAK
KPaTHOTO YMHOXKEHUA:
2

3 n
ajag = Hai, ajagag — Hai, ey A10G2...0p = Hai.
i=1 i=1 i=1
B wactHOCTH, TIpU a1 = a2 = ... = a, = a TPOU3BEJEHUE Ad ...
obo3Hava0T Yepe3 a” W Ha3BIBAIOT N-U CMEnensvlo dAeMenma a.
CrencreueM Teopembl 2.2 SBJISIIOTCS PABEHCTBA!
a"a™ = a"t"™,  (a™)™ = a"™, (2.1)
CIpaBe/I/INBBIE /I BCEX HATYPAJbHBIX 1 u m. B moayrpynme P ¢
equHATEl e aas oboro a € P nomaraor o = e. 3amernu ere,
qro ecim ab = ba, To (ab)™ = a™b"™ 15 BCEX HATYPAJIBHBIX 7, YTO
JIETKO TIPOBEPSIETCST WHIYKIIAE 0 N.

e monyrpynnel P; u P, Ha3bIBAIOTCS U3OMODPHOIMU, €CIIH
CYIIECTBYeT B3aWMHO OJHO3HAYHOE oTobpaxkenme f : P; — Ps,
npu koropom f(ab) = f(a)f(b) anst m06wbIx a,b € P;.

I'pynnoti nazeiBaeTcst Hemycroe MHOXKeCTBO G ¢ OMHAPHOM asl-
reGpandeckoii onepanueii (yMHOKEHUEM ), KOTOPasi yJOBJIETBOPSET
CIeIYIONNM TPEOOBAHUSIM:

1) oneparus onpenesena, To ectb ab € G mig Beex a,b € G

2) omeparnms acconmaTuBHA, TO ecTh a(be) = (ab)c mas moObIX
a,b,c € G,

3) CyIecTByeT eJIMHWYHBIA 37EMEHT, TO €CTh TaKOil 3JEeMEeHT
e € G, 9To ae = ea = a 1jis BcexX a € G;

4) kaxkapIit sneMent ob1agaer 00OPATHBIM, TO €CTh s JII000TO
a € G cymecTByer Takoit snement a~ ! € G, uro aa”! = a”"la =e.

Bomnee kpartko: monmyrpymnmna ¢ eguHUIlel, B KOTOPOH KaXKIbIi
snemMenT obJiamaer oOpaTHBIM, HA3BIBAETCI 2PYNNoti.

[pynmy ¢ KOMMyTaTUBHON omepariueil Ha3BIBAIOT KOMMYMG-
musenoti (nnu abeaesoti). Ecin G — KOHEUHOE MHOYKECTBO, SIBJISIIO-
meecst rpymmnoii, To G HazpIBAIOT Koneuwnol 2pynnod, a uucio |G|
snemenToB B G — nopadkom 2pynnot G.

OTMmeTuM HEKOTOpbIE HadabHBIE CBOMCTBA TIPYIIM, KOTOPBIE
chopMynupyeM B BUIE JIEMM.

Jlemma 2.3. 1. B zpynne umeemca eduncmeennviti eQuruHbii
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2. TPYIIIIBI, KOJIBIIA, ITOJIA

INEMENM, U OAA KANCA020 IAEMEHMA CYULLCMBYEM eOUHCMBEHHBIT
06pammvI.

2. Ecau a,b — asemenmor 2pynnve G, mo (a™1)™! = a u
(ab)™t =b"ta7L.

Onpegenum oTpunaTeIbHBIE TIe/Ible CTETIEHN 3JIEMEHTa IPYTITIhI
KaK 0OpaTHBIE TOJOKHUTEILHBIM CTEIEHsIM, TO eCTh TOJI0KUM

a "= (a7t (2.2)
qutst Bcex n € N.

Jlemma 2.4. 1. Ecau a — asemenm epynnovt G u s € Z, mo
(as)—l — (a—l)s = q~s.

2. Jlaa mobux yeans s,t u 4106020 a € G cnpasedausn, pagem-
emsa: afal = a*Tt, (a®)! = a®l.

3. B 2pynne G ypasnenua ax = b u yc = d umerom edurcmeen-
noe pewenua = a ‘b uy = dc L.

Teopema 2.5. Iloayepynna P asasemca epynnoti moeda u
moavko mozda, kozda ypasHenua axr = b, ya = b umerom peuie-
HUA OAA A100WT dnemenmos a,b € P.

Teopema 2.5 1m03BOJIIET BBECTH OTPEIEIEHNE TPYIIBI, SKBUBA-
JIEHTHOE WCXOJHOMY.

I'pynnoti nazeiBaeTcst HemycToe MHOXKeCTBO (G ¢ OMHAPHOM asl-
reGpandeckoii oneparueil (yMHOXKEHNEM), YI0BIETBOPSIOMEd Ciie-
OYIOMIMM TPeOOBAHUSM:

1) onepanus onpenenena na Gj

2) omepanusi acCONMATHBHA;

3) ypaBHenus ar = b,ya = b UMEIOT peIeHus sl JTHOOBIX
sj1eMeHTOB a,b € G.

JBe rpynnel G u Gy HA3BIBAIOTCS U30MOPPHLLMU, €CTU OHU
n30MOPGHBI KaK MOMYTPYIIBI, TO €CTh €CIU CYIIECTBYET B3anM-
HO oJHO3HauHOe oTobOpakenme [ rpynmel (7 Ha rpynmy Ga, pu
koropom f(ab) = f(a)f(b) ansa nmobeix a,b € Gy.

Bce npusesennbie onpeeseHust W TOJIYUYEHHBIE PE3YIbTATHI
JIEFKO MEPEHOCATCs (C COOTBETCTBYIOIINM M3MEHEHUEM TEPMUHOJIO-
Ui, KaK yKa3aHo gajee B TabJ1. 2.1) HA MHOXKECTBA C aJINTUBHOMN
dOpMOIi 3aIUCH OMEepaITI.

[TpuBegem mpuMepsl YNUCTOBBIX TPYIIIL.

Mpumep 2.1. 1. Muoxkectsa Z, Q, R ¢ oneparueii ciiosxerus —
abeseBbl TpyMNBL. Bee TpeboBanms onpeesieHns TpyIbl TPOBeps-
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2.1. I'pynnot

1oTcst 6e3 Tpy/a.

2. MuoxectBo N co crnokennem He gBIgeTCI TPYIIOA, TaK KaK
B N HeT Hy/JI€EBOr0 M MPOTUBOMOIOKHBIX 3eMerHToB. Onrako N co
CJIO?KEHNEM — KOMMYTAaTHUBHAA TIOJYTPyTIIIa.

3. Muoxkecrso {—1,1} ¢ y™mMHOXKeHmeM — KOHeuHas abeseBa
rpymnma mopsijaka 2.

4. Hu onno u3 muoxkects N, Z, Q, R ¢ ymHOXKeHUEM TpymIy He
obpasyer. Ecin nmonoxkum R* = R\ {0}, Q* = Q\ {0}, ro R* u
Q* ¢ ymHOX)eHUMEM SIBISIIOTCS abeeBbiMu Tpynmamu. MHoKecTBa
Z7* =7\ {0} u N ¢ ymMHO)KeHNEM — KOMMYTATUBHBIE TTOIYPYIIITHI
C eIVHUIEH, HO HE TPYIIIHI.

Tabauma 2.1
My/IbTUNLIMKATUBHAS 3AIIACH AnuTUBHAS 3aIKACH ONEPALHA
omneparmn
YMHOXKEeHUe CIIOXKEeHNe

npousBeneHue ab,
n
[[[ 0 =aaz...a

cymma a + b,
Yriai=a1t+ar+...+an

€IUHUYHBIN 3JIEMEHT €,
ae =ea =a

HyJeBo# smement 0,
a+0=0+a=a

T

1 1

OOpaTHBIA 3JIEMEeHT a ™ -,

MTPOTUBOTIOJIOKHBI
37IeMeHT —a,

aa"t=ala=e a+(—a)=—-a+a=0
aCCOIMATUBHOCTb, aCCOIUATUBHOCTD,
(ab)e = a(be) (a+b)+c=a+(b+c)
KOMMYTATHBHOCTb, KOMMYTATUBHOCTb,
ab = ba a+b=b+a
crenenb a’ nipu n > 0, KpaTHoe na npu n > 0,
a=a...q nao=a-+...+a
—— ———
n pas n pas
crenenb a” pu n < 0, KpaTtHoe na npu n < 0,
a®=a"'. .. a"! na=(—a)+...+ (—a)
——

—n pas —n pa3
a=emnpun=20 na=0npun=0
aa™ = g™, na +ma = (n + m)a,
n,m € 7 n,m e 7

(@)™ =a", nmelL

m(na) = (mn)a, n,m € Z

(ab)™ = a™b™, n € Z,
ecau ab = ba

n(a+0b) =na+nb, n € Z,
ectma+b=b+a
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2. TPYIIIBI, KOJIBIIA, ITOJIA

[TpuBesemM MpUMephl TPYIT MEPEeCTAHOBOK.

Mpumep 2.2. 1. Ilycrs X = {1,2,...,n} u S, — coBokymnHOCTH
BCex nepectanoBok crenenn N (cm. rr. 1). M3 Teopemsr 1.9, c. 15,
CIIeIyeT, 9TO MHOMKECTBO S, C omepanmeil yMHOXKEHHst oOpasyer
KOHEYHYIO TPYIIY MOPAIKa n! ¢ eIUHUYHBIM 3/IEMEHTOM

_(12...n
°T <1 2... n) '
Ppymmy S, HA3BIBAIOT cuMMeMPUYEcKol 2pynnoti cmeneny n.
[Ipu n > 3 sta rpynma Heabesesa.
2. Cormacuo Teopeme 1.14, c. 22, deTHBIE TEPECTAHOBKYU 00pPa-
3YIOT KOHEuHyI0 rpymnmy A, mopsanka n!/2; KOTOpyi0 Ha3BIBAIOT

3naxonepemennoti 2pynnoti cmenewu n. Ilpu n > 4 sta rpynma
HeabesieBa. X

[TpuBenem mpumeps! rpymnn GOyHKIHIA.

Mpumep 2.3. 1. Yernipe pyukmmu, onpeaeeHHbIe HA MHOYKE-
cree R*,

1 1
fl(x):wa fQ(fL'):—fL', f3(x):57 f4(.%'):—;
c omeparueit ymHOXKeHuss obpalzyior rpymmy. CoctaBum Tabauiry
YMHOKEHWsT 3TUX (PYHKIIHIA.

Tabauna 2.2
Si|fa| fs | Ja
Hlh [ o] fs]fa
Jolfo | Ji]| Ja| Jfs
sl s fal i | [
falfa [ s o N

[Ipoussesenue f;f; ykasblBaeTcda Ha IepeceuyeHHM CTPOKM f; 1
cronbua f;. Hampumep,

f2f32$*§

f2
— ——

SHE
8

nostomy faf3 = fa.

W3 Tab. 2.2 BUAHO, ITO YMHOXKEHUE OTPEIe/IeHO Ha MHOYKECTBE
{f1, f2, f3, fa} m kommyrarusHo. [TocKOIBKY yMHOXKEHHE 0TOOpA-
JKEHWH acCOIMaTUBHO, TO BRITIONIHSETCST BTOPOe TpeboBaHMe ompe-
JEJIEHNA TPYTIIHI. q)yHKHI/IH fl ABJIACTCA €IJUHUYIHBIM 3JIEMEHTOM,
a f;l = f;, TO eCcThb KayKIbIil JIEMEHT SIBJISIETCST 0OpPATHBIM It
cebst. Takum obpazom, MHOKECTBO {f1, fo, f3, fa} ¢ ymMHOXKeHHEM
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2.1. I'pynnot

SIBJISIETCS KOHEYHO# abeseBoil Tpymmoit mopsaka, 4.

2. Copokynrocth Aj(R) Bcex addunubix npeobpazosanmii
mpsiMOii, paccMOTpeHHas B . 1, m. 2, sBasgerca HeabeaeBoit
TPYNION C eJWHWIHBIM 3JIEMEHTOM (01 W OOPATHBIM 3IEMEHTOM
©g—1,_q—1p I JIEMEHTA Qg p. X

Mpumep 2.4. dsngercs qu rpynnoit maokecrso R* = R\ {0}
HEHYJIEBBIX JefCTBUTENBHBIX UNCEeS C omeparueit a o b = 2ab?

O Hdas aro6six gumcen a,b € R* agement a o b = 2ab taxxe
npuHaIexkuT R*, mosTromy omeparust o Ha MHOXKecTBe R* ompe-
nmenena. [IposepwM BBITTOIHEHNE APYTHX YCJIOBWH B ONMpEIETCHUH
IPYIIBI. ACCOIMMATUBHOCTE OMEPAITIH:

(aob)oc=(2ab) oc=2(2ab)c = 4abe,

ao(boc)=ao(2bc) = 2a(2bc) = 4abc,

T0 ecth (@ o0b)oc = ao (boc) n onepanusi acconuarnsra. Slc-
HO, uTO @ 0 b = 2ab = 2ba = b o a wu omeparusa KOMMYTATHBHA.
[Mosromy muOKRecTBO R* ¢ Oomepariueii o sBISIETCST KOMMYTATHBHOM
IIOJIyTPY IO,

EnuuanbIit seMenT N J0JKEH YIOBJIETBOPSATH PABEHCTBAM:
a=aon =2an, a = noa = 2na. ITUM PABEHCTBAM yI0BJe-
TBOpsieT unucao 1/2, nosromy 1/2 — exunmansit smement. Obpar-
HBIN 3JIEMEHT b K 9JIEMEHTY a OJOJIZKEH YAOBJIETBOPATH PAaBEHCTBAM:!:
1/2 =aob=2ab, 1/2 = boa = 2ba. OuernaHO, 3TVM paBEHCTBAM
yzosierBopsieT anement 1/(4a), mostomy 1/(4a) — obpaTHblii sie-
MeHT K 3eMeHTy a. Takum obpazom, muOKecTBO R* ¢ omeparu-
eii o siBJIgeTCs abesIeBoil TPYMOi ¢ eMHUYHBIM 1eMeHTOM 1/2 1
obpartHbIM K a a1ementom 1/(4a).

O 1 B e 1: MmHOXkecTBO R* = R \ {0} ¢ onepanmeii a o b = 2ab
siBJisieTcst abesieBoit Tpymmnoii. X

[Momvuoxkecteo H rpynmel G HasbiBaeTcst nodepynnoti, ecan
H — rpymnma OTHOCHTETBHO TOM Ke OTEepaIlni, KOTOpast Onpeesne-
Ha #a (. 3amuce H < G o3nagaer, uto H — mOATpyNHa TPYIIIb]
G,a H < G, aro H — cobcmsennaa nodepynna epynnv G, TO €CTh
H<GuH#G.

Teopema 2.6. Henycmoe nodmnoscecmeo H 2pynnv G 6ydem
nodepynnoti moada u moavko mozada, xozda hithe € H u hfl € H
ona ecex hy,ho € H.
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2. TPYIIIBI, KOJIBIIA, ITOJIA

Ormernm, aro kaxkgas rpynna G obaamaer edunuuHot noo-
epynnoti E = {e}. Cama rpynna G takKe CUNTAETCS MOATPYIITION
B (G. DTH TOATPYNNBI HAZBIBAIOT MPUSUAALHLMY NOJDYNNAMU.
Hempusuaavhaa nodepynna rpynnbl G — 310 Takas noarpymmna H
u3 (G, koropast orsinuna ot G u E.

[TpuBegem mpuMeps! TOATPYIIM.

Mpumep 2.5. 1. Tak kak Z, Q, R — agauTupHbie rpymnmbl, TO
Z<Q<R

2. Mockoabky Q*, R*, {—1,1} — MyabTUIINKATHBHBIE TPYIIIHI,
to {—1,1} < Q* < R*.

3. Tak xak S, u A, — IpyIILI ¢ OAHOI 1 TO¥ Ke omeparyeii u
A, CS,, 10 A, < Sy X

2.2. KoJasbI1ia

Hemycroe muOX)ecTBOo K ¢ AByMs OMHAPHBIMU aarebpaniecKu-
MU OMepaIusaMu (CJI0XKEHHEM W YMHOYKEHHEeM) Ha3bIBAeTCS KOAb-
YOM, €CJTN BBITIONHSIIOTCS CJIEAYIONINE YCIOBWS:

1) muoxkecrBo K ¢ onepanmeii cioxeHus siBjsieTcsi abesieBoii
IPYIIION;

2) yMHOXKeHUe orpe/iesieno Ha K 1 accolmaTuBHO;

3) omeparusi CJIOXKEHHUsI CBSI3aHA C OTeparnueli yMHOKEHUs 3a-
KOHAMU JUCTPUOYTUBHOCTH:

(a+b)e=ac+be, a(b+c) =ab+ ac
s obbIX a, b, c € K.

Ecmu B xonpie K yMHOXKEHHE KOMMYTATHBHO, TO €CTh ab =
= ba s 00X a,b € K, To K HAa3bIBAETCT KOMMYMAMUCHBLM
xoavyom. Eciu B K cymecTByer 3JI€MEHT € TakOi, 9T0 Te = ex =
=z s Becex x € K, 10 e HazwiBaOT edunuyet koavua K, a camo
KObII0 K — Koavuyom ¢ edunuyed.

OueBUIHO, 9TO OTHOCUTEIBLHO OTIEPAIUil CIOKEHUS U YMHOXKE-
HIA dnces MEOXKecTBa Z, Q, R aBasioTcsa KoabIaMu.

Heasumenamu Hyas kKonbiia K HA3BIBAIOTCS TaKHE HEHYJIEBBIE
snemenTtsl a,b € K, aro ab = 0. KomMmyTaTtuBHOE KOJIBIO C €/IH-
HULE, He cojieprKalliee JejnTeseil Hy s, Ha3bIBAETCH UeAOCTIHBIM
Koavyom (mmm obaacmuvio yesocmuocmu). Konbio Z nenbx auce
SIBJISIETCSI TIEJIOCTHBIM KOJIBI[OM.
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2.8. Iloasn

QaemenT a Koiabla K ¢ eguHUIE € HA3BIBAETCA 00pAMUMBIM
SAEMEHMOM, W JeAumenem eOUHUYDL, €CIIN CYIIECTBYET SIEMEHT
b € K. nna xoroporo ab = e.

Henycroe moamuoxkectBo L kombiia K HA3BIBAETCA N00KOAL-
yom, ecan L caMo sBJISETCS KOIBIIOM OTHOCHTEILHO OMEPAITHi CI0-
JKEHUs U YMHOYKEHUsI, OIpeIeIeHHbIX B K.

Teopema 2.7. Henycmoe noommoocecmso L xorvua K a6aa-
emca e20 NOOKOABUOM Mo20a U MOABKO Mo2da, K0200 BbNOAHA-
10MCA CALYI0ULUE YCAOBUA:

1) a+b€ L dan mobwz a,b € L;

2) —a € L das awobozo a € L;

3) ab € L dasn mobwix a,b € L.

Ormernm, uro yemoBus 1) u 2) MOTYT OBITH 3aMEHEHBI OJHUM
ycaoeueMm a — b € L anga Beex a,b € L.

Besikoe KOMBIIO COAEPIKUT HYJAEBOE MOAKOJBIIO, TO €CTh M-
KOJIBIIO, COCTOSIIIIEE W3 OJHOTO HyJ1eBoTo 3jaemenTa (. CaMo KOJIbIO
ABJIACTCA CBOUM TTOJKOJIBIIOM.

JBa xombiia K1 u K9 Ha3bIBAIOTCS U3OMOPPHHBIMU, €CTTH CY-
[IECTBYET B3aWMHO OJHO3HAYHOE oTobpakenwe [ koibla K Ha
KObII0 Ko, Tipu KOTOPOM [/ist JIOOBIX a,b € K| BBITIOTHSIOTCS

pasencrea: f(a +b) = f(a) + f(b), f(ab) = f(a)f(b).

2.3. Iloaa

Hemycroe muo)kecTBO P ¢ 1ByMs OUHAPHBIMU aarebpaniecKu-
MU onepanusiMu (CJI0XKEHUEM M YMHOXKEHUEM ) HA3BIBAETCS NOAEM,
€CJIN BBITIOJIHAIOTCA CJIEAYIOINE yCAOBUA:

1) muOXKecTBO P ¢ onepaiyeii caoKeHust sipjsiercsi abesieroii
CPYIINON;

2) MHOXKECTBO BCeX HEeHyJeBBIX anemenToB P* = P\ {0} c ome-
panueii yMHOXKEHNS TaK¥XKe SBJSeTcs abegeBoil IpyIoi;

3) omepanus CJIOXKEHUs CBA3aHA C OMEpPaIlieil YMHOKEHUsT 3aK0-
HoM sctpubyrusroctu: a(b+c¢) = ab+ ac pis m06wIx a,b,c € P.

Jpyrumvu cioBamu, nosem HA3bIBAETCS KOMMYTATUBHOE KOJIBIIO
C eMHUIIEH, B KOTOPOM KayK/Iblii HeHyJ/I1eBOit emenT obparum. Hy-
JIEBOIT M eIMHUIHBIN 37eMEHTHI TIOJIST MPUHATO 0003HaYaTh Yepes ()
n 1 COOTBETCTBEHHO.
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2. TPYIIIBI, KOJIBIIA, ITOJIA

[Mockonbky muOkectBo P* = P\ {0} BCex HeHyJIEBBIX 3/1eMEH-
TOB TIOJIS C OTepaIreil yMHOXKEHUS sABJISIeTCs abeseBoil Tpymmoii,
10 J1I060e mosie P comepKuT He MeHee ABYX JIEMEHTOB, OHO BCETIa
comepxkuT sneMenthl 0 u 1, mpuuem B mobom mome 0 # 1. Tlo-
Jie He MOXKET COJep:KAThb JeJUTeedl Hyss, TT09TOMY KaXK0e IOoJIe
SIBJISIETCST 0BJIACTBIO 1IETOCTHOCTH.

[Iycte P — mekoTopoe mose, 0, 1 — HyIeBOil W eINHUIHBIHN
snemenTsl moag P. [Ipu n € N 3anucey nl o3nadaer cymmy

1+...+1.
n pas
BoaMmoxxHBI 1Be cuTyaIum.

Hnga nmoboro marypanproro n Bcerma nl # 0. B stom coydwae
TOBOPST, UTO mojie P UMeeT Tapakmepucmury Hyab.

JIist HEKOTOpOTO HATYPAIBLHOTO 7, BBITIOJIHSIETCST PaBEHCTBO
nl = 0. Hanmenbiriee n ¢ 3TUM CBOWCTBOM Ha3bIBAIOT Xapaxme-
pucmuxoti noars P.

Yepes charP 0603Hav9a0T XapakKTePUCTUKy 1o/ P.

Jlemma 2.8. 1. Ecau charP = 0, mo na # 0 dasa awobwz a €
€ P*, neN.

2. Ecau charP = p # 0, mo p — npocmoe wucao, u pa = 0 daa
ecex a € P.

Hemnycroe momvmuox)ectBo A niosist P HazkiBaeTCst nodnosem, ec-
aun A camMo gBIFETCS TOJIeM OTHOCUTENHLHO OTIepalnii CIOKEHUsT 1
YMHOXKEHWS, OTpeIeIeHHbIX B P.

OueBnnno, uro Q m R — GeckoHeUHBIE TIOJIST XapPAKTEPUCTUKN
Hy1b, tpudeMm Q — moamose monsa R.

JBa nonist Py u Py HABBIBAIOTCS U30MOPPHHBIMU, €CITA CYIIECTRY-
eT TaKoe B3aWMHO OJHO3HAUYHOe oTobpakenme f monst P wa moje
P, ipu KOTOpOM 11t JIFOOBIX @, b € P) BBITOIHSIOTCS PABEHCTBA!

fla+b) = f(a)+ f(b), f(ab) = f(a)f(b).
Nzomopdusm nonst P wa moste P Ha3BIBAETCS a8MOMOPPHUIMOM.
Mpumep 2.6. Byaer ju MHOXKECTBO
Q(v2) ={a+bv2]a,b € Q}
¢ OOBIYHBIMU OMEPAIUSIMU CJAOYKEHWUT W YMHOXKEHUs JeHCTBUTE -
HBIX 9UCEesT KOJIBIIOM, MoJieM?
O TlokaxkeM mpex/e Bcero, uTo Ha MHOKecTBe Q(v/2) croxe-
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2.8. Iloasn

HUE " yMHO}KeHI/Ie OoTIpeJe/IeHbI:
(a+0vV2) + (c+dvV2) = (a+¢) + (b+d)V2 € Q(V?2),
(a4 bV2)(c + dV?2) = (ac+ 2bd) + (ad + be)V2 € Q(V?2)

a1st moGwIxX uncen a + byv/2, ¢+ dv2 € Q(v/2).

[IpoBepum BhIMOTHEHNE YCAOBUN OTPEALICHUsT KOIbIIA U TIOJIS.
AccormarusrocTh cioxkenns Bo muoxkecrse Q(v/2) ciemyer n3 ac-
COIIMATUBHOCTHU CJIOZKEHUA BO MHOXKECTBE R BCEX 'HeﬁCTBI/ITeIH)HLIX
amces. Hysnesbiv snementoM Bo MuOkectBe Q(v/2) 6yzer umcro
04 0v/2 € Q(v/2). DieMenToM, TPOTUBOMIOIOKHEIM TEMEHTY @ +
+ bv/2, Bo muoxectre Q(v/2) Gymer snement —a — by/2. Komy-
TATHBHOCTE Caokerns Bo muokectre Q(v/2) caemyer m3 kKommyTa-
TUBHOCTH CJIOYKEHHsI BO MHOXKeCTBe R BCex 1efCTBUTEIbHBIX UHCEIT.
AcconpaTusHOCTh yMHOKeHna Bo MHOkectBe Q(v/2) cremyer m3
ACCOIMATHBHOCTH YMHOYKEHHsI BO MHOYXKeCTBe R BCex JeficTBUTE b
HBIX YUCEJI. KOMMyTaTI/IBHOCTB YMHOKEHUA N BHITTOJTHEHNE 3aKOHOB
rHI/ICTpI/I6yTI/IBHOCTI/I TaK>Ke C/IIeAYIOT U3 BBITIOJTHEHUA COOTBETCTBY-
IOIIUX CBOICTB BO MHOXKecTBe R Beex JeficTBUTEbHBIX unces. Tem
CAMBIM JIOKA3aHO, 9T0 MHOXKecTBO Q(1/2) aB/IgeTcsa Kombiom.

EtuHransIM 31eMenToM Bo MHOKecTBe Q(1/2) aBaserca umncio
1 4 0v/2, nockombky (a + bv2)(1 4 0v/2) = a + by/2 ana mobo-
ro anementa a + bv/2 € Q(v/2). Mycts a + bv/2 € Q(v/2)*. Do
ozuauaer, uTo a’ + b?> # 0, To ecTh @ U b OJHOBPEMEHHO He PaB-
ubl Hymo. IIycts @ + y\/2 gBisieTcst S7meMenToM, 0GpATHBIM st

a+ by2. Torna (a + bv2)(z + yv2) = 1 + 0v/2, oTkyma
1 —bv2 —bv2
x—i—y\@: 2 V2 - V2 =

a+bv2  (a+bV/2)(a—bv2) ai—202

a b
a2 — 22 + 202 —a2\/§ < Q(\/i)’

TaK KaK

a b
a? — 2027 202 —a

2 2
5 €Q, a® =20 #0.

Takum 00pa30M, KazKIblii HEHYJIEROH veMenHT a + bv/2 mveer B
Q(+/2) obpaTHEI 3meMenT
a b

a? — 2b? * 22 —

a
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2. TPYIIIBI, KOJIBIIA, ITOJIA

O T B e T: MEOKecTBO Q(v/2) sABMAETCS TIOTEM.

2.4. aguBuayajabHbIE 3aJTaHUS

1. Byzmer au muoxectBo A ¢ omepanueit * moayrpynmoii? Cy-
[IECTBYET JIU 3[eCh eJMHUIHBIN 3JIeMEHT?

a,be M.
a,be M.
a,be M.
a,be M.
a,be M.
a,be M.
a,be M.
a,be M.
a,be M.

1.1. A=N, axb=2(a+0b), abeN.
1.2. A=7, axb=a—-b+1, a,beZ.
1.3.A=Q, axb=2a+b, a,beqQ.
1.4 A=R, axb=4ab, a,beR.
1.5. A=N, axb=ab, a,beN.
1.6. A=7, axb=a+b—2, a,becZ.
1.7.A=Q, axb=3(a+b), abeqQ.
1.8. A=R, axb=(a+b)/3, a,beR.
1.9. A=N, axb=ab, a,beN.
1.10. A=7Z, axb=—(a+b), a,beLZ.
1.L11. A=Q, axb=(a+b)? a,beqQ.
1.12. A=R, axb= —2ab, a,beR.
1.13. A=N, axb=a*+10? a,beN.
1.14. A=7, axb=a+ b a,be’Z.
1.15. A=Q, axb= (ab)/2, a,beQ.
2. Byger 1 muOKecTBO M € yKa3aHHOMN Omeparneil  TPyIImoii?!
Omneparus * KOMMYTATHBHA WU HET?
2.1. M = Qr, a* b= 5ab,
2.2. M ={-1,1}, axb=ab,
2.3. M ={2k | k € Z}, axb=a+b,
24. M ={2k+1|keZ}, axb=ab,
2.5, M ={g% |meZ, keN}, axb=a+b,
2.6. M ={5% |mecZ, keN}, axb=ab,
2.7 M ={c+dV3|cdecZ}, axb=a+b,
2.8. M = Qr, a*x b= 3ab,
2.9. M ={c+dV3|c,dcQ,c#0}, axb=ab,
2.10. M =7? = {(a,b) | a,b € Z},
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(a,b) * (¢,d) = (a+ ¢, b+ d),
A1, M ={(a,b) | a € R*, be R},
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2.4. Undusudyaavhoie 3a00HUA

(a,b) % (¢,d) = (ac,bd), (a,b),(c,d) € M.
2.12. M = Q*, axb=—2ab, a,be M.
2.13. M = {3k | k € Z}, axb=a+0b, abeM.
2.14. M ={c—dv2|c,d€Z}, axb=a+b, a,bc M.

2.15. M = {c—dV2 | c€ Q*,d € Q},

ax*xb=ab, a,be M.

3. dBasiercst m caeyrolee MHOYXKECTBO aJINTUBHOMN WJIN MYJTh-

TUTIINKATHBHON TPYITOT

3.1. M ={z%5 |a€Z, ke N}

3.2. M ={a+bv2|a,beQ}.
3. M={a+b/3|acQ" beQ}.
4 M={z5|a€Z, keN}
5 M={2k—-1|keZ}.
6. M ={2k|keZ}
7. M={3% |a€Z*, keN}.
8 M={a—0b/3|a,bcZ}
9. M={-g5*5|a€Z" keN}L

{—a+bV2|a,beZ}.
{2k+1|keZ}.
: {3k | ke Z}.
M={-a+b/3|acQ", beQ}.
M ={2k+1|keR\{-1/2}}.
15. M ={2k— 1]k eR\{1/2}}.
. Byzer sin maoxkectBo K C yKazaHHBIMY OTEPAIMSME CI0XKE-

HUA 1 YMHOZKEHUA KO.HBHOM?

4.1. K = {a+ b5 | a,b € Q}, croxenne n ymHOKeHme Jeii-
CTBUTEJBHBIX UUCEJI.

4.2. K ={(a,b) | a,b € R},

(a,b) + (e,d) = (a+,b+d), (a,b)(c,d) = (ac, ba).

4.3. K = {55 | a € Z, k € N}, cnoxenne n ymHOKeHHe
ﬂeﬁCTBHTeHbHBIX qHuCceJI.

4.4. K = R, cnoxenne neiiCTBUTEILHBIX UHUCEN, YMHOXKEHUE!
a * b= 2ab.

4.5. K = {a+bV/3 | a,b € Q}, cioxenue u ymuoxenue jeii-
CTBUTEJBHBIX UUCEJI.

—_
—

.M
.M
M

—_ = —
=W N o
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2. TPYIIIBI, KOJIBIIA, ITOJIA

4.6. K = {a —bV2 | a,b € Q}, cioxenne n ymMHONKenue Jeii-
CTBUTEJIBHBIX YHUCEJI.
4.7. K ={(a,b) | a,b € Q},
(a,b) + (¢,d) = (a,d), (a,b)(c,d) = (ac,bd).
4.8. K = {55 | a € Z, k € N}, cnoxenne u yMHOXKeHHe
ﬂeﬁCTBHTeHbHBIX quceJI.
4.9. K ={(a,0) | a € R},
(a,0) + (b,0) = (a + b,0), (a,0)(b,0) = (ab,0).
4.10. K = {—pg*7 | a € Z, k € N}, cioxenne u ymMHOKeHHe
ﬂeﬁCTBHTeHbHBIX quceJI.
4.11. K = {a — /3 | a,b € Q}, cioxenne u yMHOXKeHHe
ﬂeﬁCTBHTeHbHBIX quceJI.
4.12. K = {a — /5 | a,b € Q}, cioxenne u yMHOXKeHHe
JEHCTBUTETHHBIX IHUCET.
4.13. K ={(0,b) | b € R},
(0,a) 4+ (0,b) = (0,a +b), (0,a)(0,b) = (0,ab).
4.14. K = {g%5 | a € Z, k € N}, ciioxenne n yMHOXKeHHe
JEHCTBUTETHHBIX IHCET.
4.15. K = {—g5it7 | a € Z, k € N}, cioxenne u ymMHOKeHHe
JEHCTBUTETHHBIX THUCET.
5. dABngerca qu MHOKeCTBO P ¢ yKa3aHHBIMU OTIEPAITASAMU TI0-
em?
5.1. P ={(a,b) | a,b € R},
(@,8) + (e.d) = (a+ b+ d), (a,b)(c,d) = (ac, bd).
5.2. P = {5 | a € Z, k € N}, coxenne u yMHOMKeHIE
JEHCTBUTETHHBIX IHUCET.
5.3. P = R, cioxenne [efiCTBUTE/NBHBIX UNCEI, YMHOXKEHUE:
axb=2ab.
5.4. P = {a+bV5 | a,b € Q}, cioxkenue u ymHOMNEHUE [eii-
CTBUTEJIbHBIX UHCEJ.
5.5. P ={(a,0) | a € R},
(a,0) + (b,0) = (a +b,0), (a,0)(b,0) = (ab,0).
5.6. P ={(0,b) | b € R},
(0,0) + (0,5) = (0, @ +b), (0,a)(0,5) = (0, ab).
5.7. P =Q, ciokenne paroOHAJIBHBIX YUCEJI, YMHOKEHUE:
a*xb= —3ab.
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5.8. P = {a+bV2 | a,b € Q}, ciioxkenue u ymHOMNeHUE [eii-
CTBUTEJ/JIBHBIX YHUCEJI.

5.9. P = {z% | a € Z, k € N}, coxenne u yMHOMKeHNE
JefiCTBUTE/IBHBIX IHCEL.

5.10. P = {a+ b3 | a,b € Q}, cioxenne n ymHONKeHue eii-
CTBUTEJIBHBIX YHMCEJI.

511. P = {55 | a € Z, k € N}, cioxenue u ymHOKeHne
JefiCTBUTE/ILHBIX IHCET.

512. P = {55 | a € Z, k € N}, cnoxenme n ymHOKeHme
ﬂeﬁCTBHTeHbHBIX qHuCceJI.

5.13. P = {—5%1 | a € Z, k € N}, croxkenne n yMHOZKeHIe
JefiCTBUTE/ILHBIX THUCET.

5.14. P ={(a,b) | a,b € R},

(a,b) + (¢,d) = (a,d), (a,b)(c,d) = (ac,bd).

5.15. P = {a — b3 | a,b € Q}, cioxxenne n ymHONKeHME eii-

CTBUTEJIBHBIX YHCEJI.

2.5. JdonosiHUTEIbHBIE 320291

1. IlpuBenute mpuMep MyJbTUIIUKATUBHON MOJYTPYNIIBl O€3
eJIMHUIHOTO 3JIeMEHTA.

2. Ha muoxkectse N BBegem omepamuum o, ¢ CIeIyONIAME Pa-
serctBamu: x oy = HO/(x,y), x oy = HO(x,y). 3mece HO u
HOK — manbonpIinuii o0Inii e InTe b 1 HanMeHbIIee 00I1ee KpaT-
moe. Kakumu cBoiicTBaMu obsiamaror omeparun o u o7 ABagiorcs
mn (N, o), (N;o) (n3omopdubIMEI) TIOAyrpynHAMA?

3. Ilycte R — HemycToe MHOYKECTBO HeMCTBUTEBHBIX UUCE].
Beenem ma R omepanum, mojaras

x Ay =min{z,y}, zVy=max{z,y}.
Kaknvmu cpoiictBamu obsanaior onepanuu A u V? Spasiorcsa an
(N, A), (N, V) (n3omopdubivu) nonyrpynnamu? Pacemorpure or-
JeJIbHO Kaxkyio curyarnumio, korma R € {N, Z, Q, R}.

4. JokakuTe, UYTO C OINepalueil yMHOMKEHUsS OTOOparKeHmii
IPPYTIaMi SIBJISTFOTCST CJIEIYIOIIEe MHOXKECTBa, (DYHKIIHIA.

4.1. A= {fl(x) =, f2($) = ﬁ, f3($) = J:T_l},

z e R\ {0,1}.
4.2. B= {fl(x) =, fg(ﬂT) = i—ﬁ, fg(ﬂT) = _%7
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f4(.%') - _i—ﬂ}a T E R\{_17071}

4.3.C={z, 1—=, 1 L —Z L2l zeR\{0,1}.

5. Byner nu moarpynmoii B rpymnmne adpdUHHBIX mpeobpazoBa-
HUI IPSIMOit MHOKECTBO (DYHKIHI BUIA f(ac) =x+a?

6. MuoXkecTBO A COCTOUT M3 YETHIPEX KOMaH: CMUPHO, HaJle-
BO, HampaBo, Kpyrom. Omnepanust yMHOKEHWUsS] ITUX KOMaHJ — WX
MOCJIeIOBATEILHOE BBITIOHEHWe. Byzer m MHOXKeCcTBO A ¢ 3T0il
oneparmeii (abenepoii) rpynmoii? Urto 6yaer eIMHUYHBIM 3/IEMEH-
TOM U 06paTHBIMI?

7. Tlycts g2 = e s Beex anemenToB g rpymmsl G. 3xech e —
eMHUYHBIH 3memMenT. JlokaxuTe, uTo rpynna G abesesa.

8. JlokaxkuTe, 9TO YeTHIpe MepecTaHoBKY &, (12)(34), (13)(24),
(14)(23) obpasyior abeneBy noarpymny B rpynne Sy. Byger am sra
MoArpyTna u3oMopdHa rpynmne u3 3agaqn 67

9. Hokaxkure, 910 4eThipe mepectaHoBku &, (1234), (13)(24),
(1432) obpasyior abeseBy moArpymmy B rpymmne Sy. Byzer mm sta
moArpymmna u3oMopdHa rpymnmne u3 3agaun 67

10. Bymer am moarpymnmoii B Tpymine S4 MHOYKECTBO

{e, (13), (24), (12)(34), (13)(24), (14)(23), (1234), (1432)}7

11. IIpuBeanTe mpuMep KOIbIIA, KOTOPOE HE ABJISIETCS TOJEM.

12. TloctpoiiTe mose n3 n axemenToB, n < 5. Kakossl xapakTe-
PUCTUKU 3THUX MOJIEiH?

13. Ilycts P(X) — MHOMKECTBO BCEX MOJMHOXKECTB 3aJaHHOTO
MuoxkecTBa X . OmpesesinM omepaiuu CJIeIyoInmM 06pa3oM:

A+B=(AUB)\(ANB), AB=ANB, A, Be P(X).
Byzner m muoxecrso P(X) koabuowm, mosem?

14. Badurcupyem aBa AeHCTBUTENBHBIX Uncaa u 1 v. Ha MHO-

xectBe R X R 3amaanm ciokenne U yMHOXKEHNUE paBEeHCTBAMU

(a1,01) + (a2,b2) = (a1 + ag, b1 + ba),
(a1,b1)(az,be) = (arags + ubiba, a1bs + azby + vb1bs).

Byner nmu muokectBo R X R ¢ 3mrvu oniepaiinsiMu KOJIBIIOM, TTOJIeM !
15. Byzer sin KOJbIIOM, TIOJIEM MHOXKECTBO TeX PAIlMOHATBHBIX
quCces, 3HAMEHATEb KOTOPBIX — HEUETHOE UUCI0?
16. MoxeT 11 B KOJIbIIE HEKOTOPOE MOAKOIABIO OBITH MoaemM?
17. MoxeT /i1 B 110J1€ HEKOTOPOE MOAMHOYKECTBO OBITH KOJIBIIOM,
HO HE TojeM?
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2.5. Honoanumenvhoie 3adavwu

18. Nzomopdwusr ju moast Q u R?

19. Tporepsre, uto Q(v3) = {a 4+ bV3 | a,b € Q} c onepa-
[USIMU CJIOYKEHUST W YMHOYKEHUsT JeMCTBUTEIBHBIX YUCEJT SIBJISIETCSI
nonem. JTokazxure, uto noae Q(v/3) u mome Q(v/2), paccMorpentoe
B mpuMepe 2.6, Hen30MOpPQHBL.

20. Hokaxknute, uTO U30MOP(MHBI aJAUTUBHBIE TPyl TOJEi

Q(v2) n Q(V3).



3. EJIBIE UYNCJIA

3.1. 1eamnMOCTh IIEJBIX YUCEJT

Harypanbubie ancia — 3to uncna 1,2, 3, . ... MuoxkecTBo BCex
HaTypaabHBIX unces obo3znadaercs depe3d N. MwuoxkectBo 7 Bcex
[EJIBIX JIHCEJ COCTOUT U3 MHOXKECTBA HATYPAIbHBIX UUCE], UUCTA
HYJIb U OTPUIATEIbHBIX UUCEI:

zZ=A...,-3,-2,—-1,0,1,2,...} ={0,£1,£2,...}.

Cymwma a + b, pasaocts a — b u npoussejierrie ab MeabIX YUCe
a 7 b TaKKe SBIAIOTCS TETBIMU IUCTAMHA.

Jlemma 3.1. Caooicenue u ymuodcenue Yyeans wuces 06.aa0a-
10m CACIYOUUMY C80TUCMEAMU:

1) caoorcenue u ymmootcenue accoyuamueHto, mo ecmo

(a+b)+c=a+ (b+c), (ab)c = a(bc) dasa 6cex a,b,c € Z;

2) caoocenue u YMHONCEHUE KOMMYMAMUBHDL, MO eCTND

a+b=0b+a, ab= ba daa ecex a,b € Z;
3) caooicenue u ymHoccenue JucmpubymueHo, mo ecmo
a(b+ ¢) = ab+ ac daa ecex a,b,c € Z;

4) a+0=a,a0 =0 ual =a daa scex a € Z;

5) a+ (—a) = 0, wucao —a Ha3v6AIOM NPOMUBONOAONCHBIM
YUCAY Q;

6) ypasnenue a + x = ¢ umeem eOUHCMEBEHHOE PEWEHUE T =
=c—a;

7) ecau ab=ac u a#0, mob=c.

B wacmmuocmu, mmoocecmeo 7 ABAAEMCA KOMMYMAMUSHBIM
KOALUOM € edunuyed.

Mrmuoxectso N HATYpPATBHBIX 9HCENT SBIASETCS MTOIMHOKECTBOM
MHOYKeCTBa Z menbix unces. CymMMa u mpon3BejieHne HATy PaTbHBIX
quces BCerga HaTypaJbHoe uncio, To ectb a +b € N u ab € N gia
Bcex a,b € N. Oguaxko N ne comep:kut 0 U He ABISETCSI KOIBIIOM.

Ecmu a,b € Z n a — b € N, To cunrator, 4to b MmeHvuie a u
nmuiyT b < a. Bmecto b < @ MokHO Takke nucarh a > b, TO ecTh
a 6oavwe b. Ecim a < b wam a = b, To mumyT a < b. Anagormyno,
ecin a > b wan @ = b, To nmmyT a = b.
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3.1. Jeaumocms yeavix wuces

Jlemma 3.2. Ommuowenue < obaadaem caedyrouumu ce0d-
CMBaAMU:

1) daa aobwz a,b € Z aubo a < b, aubo a = b, aubo b < a;

2) omnowenue < mpanaumusro, mo ecms ecau a < b u b < c,
mo a < ¢,

3) ecaua <b, moa+c<b+c;

4) ecaua <bu0<c, moac< bec;

5) ecau a < b uc<0, mobc< ac.

Modyav (nmm abcoatommuan 6esusuna) MEJOT0 TUCIA @ OMPEIe-
JIAETCA TaK:

lal a, ecmm a =0,
a|l =
—a, ecmm a < 0.

Jlemma 3.3. ITycmos a,b u ¢ — yeavie wucaa. Tozda:

1) —la| < a<lal;

2) la+b| < af +[b];

3) |ab| = [allb];

4) ecau0<b<aul0<c<a, mo0<|b—c <a;

5) ecau a # 0 #b, mo |a| < |abl.

ToBopst, aTo 1eno0e anuciao b deaum 1esioe IUCIO @, €CIu CyIIie-
CTBYeT IEJI0e YHUCI0 ¢, TaKoe, uTo a = bg. B 9ToM ciydae ropopsar
Takxke, 9To a deaumca Ha b. Hucmo b HazwpiBAIOT desumenem ducia
a, YUCII0 @ — KPAMmHvLM 9UCIy b, auciao ¢ — wacmuvim. 3anuck bla

O3HAYAET, YTO b JeNT @, a 3amnch @b — YuciIo a neauTcs Ha b.
[Mycts b = 0. Ecim a # 0, TO He CYIIECTBYET TAKOTO IEJIOT0
YUCIA ¢, 9TO @ = bg, TO3TOMY HU OJIHO Tejioe 4ucio a # 0 He
nenurcst Ha HyJab. C apyroit croporsl, npu a = 0 ajst 1106010 ¢ €
€ 7Z nveem Og = 0, TO eCTh YaCTHOE B 9TOM CIydae HE OMPEIETCHO
OJTHO3HAYHO.
Jlemma 3.4. Jlaa a006w6ix yeavx wuces a,b u ¢ cnpasedausni
CACOYIOWUE YMBEPHCOEHUA:
1) ala;
) ecau alb, ble, mo alc;
3) ecau alb, mo +a| £ b;
4) ecau alb u ale, mo al(bu + cv) das a0bwx u,v € Z;
) ecau alb, mo albe;
) ar060€e yeaoe YucAo JeAum HYAL;
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7) edunuya 1 deaum aroboe yenoe wucao;

8) ecau alb u b # 0, mo |a|] < |b|;

9) ecau ab =1, mo aubo a =b =1, aubo a =b= —1.

Pazgesmts mesoe uncso a Ha memoe uncao b # 0 ¢ octaTkoM —
9TO 3HAYNT HANWTU JBA TAKWX MEJbIX YUCAA ¢ W T, ITOOBI BHITION-
HAINCH Caeaytomme ycaosusi: a = bg + 1, 0 < r < |b. Hucno ¢
HABBIBAETCS HENOAHBIM HACMHBM, & T — 0CMAMKOM OT JEJEHU
ua b. Ouesngno, r = 0 TOrga u TOJBLKO TOTA, Korjaa bla.

Teopema 3.5 (0 gesieHun ¢ ocTaTKOM). /Jlaa 1106020 4en020
wucaa a u 1106020 uen020 wucaa b # 0 cywecmeyrom u eOuHcmeen-
HoL MaKue wucaa ¢ u r, ¥mo a = bq +r, 2de 0 < r < |b].

Mpumep 3.1. Pazmennts +257 na +23.

0 Tak kak 253 = 23 - 11 < 257 < 23 - 12 = 276, 1o 257 =
=23-11+ 4. Baecy 11 — HenonHoe yacTHOE, 4 — OCTATOK.

Pasnenum —257 ua 23. s 3Toro HalifeM 1esioe ¢, Takoe, 9To
23q < —257 < 23(q¢ + 1). Tak xak 23(—12) = =276 < —257 <
< 23(—11), ro —257 = 23(—12) + 19.

Henum na —23. Bepem 257 = 23 - 11 + 4 u 3anucwiBaeM B BUje
257 = (—23)(—11) + 4. Idna genenns —257 na —23 6epem —257 =
= 23(—12) + 19 u 3anuceiBaem B Buge —257 = (—23)12 + 19.

OrBer 257 =23-11+4, 257 = (—23)(—11) + 4,

—257 = 23(—12) + 19, —257 = (—23)12 + 19. X
Mpumep 3.2. Jloxkaxkute, 910 /151 TIOOOTO HATYPATHHOTO THC-
7a n Tesoe 9nciao a = —nS — 17n + 12 memwrest Ha 6.

[0 Bocmoms3yemcst MeTomoM MareMaTndeckoit muayknnu. [Tpu
n = 1 uncmo a = —6 genurca Ha 6 u yrBep:xKaenune Bepuo. [Ipeamo-
JIOXKUM, 9TO YTBEPKIEHUE BEPHO /s JTIOOOTO HATYPAJTBHOTO UHUCTA
n < k. JokaxkeMm clpaBeIIMBOCTL yTBEp:KIAeHUs npu n = k + 1.
Yucno a = —(k+1)3 = 17(k + 1) + 12 = —(k3 + 3k? + 3k +
+1) = 1Tk — 17T+ 12 = (k> — 1Tk +12) = 3k* =3k — 1 - 17 =
= (—k3—17k+12)—3k(k+1) — 18. [To TpeAMONOKEHAIO WHTYKI[HH
(—k3 — 17k +12) gemmrca ma 6. OQHO U3 IBYX HOCTEIOBATETLHEIX
HATYPATbHBIX ducesn k, k+ 1 guerno, u mosromy ciaaraemoe 3k(k+1)
menntcst Ha 6. Tak Kak Kaykgoe CIaraeMoe B BHIPAYKeHNN (—k3 —
—17k+12) —3k(k+1) — 18 menurcs Ha 6, TO 1 BCst CyMMa, KOTOPast
SIBJISIETCST IUCIOM @, genaurcst Ha 6. CoriacHO TPWHIUIY MaTeMa-
TUYECKON MHIYKIIUUA, YUCT0 a = —n3 —17n+ 12 nenurcs Ha 6 1ist
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JIF060T0 HATYPAJBHOTO YUCIA M. X

3.2. Hauboabmuii obmuit meanrenab. AJropurm
EBkanga

Besikoe mesioe umciio, KOTOpoe JeIUT Tiesible Yucia ¢ u b, Ha-
3BIBAETCS UX obwum desumenem. Hanbosbiiee 9uciao cpean Bcex
obrmux menuTesieit uncen ¢ u b Ha3BIBACTCA HAUOOALWUM O0OULUM
deaumenem nesbix unces a u b u oboznavaercss vepes HO(a, b)
win (a,b).

JItoboe 1e/10e YnCa0, OTINIHOE OT HYJIsI, SIBJASETCS IEIUTEIEM
uyad. [Tostomy obmme menurenn napsr uncen 0 u 0 ucIepnbIBAIOT
Bce MHOXKecTBO Z* = Z\{0} nensix uncen 6e3 uys. Hanbonsiero
qucia BO MHOXKECTBe Z* HerT.

Ecmu a # 0, To miist 11060T0 181010 9ucia b COBOKYIMHOCTH 00-
mux genutenaeil ancesn a u b Oymer mOAMHOXKECTBOM MHOYKECTBA,
Bcex genutesneil yuciaa a. ITo m. 8 jmemmbl 3.4 MHOXKECTBO BCeX Je-
JIUTeNiell YUCIa ¢ KOHEYHO, B HEM MOXKHO BBIOpaTh HAmbOO/bIIIEe
YUCI0, U ATO UUCIO0 enuHCTBeHHO. [losTomy Hambonbmmit obIuit
JIEe/INTEb JIIOOBIX IBYX IEIBIX 9UCeI @ U b, OZHO W3 KOTOPBIX OT-
JIMYHO OT HYJIsl, CYIIeCcTByeT u eanHcreeren. dAcuo, aro HOJIL sis-
JIAETCA HATYPAJIbHBIM YUCJIOM.

Jlemma 3.6. ITycmv a u b — ueavie wucaa, 00O U3 KOMOPLLL
omauyno om nyas. Toada:

1) HOJl(a, b) = HOJI(%a, £b) = HOZ(|al, |b));

2) ecau alb, mo HO/I(a,b) = |al;

3) ecau d — HamypaavHoe HUCAO, ABAANOUEECA 0OULUM Oent-
meaem a u b, u Kaoscowt obwul deaumeav a u b deaum d, mo
d =HO/(a,b).

Teopema 3.7. ITycmv a u b — yeavie wucaa, 00HO U3 KOMOPVIT
omauyno om nyas. Toada:

1) cywecmesyrom yeavie wucaa u v v maxue, wmo HO(a,b) =
= au + bv;

2) ecau d = HOI(a,b) u ¢ — obwuii deaumenv wucea a u b,
mo c|d.

Jlemma 3.6 m Teopema 3.7 MO3BOIAIOT IaTh CAEIYIONIEE OMpe-
nemenne HOJL, skBuBaienTHOE HaYabHOMY. Hauboavwum obusum
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desumenem NEIBIX YUCET @ U b, OJTHO U3 KOTOPBIX OTJIMIHO OT HYJIS,
Ha3bIBAETCST HATYpPaAIbHOE 9nCIo d, 00JIaJaromiee JByMsi CBOCTBA-
Mu: d JenmnT a M d JeUT b; ecln Iesioe 9UCA0 ¢ OeaNT 4 W JeJIuT
b, To ¢ menut d.

Jlemma 3.8. Ecau a =bg+r, 2de a,b u r omausnn, om Hyaa,
mo HO/I(a,b) = HOZ (b, ).

Hns waxoxnennss HO(a, b) ncnonwssyercsa anropury EBkin-
J1a, KOTOPBIH OCHOBAH HA MHOIOKPATHOM MPUMEHEHUH TEOPEMbI O
nejqennn ¢ ocratkoM. Ilycts a,b € Z, a # 0 # b. Ecim bla, 1o
HO/(a,b) = |b|. IIycts b me meawr a. Torma MoXHO HammcaTh
[ETMIOYKY PABEHCTB

a=>bqg +ry, 0<ry<]|b,
b=r1q2+re, 0<re <y,
ri=roqz+r3, 0<7r3<ro,
(3.1)
Tn—3 = Tn—2qn—1+ Th-1, 0 <71p_1 < Tp_2,

Th—2 = Tp_1qn +Tp, 0 <1y <7TpHp_q,

Tn—1 = "'ndn+1-
Kaxoe n3 paBencts (3.1) ocHOBaHO Ha TeopeMme O JIeJI€HHUH C
ocraTkoM. [TockombKy ocTaTKM
bl >r1 >ro> ... >rp_1 >1, 20

CTpOoTro Y6LIBaIOT " HEeOTpuoaTe/JIbHbBI, TO 4Yepe3 KOHEYHOE YHnC-
JIO IIArOB JOJKEH MOSIBUTCS OCTATOK, PABHBIN HYJI0, TO €CTh HA
KAKOM-TO dTalle JeJIeHne mpon3oiiger Ge3 ocrarka. B paBeHcTBax
(3.1) mesenme 6e3 ocTaTKa 3aMMCAHO B TMOCAETHEH CTPOKE.

Aneopumm Esxauda nist HeHYJIEBBIX YuCe] a W b COCTOWT B
HaXOXKJEeHNH paBeHCTB (3.1) [ist 9Tux "nce.

Teopema 3.9. ITycmv a, b — yesvie YUCAG, OMAUYHDIE OM HY-
ad, b ne deaum a. Toeda HO(a, b) pasen nocaednemy omauuromy
om HYAA ocamky 6 aszopumme Ferxauda dad smuzx wucean.

Mpumep 3.3. Brrancanre HOJ(96,165) n HOJ (2585, 7975).
Bripazure HOJI uepes ucxomnbie gucia.

0 Cocrasum anropurm Eskimaa gas yucen 165 u 96, nocie-
JOBATEJLHO BBITIOMHAA JejieHrne ¢ octaTkoM: 165 = 96 - 1 + 69,
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3.2. Anzopumm Eexauda

96=69-1427,69=27-2+15,27=15-14+12,15=12-1+ 3,
12 = 3 - 4. Tlocneauuit OTIUYHBIN OT HYJI OCTATOK B aJTOPUTME
EBkimmaa aBiasiercs HanOOABIIAM OOIIUM JejnTeaeM gucea 165 u
96, To ectb HOJI(96,165) = 3.

Yro6sr Beipasute HOJ(96,165) vepes ucxognbie uncia 96 n
165, 6ymem nBurathbes B aaroputme EBkinma cHu3y BBEpX, TOCTE-
noBaTebHO Bhipaxkast octarkum: HOJL(96,165) = 3 = 15 — 12 =
=15—-(27—-15) =2-15—-27 = 2(69 —27-2) — 27 = 2-69 —
—5-27 =269 —5(96 —69) = 7-69 —5-96 = 7(165 — 96) —
—5-96 =7-165— 12 - 96. [Tosromy 3 = 96(—12) + 7 - 165.

[IponsBoga nenenme mag ducen 2585 m 7975, mosydaeM paBeH-
ctBa: 7975 = 2585 - 3 4 220, 2585 = 220 - 11 + 165, 220 = 165 -1 +
+ 55, 165 = 55 - 3. Tlocaeannit OTINYHBII OT HyJIs OCTATOK DaBEH
55, 3TO U ecTh HaubONbIMiT O0mKi aeauTenb duces 2585 u 7975.
Tak kak 55 = 220 — 165 = 220 — (2585 — 220 - 11) = 220 - 12 —
— 2585 = (7975 — 2585 - 3)12 — 2585 = 2585(—37) + 7975 - 12, 10
55 = 2585(—37) + 7975 - 12.

O rBer HOMI(96,165) =3 =96(—12) + 7 - 165.

HO/I(2585,7975) = 55 = 2585(—37) 4 7975 - 12. X

JlBa HEeHyJEBBIX TEIBIX UUC/TA HA3BIBAIOTCS B83GUMHO NPOCTLbL-
MU, eCJTU UX HAMOOJBINil 00mmit JeauTens paseH 1.

Teopema 3.10. I[eavie wucaa a u b, omauvrvie 0m HYAA, 63a-
UMHO NPOCBL MO200 U MOABKO M020a, K0204 CYULELCTNEYIOM MAKUE
yeavie wucaa u u v, ymo 1 = au + bv.

Jlemma 3.11. IIycmo a,b u ¢ — yeavie wucaa. Tozda:

1) ecau HO(a,b) =1 u HO/(a,c) = 1, mo HO/(a, bc) = 1;

2) ecau albe, npuwem HO(a,b) =1, mo alc;

3) ecau alc, blc w HO(a,b) =1, mo ab|c;

4) ecau HO(a,b) = ¢, mo HOd(a/c,b/c) = 1.

Ecnu uncmo ¢ nenutcs Ha yucaa @ u b, To ¢ HaA3BIBAIOT 0OW UM
xpamuoim a, b. Hanvenbiee cpein HATYPATBHBIX OOIUX KPATHBIX
a, b HABBIBAIOT HAUMEHLWUM OOULUM KPAMHBLM TUCET ¢ 1 b 1 000-
sunaqator depe3 HOK(a,b) wam aepes [a, b].

Teopema 3.12. ITycmv a u b — yeavie uucaAa, omauuHvie om
nyas. Tozda:

1) HOK(a,b) cywecmeyem u eduncmsenno;

2) HOK(a,b) deaum aroboe obwiee kpamnoe a u b;
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3. IIEJIBIE YNCJIA

3) labl = HOK(a,b) - HO/(a,b).

Jlemma 3.13. Ecau h — namypaavroe “uUCA0, AGAANOULLECA
obwuM KpamHovm wuces a u b, u xascdoe obulee kKpammoe a U b
deaumca na h, mo h = HOK(a,b).

Teopema 3.12 n 1emma 3.13 mO3BONAIOT JATH CAETYIOINIEE OMpe-
nenenne HOK, skBuBajenTHOE ncxoguomy. Haumenvwum oousum
KPaMmHILM TIeJIBIX TUCe ¢ W b Ha3hIBAETCS HATypPaJbHOE YnCIo h,
obJtagaroriee IByMs CBoicTBaMu: a u b menar h; ecan a u b gexdar
[eJI0e 9mciao ¢, To h IeInT c.

Mpumep 3.4. Haitanre HOK (2585, 7975).

(1 TTo Teopeme 3.12 mmeem:

2585 - 7975 2585 - 7975
HOK (2585, 7975) = = — 374 825.
(2585, 7975) HO/1(2585, 7975) 55
O 1 B e T: HOK (2585, 7975) = 374825, b

Mpumep 3.5. Haiigure narypaspHble uncia a u b, ecin
HO/(a,b) = 24, a HOK(a,b) = 2496.

O Iycre a = 24m, b = 24n. Tak kak HO/(a,b) = 24, To m
U N — B3AaUMHO TIPOCTBIE HATYpasabHbIe unciaa. [IycTs gas omnpese-
geanoctu m < n. Ucnons3ys cea3p HOK u HO/I maTypaababIxX
ancest, umeeM 24 - 2496 = 24m - 24n, orkyga m - n = 104 = 23 . 13.
ITockombKy m © 1 B3aWMHO TPOCTHI, TO BOBMOXKHBI B3, CIydast:

1) m =1, n = 104. Torna a = 24, b = 2496;

2) m =23 n=13. Torma a = 192, b = 312.

OrseT a=24,b=2496 uiu a = 192, b = 312. X

IIycts a1, ao, . .., ap — 1e/1ble YKCIA, HE BCE PABHBIE HY/TI0. Bes-
KOE€ I[eJI0€ Ynca0 d, KOTOPOe JEIUT KayK/l0e M3 YnCes G;, Ha3biBa-
ercs ux obwum deaumenem. Tak Kak He BCE UUCAA G1, 02, ..., 0f
PABHBI HYJIIO, TO OHA UMEIOT JIUITh KOHETHOE TUCI0 OOIINX JeTUTe-
seit. Hanbosbimee cpean 3TuxX OOMIUX JIeJIUTeNel HA3BIBAIOT HAU-

OOALUWUM OOULUM DCAUMEAEM HUCEA G1, A2, ..., 0 T O0DO3HAUAIOT
gepe3 HO/I (a1, aq,. .., ax). JIerko nposeputh, 94To eciu

dy = HO/(a1,az), d3 = HO/I(dz,a3), ..., dp = HOA(dy_1,ax),
to HO/ (a1, as,...,a;) = di. Takum ob6pazom, 3ajada HAXOXK/Ie-

ansg HOJI HecKOMBbKWX dmces CBOAWTCS K 3aJade HAXOXKTCHUST
HO/J aByx wunce.

[Tycts Temeps a1, as, ... ,ar — TeJble 9ACTA, KAXKI0E U3 KOTO-
PBIX OTJUYHO OT HyJd. Ecaum dmcno ¢ gesmrcesa Ha qucia ap, ag, . . .
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3.83. Bunaphnwuti anrzopumm

. ,Qk, TO ¢ HA3BIBAIOT OOWAUM KPAMHBLM TUCET A1, A2, . .., dk.
HaI/IMeHleee cpean HaTypPaJbHBIX O6H_[I/IX KPaTHBIX Ha3bIBAIOT
HAUMEHDWUM 0OULUM KPAMHLM TCET (1,03, . .. ,Ax 1 0003HATA-
ior uepes HOK(ay, as, ..., ax). JIerko mpoBepuTh, 4TO €c/iu

C2 = HOK(ala a2)’ C3 = HOK(C% a3)’ ceey Cp = HOK(Ck—lyak)’

to HOK (a1, az,...,ax) = c,. Takum obpasom, 3amaua HaxoXK/e-
nng HOK HecKoIbKHX YMcel CBOAMTCA K 3aJade HaxXOXKIeHWUs
HOK gByx unces.

3.3. BunapHssbIit aaroputmMm

Kpowme anropurma Esknumga, mas naxoxgenus HO/ ucnons-
3yercs Takyke OmHApHBIH ajgroputMm. OH OCHOBAH HA CJIEIYIONIAX
Tpex oueBuAHBIX cBoiictBax HO/L.

Jlemma 3.14. Jlaa 410061 yeavit wucen ¢ u b, omauuHwvlE om
HYAA, CIPABEAAUBHL CACOYOULUE YMEEPAHCICHUA:

1) HO(2a,2b) = 2HO/1(a,b);

2) HOI(2a,2b + 1) = HOI(a,2b + 1);

3) HOI(a,b) = HOd(a — b,b).

B coorBercTBUU ¢ 3THMU CBOHCTBAMU [jis HAXOXKIeHUs d =
= HO/I(a,b) ocyuiecTasirorcst ciieyionye 1efcTBusl.

Ilar 1. Beigensior manGonbmyio cremens 2F 1Boiikn, ma Ko-
TOPYIO JeasaTCst uncaa a u b, YMenbmaior uncia a u b B 2F pas:
a = 2ka;, b = 2Fby. Oxno w3 wmcen a; win by HewerHo, MyCTh
neuerno by. Teneps d = 2¥dy, rae dy = HO(ay,by).

[Iar 2. Eciu a1 9eTHO, TO JEIAT €ro Ha MAKCUMAaJIbHO BO3ZMOXK-
HYIO CTeneHb 2, ocTaBuB by 6e3 mamenenus. [loaywaor a; = 2las,
ag v by wewernnl u d; = HO(ay,b1) = HOd(ag, by). Teneps namo
maiitn HOJI n1Byx HedeTHBIX 4Yuces asg, by.

IMTar 3. Berunrator mn3 6osbiiero yucia Menblinee. Ecim ag >
> by, o HOd(ag,b1) = HO(ag — by, b1). Yucno ay — by verHoe
KaK Pa3HOCTH JBYX HEUETHBIX UUCE].

[MTar 4. TIpumensioT K as—by meficTere 1rara 2, 3aTem aeiiCTBUE
mara 3 1 T. 1.

ITocne Bumonnenus peiicruit mara 2 u mara 3 HO ne me-
HSIETCsI, & XOTsi OBl OHO W3 YHCea mapbl yMeHbinaercs. [losTomy
B HEKOTOPBII MOMEHT 00a UMCIa CTAHYT PABHBIMU JPYT APYTY U
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3. IIEJIBIE YNCJIA

paeubivu dy. Vckombrit HOI(a,b) Beiuncisiercst mocsie 9Toro Kak
MIPOU3BEIEHUE UNCEeT 2k u d.

B 6unapHOM ajropuTMe UCHOAB3YIOTCS JIUIIL JBE OTEpaIiu:
BBIUNTAHNE U JIeJIEHUE HA 2. DTO TO3BOJISET MPHU «PYIHOM» HAXO-
kuaennn HOJL nzbexkarh BHIYUCIUTEIBHBIX OMKMOOK, BEIb HEODOXO-
ANMO TOJIBKO TTPAaBUJIBHO BBIYUTATH U JCJINUTH Ha 2.

Mpumep 3.6. Haitxnre HOJI(29 568, 8580).

[0 HIar 1. Beigensiem HambOMBINYIO0 CTENEHL JABOMKH, HA KO-
TopyIio mesTcs ytu umcna: 29568 = 22 - 7392, 8580 = 22 . 2145.
Banomunaem 22

[MTar 2. Yucno 7392 gernoe. Hennm ero Ha MakKCUMaIbHO BO3-
MOXKHYIO CTEMeHb 2, OCTaBJIsIs BTOpoe uucio 2145 6e3 uaMeHeHus.
7392 = 2° - 231. Teneps mamo nckats d = HOJI(231,2145).

[Tar 3. Berautaem uz 6obirero yucaa 2145 menbirnee 231. Ume-
em: 2145 — 231 = 1914, d = HO/I(231, 1914).

[MTar 4. ITpumensgem x 1914 neitictBue mrara 2. [Tomryaaem 1914 =
= 2-957. Temeppr d = HOJ/I(231,957), u Hamo BO3BpAIIATHCA K
JeficTBULAM Imara 2 1 mara 3 u T. 1.

Bce sTu BBIUMCIEHNST 3aTUCHIBAIOTCS CAEAYIOMIUM 00pa30M.
mar 1 | 29568 = 22-7392 | 8580 = 222145
mar 2 7392 = 25231

mar 3 2145 — 231 =1914
mar 2 1914 = 2 - 957
mar 3 957 — 231 =726
mar 2 726 =2 - 363
mar 3 363 — 231 =132
mar 2 132 =2%2.33

mar 3 231 —33 =198
mar 2 198 =2-99
mar 3 99 — 33 =66
mar 2 66 =233
mar 3 33-33=0
Urax, HOJ(29 568, 8580) = 22 - 33 = 132.

Boraucium HOZ ¢ nomompbio aaropurma Eskianpa. 29568 =
= 8580 -3 + 3828, 8580 = 3828 -2 + 924, 3828 = 924 -4 + 132,
924 =132 - 7.
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3.4. IIpocmwie wucaa

O r B e HOJMI(29568,8580) = 132. X

Moxuo coequmunTh anroputM EBKIMIa ¢ OWHAPHBIM AJITOPUAT-
MoM ciaeaytomum oopazom. Ecim a > b > 0 meuernst, T0 a = bg+7,
rae 0 < |r| < b u r gerno. [Mosromy, ecin r # 0, TO T HeaUM Ha
MaKCUMAJTBHYIO CTEMeHb 2, MOKA 7 He CTAHeT HEYETHBIM. 3aTeMm
napy a,b 3amensem mapoii b, |r| u moBTOpsieM 3TOT mpotecct.

Mpumep 3.7. Haiigure HOJI(29 568, 8580).

0O HOJI(29 568, 8580) = 22HO/I(7392,2145), 7392 = 2145-4—
—1188, 1188 = 4 - 297, 2145 = 297 - 7+66, 66 = 2 - 33,297 = 33 - 9.
Urax, HO/(7392,2145) = 33.

O r B e HOJMI(29568,8580) =4 -33 = 132. X

3.4. IIpocTbie yncaa

HarypasibHoe 4uciio p Ha3bIBAETCS NPOCMbIM YUCAOM, ECITA OHO
bonbiie 1 u He WUMeeT MOMOKUTENBHBIX JEIUTEIEH, OTIUIHBIX OT
p u 1. Bce marypanbuble uncaa, OTAWYHBIE OT 1 W MPOCTHIX YH-
ceJsl, Ha3bIBAKOTCA cOCmasHuMy wucaamu. VItak, muoxectso N Ha-
TYPaIbHBIX YuCET Pa30MBAETCs HA TPU MOAMHOXKECTBA: MPOCTHIE
9UCIa, COCTaBHBIE uncia, unciao 1. IlepBeiMu mpocTeiMu dncaIamMu
oyayT umcna 2,3,5,7,11,13,17,19,23, ... .

Jlemma 3.15. Bceakoe wamypaavroe wucao n > 1 deaumca
roma 6v Ha 00HO NPOCMOE YUCAO.

Teopema 3.16 (EBkumma). Muoowcecmso ecex npocmuix wu-
cea beckoneuno.

Jlemma 3.17. Ecaun — HamypasbHOE 4UCAO, G P — NPOCMOE,
mo Aubo p deaum n, Aubo p u N B3GUMHO NPOCTMbL.

Jlemma 3.18. Ecau npoussedenue HECKOADKUL HAMYPAADHBLE
yuces 0eAUMCA HQ NPOCMOE HUCAO P, MO TOMA Obl 00UH U3 COMMHO-
orcumeneti deaumesa Ha p.

Teopema 3.19 (ocuoBuasi apudmerukn). Beakoe uenoe
wucao a > 1 aubo npocmoe, Aubo moocem bbuims NPedCcmasAeHo, U
NPUMOM EOUHCTNEERHBIM 00DA30M € MOYHOCTBIO J0 NEPECTNAHOBKU
commoocumenet, 8 sude NPoU3BEIeHUA NPOCMBLT HUCEN.

CaencrBue. Besakoe yeaoe wucao a ¢ {—1,0,1} odnosnayuno
npedcmasaiemca 6 6ude a = €py---ps, 20e € = =1 u p1 < po <
< ... < ps — mpocmouie YUCAQ.
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3. IIEJIBIE YNCJIA

B paznoxkenun 1esoro Wmcia @ HA MPOCTBIE COMHOXKUTEJIN
HEKOTOPbIE M3 HUX MOTYT TOBTODATHCA. HYCTI) TPOCTOE YMCIIO P11
BCTpEYAETCA (] Pa3, Po BCTPEUAETCA (g Pa3, ..., Pi BCTPEUALT-
ca oy pa3. Bee p1,po, ..., pr — pasaumdHbie MpocThie uyncaa. Torma
pa3/IoKeHNe YNUCIA ¢ HAa TMPOCThle MHOXKHUTEIN MOXKHO 3aIlucaTh
CIEIYIONTUM 00PABOM:

a=epl'ps?. .. ppt.

Kanonuueckum pasaosiceruem 1eJOTO UHUCIA ¢ HABIBAETCSH

MpeJICTaB/IeHNE G B BHUJE:

a=eptps? ... pRk,
e € = £1,p; < p2 < ... < P — TPOCTHIE YNUCTA, (1, X2, ..., O} —
HATYpaJbHBIE YUC/IA.

Caencrue. /[aa a106020 yeaozo wucaa a ¢ {—1,0,1} cywe-
CMBYEM KAHOHUNECKOE PASAONCERUE U OHO EOUHCMEEHHO.

Hampuwmep: 7000 = 7 -1000 = 7-2-500 = 7-2-2-250 =
=7-2-2-2.125=7-2%.5.25=23.53.7,

[Ipu paccmoTpenunn map @ u b MeJBIX YUCET, OTIMIHBIX OT HY-
JId, y,ZI;O6HO ,B;O6aB.HHTb K X KAHOHUYIECKUM PA3J/I0O?KEHUAM HYJIEBBIE
CTeTIeHN TTPOCTRIX UNCEN C TOW IeIbI0, YTOOR! uncaa a u b ObLIn 3a-
MUCAHBI B BUJI€ TPOU3BEIEHUS OJHUX U TEX K€ MPOCTHIX UHCE/I:

a=ep*ps?...pon, b= 5pf1p§2 pn,
rae e = +1, p1 < py < ... < p, — npocteie uncna, «; u 3; € {0} U
UN,:=1,2,...,n.

Teopema 3.20. Ilycmov uyeavie wucsa a u b, omauwmve om

HYAA, 3GNUCAHYL 6 sude:

a=ep'p?...pon, b= gpflp; pP,

ede € = £1, p1 < p2 < ... < pp — npocmuie wucaa, «; u B; €
e {0}UN, i=1,2,...,n. Tozda:
HO/(a,b) = pi‘lpg‘Q .- -pz’“, rae A, = min{oy, 5;},
HOK(a,b) = py*py° - -~ p}.*, tre p; = max{oy, B}

Jlemma 3.21. Ecau HamypasbHoe YUcA0 a He 0eAumcs Hu Ha
0010 mpocmoe wucao < \/a, mo wucao a npocmoe.

DTa JeMMa yMEHBIAeT KOJINUEeCTBO TIPOBEPOK, KOTOPOE HYKHO
MpOBeCTH, 4TOOBI yOEAUTHCS, ABISIETCS JIU YUCIO TPOCTHIM WA
COCTaBHBIM.
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3.5. Undusudyaavhoie 3a00HUA

Mpumep 3.8. dsnsarorca gm unciaa 181 u 197 npocreivu?

(1 181 n 197 we mensiTcs wa mpocThie uncia 2,5,7,11,13. Tak
KaK JIPYTUX MPOCTHIX unces ue domee 15 mer n /181 < /197 < 15,
o uncaa 181 u 197 mpocthre.

O T B e T: ABIAIOTCA. X
Mpumep 3.9. Paznoxknre 2353 HA MPOCTHIE MHOMKUTEIN.

[0 Tak kak v/2353 < 50, To HaIO WCIHITATH BCE TTPOCTHIE UNC-
sga ue 6osee 47. Yucna 2, 3, 5, 7, 11 ue memar 2353, a 13 meaut
2353 = 13-181. B mpeapiaymmem npuMepe yCTaHOBIEHO, UTO 181 —
MPOCTOE THCJIO.

OTBeT 2353 =13-181. X

3.5. aaguBuayaiabHbIE 3aJaHUS

1. MetomoMm MaTemMaTwveckoit WHAYKIIUU JOKAXKUTE, ITO JIJIsT
JIF0O0T0 HATYPATBHOTO UUCIA N YUCIO @ JEAUTCT Ha b.

L.Ll.a=n(n+1)2n+1), b=6.
1.2.a =6%" —1, b= 35.
1.3. a = n(n?+5), b=6.
1.4. a = 4" + 15" — 1, b=09.
1.5. a = n(n®+2n% — n + 22), b= 24.
1.6. @ = 25713 4 5. 3nt2, b=17.
1.7.a=(n+2)(n?+4n +9), b=6.
1.8. a = 321 4 40n — 67, b = 64.
1.9.a= (n—1)(n? +n+12), b=6.
1.10. @ = n* + 6n3 + 11n? + 6n, b=24.
1.11. a = n> + 5n + 12, b=6.
L12.a=n3+(n+12+(n+2)3 b=09.
1.13. a = 62" 4 3712 4 37, b=11.
1.14. @ = 33712 4 5. 23n+1 b=19.
1.15. a = 22 .37 4 5n — 4, b= 25.

2. HaiiguTe memognoe 9acTHOE W OCTATOK OT JEJICHUS HYHUCJIa
Ha 4gucao b.
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3. IIEJIBIE YNCJIA

2.1.a=4£761, b==%13. 2.2. a= =652, b==£21.
2.3.a=2%529, b=415. 2.4. a=+£632, b= =18
2.5.a==+437, b==x24. 2.6.a= 1356, b=£I17.
2.7.a=2543, b==%19. 2.8. a=+£458, b= =£2T7.
2.9.a=4591, b==%12. 2.10. a = £653, b= =£14.
2.11. a =729, b=4+11. 2.12. a = £478, b= £26.
2.13. a = £825, b==+13. 2.14. a =£751, b= +£22
2.15. a = £562, b= *16.

3. NzBectrHo menmmmoe a m mHermoaroe dacTroe b. Haitanre meman-
TeJIb U OCTATOK.

3.1.a=-43251, b=243. 3.2.a = 31564, b= —263.
3.3.a=-40201, b=—194. 3.4. a = 53262, b = —280.
3.5.a=—46707, b=>525. 3.6.a= 61796, b= —325.
3.7. a = 27829, b=—567. 3.8.a=—37654, b=236.
3.9.a=—-46524, b= —512. 3.10.a=43264, b= —363.
3.11. a = —51067, b=198. 3.12.a= —35266, b= —203.
3.13. a = 40053, b= —426. 3.14.a = —36248, b= —159.
3.15. a = —56728, b= 163.

4. C momompio anrropurma Eskinna waiiqure HO/I(a, b) u BbI-
pasuTe ero depes ucxogauwie yuciaa. Ucnoassys ceazp HOJl n HOK
JIBYX HATypaabHbIX unces, seraucante HOK(a, b).

4.1. a=>5544, b="T644. 4.2.a=2585 b= T975.
4.3.a=1188, b=23080. 4.4.a=4704, b= 9100.
4.5.a=1296, b=6600. 4.6.a=6188, b= 4709.
4.7.a=06125, b=1190. 4.8.a=3069, b= 1881.
4.9.a=4968, b=6678. 4.10. a= 3120, b= 2325.
4.11. a = 6252, b="T77. 4.12. a = 2975, b= 9996.
4.13. a = 1368, b="T7056. 4.14. a = 1716, b= 1540.
4.15. a = 5796, b= 5187.

5. Beraucanre HO/I(a, b) ¢ moMoribio 6MHAPHOTO aJrOpUTMA.
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5.1.a=46368, b=41496. 5.2.a=27456, b= 24640.
5.3.a=43776, b=>56448. 5.4.a=47600, b= 39984.
5.5.a=>50016, b=49728. 5.6.a=49920, b= "74400.
5.7.a=39744, b=26712. 5.8.a=49000, b= 38080.



3.5. Undusudyaavhoie 3a00HUA

5.9.a=49104, b=60192.
5.11. a = 82944, b = 52800.
5.13. a=76032, b= 49280.
5.15. a = 44352, b= 30576.

5.10. a = 49504,
5.12. a = 75264,
5.14. a = 82720,

b= T75344.
b = 36 400.
b = 63 800.

6. N3zsectasr HO/I(a,b) m HOK(a,b). Haiinnte natypanbHble

qucna a m b.

6.1. HO(a,b) = 16, HOK(a,b) = 1584.
6.2. HO/I(a,b) = 15, HOK(a,b) = 630.
6.3. HO(a,b) = 22, HOK(a,b) = 3630.
6.4. HO/I(a,b) = 19, HOK(a,b) = 5187.
6.5. HOI(a,b) = 14, HOK(a,b) = 2856.
6.6. HO/I(a,b) = 15, HOK(a,b) = 6900.
6.7. HO(a,b) = 30, HOK(a,b) = 15660.
6.8. HO/I(a,b) = 27, HOK(a,b) = 5589.
6.9. HO/I(a,b) = 36, HOK(a,b) = 6480.
6.10. HO/I(a,b) = 12, HOK(a,b) = 1872.
6.11. HOMI(a,b) = 21, HOK(a,b) = 756.
6.12. HO/I(a,b) = 26, HOK(a,b) = 4914.
6.13. HOMI(a,b) = 35, HOK(a,b) = 8925.
6.14. HO/I(a,b) = 18, HOK(a,b) = 4896.
6.15. HOMI(a,b) = 14, HOK(a,b) = 4410.

7. C moMOIIbI0 KAHOHUYECKUX PA3JIOKEHUN ducen a, b u ¢ Haii-

mure HOI(a, b, ¢) w HOK(b, ¢).

7.1. a = 6188, b= 88, ¢ = —320.
7.2. a = 4704, b= 96, c=—154.
7.3. a = 1716, b= —204, c=56.
7.4.a=-3069, b=112, c=84.
7.5. a = 9100, b=92, c=—114.
7.6. a = 7056, b=190, c=—68.
7.7.a=—1368, b=099, ¢ = 150.
7.8.a=—1540, b=105 c=215.
7.9. a = 1296, b=230, c=—T8.
7.10. a = 1188, b= —132, c= —64.
7.11. a = —3120, b= 85, ¢ = 100.

57



3. IIEJIBIE YNCJIA

7.12.a = 4968, b=104, c¢=—56.
7.13. a = —7644, b=196, c= —T6.
7.14. a = 1716, b= -T2, c=124.
7.15.a = 1288, b= —144, c= —66.

3.6. [JomosiHUTEILHBIE 320291
1. Jokaxkute, uTo n°® — n AeauTcs Ha b s g06oro n € Z.

2. Jlokaxmute, aro (n® — 1)(n3 + 1) gemmres ma 7, ecnn mesoe
YHUCI0 M He JeJUTCd Ha 7.

3. JlokaxkuTe, 9TO TPOU3BEIEHNE UETHIPEX TOCJIET0BATETHHBIX
HATYPAJBHBIX YHUCET B CyMMe C eIUHUIEH SBJISEeTCsT KBAJpPaTOM
HEKOTOPOTO HATYPAJIBHOTO UHCTIA.

4. HarypanpHble 9ncia m W N TAKOBBI, 9TO M > N, M HE Je-
JINTCST HA M ¥ UMEET OT JIeJIEHWsT Ha N TOT YKe OCTATOK, UTO W M +1n
or nenennst Ha m — n. Haiigure orHomenne m/n.

5. Haitzmre Bee n € Z, npu xotopwix (n® + 3)/(n? + 1) € Z.

6. Ilycts @ uw n — marypanbubie unciaa. JJokaknre, 910 HATY-
pPabHBIM OyAeT Yucao

ala+1)...(a+n—-1)
n!

7. Berancamre HOJI (123 456 789, 987 654 321).

8. Kakwue snauenns moxer npuanmars HOI(7n + 1,8n + 3),
ecin n € 77 Tlpu Kakux n CrpaBeIInBO HEPABEHCTBO

HOJA(7Tn+ 1,8n + 3) # 17

9. Ilyctb a, b, ¢ — menble yncaa, OTAUIHBIE OT HYJIs. JlokaxuTe,
aro HO/I(ac, bc) = |c[HO(a,b), HOK(ac, bc) = |c[HOK (a, b).

10. Pemute cucremy ypaBHeHU#, B KoTopoit z,y € N.

T+ y = 667
HOK(z,y) = 120 - HOA(z, y).

11. PaznoxkuTe Ha TpOCThie MHOKUTEH uncio 218 4 318,

12. JTokaskwuTe, 9TO BCAKOE MPOCTOE YUMCI0, OombIiliee 3, mpem-
craBuUMO B Buze 6k £ 1.

13. Ilycts n — mesmoe umciio, bombiee 2. Jlokaxkure, 9T0 HA
unTepBase (n,n!) comepKUTCs X0Ts ObI OJJHO TPOCTOE UUCTO. YCTa-
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3.6. onoanumenvhoie 3adanwu

HOBUTE, 4TO OTCIOZA CIeJIyeT DECKOHEUHOCTh MHOYKECTBA BCEX TIPO-
CTBIX YHUCeJI.

14. Toxaxxute, 910 mMpocThix unces Buga 4m — 1, m € N, bec-
KOHEYHO MHOTO.

15. JdokaxknuTe, 9TO TPOCTBIX umces Buma 6m — 1, rme m —
HATYpaJbHBIE YUCIA, OECKOHETHO MHOTO.

16. Tdoxaxwure, uro HO(a + b,a — b) pasen 1 win 2, eciau
qncaa @ U b B3aWMHO MPOCTHI.

17. Hoxaxure, uro uncaa 22" + 1 u 22" + 1 B3auMHO mpocThIe
MPU HATYPAJBHBIX 1 7 M.

18. Hoxaxkwure, uro 2™ — 1 m 2" — 1 B3auMHO TPOCTHI, €CIU M
" 1 — B3aMMHO TPOCTHIEC HATYyPaJIbHbIE YUCIA.

19. HokakurTe, 9TO €C/IW TPOU3BEACHUE JBYX HATYPATBHBIX
B3aMMHO TIDOCTHIX YUCETI a 1 b ABJIACTCA KBaJIpPaTOM HEKOTOPOTO
HATYPATBHOTO 4YmCIa, TO ¢ = m? u b = k% /119 HEKOTOPBIX HATY-
paNbHBIX uucen m u k. Byner i yTBepKIeHNe BEPHBIM, €CIU G U
b He B3aMMHO TIPOCTHIE YHCIAT!

20. ITycte n — mpocrtoe umcio wiau n = 4. Jlokaxwure, 91O
(n —1)! He neawrcst Ha n. BepHo sin o6paTHOe yTBEPXKIEHNE: ecin
(n—1)! e menmTest HA HATYPATBHOE YUCIIO N, TO JIUGO 1 — MPOCTOE
qucno, aubo n = 47

21. Jokaxkwure, uto ecian a’+ab+b? nennrcst va a+b, To a*+b*
nemmres na (a + b)2.

22. HaiignTe HamMeHbIllee IMECTU3HAYHOE YWCI0, KOTOPOe Je-
Jutcd Ha 3, Ha 7 m Ha 13.

23. IIpomsBenenne aByx menbix uncesa pasuo 600. Kakoe nam-
bonbitiee 3HaueHne Moxker nMerb HOJI atux uuncen?

24. Ilycts a n b — B3anMHO MpOCTHIE Meble Yucia u ac = bd,
¢,d € Z. JIokaxknute, 94TO CyIIECTBYeT IEJ0€ YUCI0 f, TakKoe, UTo
c=fb,d= fa.

25. Ilycth a m b — B3aMMHO TPOCTHIE Teble wncaa n @ = 3,
x,y € Z. JJokaxuTe, 9T0 CyIIECTBYeT IEJI0€ UUCIO0 Z, TAKOE, UTO
x =20 y=2%



4. CPABHEHU A

4.1. CpaBHeHHUsA B KOJIBIIE HEJBIX YMCEJI

IIycte a,b € Z, m € N. Ecim m genut a — b, To numryt
a=b (modm)

U TOBOPAT: @ cpasHumo ¢ b o Momytio m. Ecau m we genur a — b
to numyT a Z b (mod m).

Hampumep, 12 =3 (mod 3), 5 =11 (mod 6), 11 # 3 (mod 7),
11 = —4 (mod 5).

Teopema 4.1. Ilycmv a,b € Z, m € N. Tozda u moavko mozda
a u b cpasrumovl no Modyato m, Koz2da a u b umerom odunarosvie
0CMAMKEY NPU JeAEHUU HG M.

B ciepyromeit jiemme nmpuBeneHbl caMble TPOCTHIE CBOWCTBA
CpaBHEHWIT, aHAJIOTUYHBIE CBOWCTBAM PAaBEHCTB.

Jlemma 4.2. ITyemo a,b € Z, m € N. Tozda:

1) a=a (mod m);

2) ecau a =b (mod m), mo b =a (mod m);

3) ecau a =b (mod m), b =c¢ (mod m), mo a =c¢ (mod m).

i

Jlemma 4.3. 1. Cpasnernus no o0HoOMY U MOMY HCE MOYAIO
MOICHO NOYUNEHHO CKAGOBIGAND, SHIYUMAMY U NEPEMHONCAMD.

2. BEcaua=b (mod m) un €N, moa™ =b" (mod m).

Jlemma 4.4. 1. K obeum wacmam CpasHEHUA MOAHCHO Npuba-
BAAMD 00HO U MO IHCE UEAOE YUCAO.

2. Obe wacmu CPaBHEHUA MONCHO YMHONCAMD HA 00HO U MO
o1CE UENAOE YUCAO.

3. YjpeHvl CPaBHEHUA MONCHO NEPEHOCUMD U3 00HOT wuacmu
CPABHEHUA 6 OPY2Y10 C NPOMUBONOAOHCHDIM ZHAKOM.

Mpumep 4.1. Jdoxaxure, uto ua 7 gensrcs uncaa 61000 41 u
61000 _ 1.

0 Tax xax 6 = —1 (mod 7), To 6! =1 (mod 7) n 619! =
= —1 (mod 7), To ects 7 et 61900 — 1 i 61001 41, D

Mpumep 4.2. Tlokaxkem, 910 YUCTO N U CyMMa €ro 1udp nme-
0T OJMHAKOBLIE OCTATKHU OT AejieHud Ha 9 u 3.

O Ilycrs n 3anucano mudpamu a,, dr—1, ... ,d1,dg, TO CTh

n=ag+a10 + a210® + ... + a,_110" " + 4, 10".
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4.1. CpasHenus 6 KoAbUE UEABLT HUCEN

Tak xax 10 = 1 (mod t), rae t € {3,9}, To 10F = 1 (mod t) aua
aroboro nenoro uncia k > 0. Ilo nemme 4.2 ap = a (mod t), a
o nemue 4.4 ax10% = ag (mod 9) mns mo6oro k > 0. Ckiaagpisas
cpaswenns a,10F = ay (mod t) s k= 0,1,..., 7, nomyumm
n=ap+a +..+a, (modt). X
N3 sToro mpumepa BBITEKAET CAEAYIONINi TPU3HAK JETUMOCTH:
ecau cymma yudp wucaa n desumca na 3 uau 9, mo u camo
wucAo n deaumea na 3 uau 9 coomsememeenno.
3ameTnm, 4TO IETUTH CPABHEHUS, BOOOIIE TOBOPsI, Hesib3st. Ha-
npumep, 2 = 12 (mod 10), 2 = 2 (mod 10), o 1 # 6 (mod 10).
Moxer 6biTh Tak, 9to a # 0 (mod m), b # 0 (mod m), Ho ab =
= 0 (mod m). Hanpuwmep, 2 # 0 (mod 10), 5 # 0 (mod 10), wo
2-5=0 (mod 10).
[Tepeunciiennnie CBOICTBA CPABHEHUN HE 3ABUCEIN OT MOIYJIS.
Cuestyromume CBONCTBA CPABHEHWSsI CBA3AHBI C MOJLYJIEM.
Jlemma 4.5. Obe wacmu cpasHerus U MoOYAb MOHCHO YMHO-
ACAMB HA 00HO U MO JICe HAMYPAALHOE YUCAO.
Jlemma 4.6. 1. Ecau ak = bk (mod m), d = HO(k,m), mo
a=b (mod m/d).
2. Obe wacmu cpasHERUA U MOOYAD MONHCHO PA30EAUMD HA M0~
60t ux 0bUWUTE HAMYPANLHYIT desumens.
3. Obe wacmu cpasHERUA MONHCHO Pa3deaums Ha UL 00usul Ha-
mYpasoHbtl deaumenn, €Al OH 83aUMHO NPOCM, ¢ MOJYAEM.
Mpumep 4.3. Haitaure octaTok ot menenns Ha 31 uncaa a =
— 292929 + 6231.
[ Heobxommmo HANTH IUCIO 7', YAOBIETBOPSIONIEE YCIOBUASIM
292929 4 6231 = 1 (mod 31), 0 < r < 31.
Bocmoms3yemca cpoiictBamu cpaBHenmit. Tak kak 29
mod 31), to 29?929 = (-2)292 (mod 31). Hockoneky (—2)° =
—32 = —1 (mod 31), o (=2)?92 = ((=2)°)%% . (=2)1 =
(—1)58 . (=2)* (mod 31). Tosatomy (—2)*?° = —16 (mod 31)
202929 = 16 (mod 31). Tax xak 62 = 36 = 5 (mod 31), To
6231 = (62)11° . 6 = 5% . 6 (mod 31). Hockompky 53 = 125 =
= 1 (mod 31), To 5% .6 = (53)3 . 5.6 = 1% . 30 (mod 31).
Taxum obpaszom, 6231 = 30 (mod 31). Tenepn, ckmagpBas cpap-
merna 292929 = —16 (mod 31) u 623! = 30 (mod 31), momyumnm
202929 1 621 = —16 + 30 (mod 31), otxyma 29292 + 6231 = 14

i

-2

po Il
N~—

—~
V)

O
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4. CPABHEHU A

(mod 31), To ectb ocraTok Tpu gesnernu unciaa a Ha 31 pasen 14.
Orser: 14. X
Sameuanune. [Mocreanss mudpa dnucaa a paBHa OCTATKY TPH

nesmennn unciaa |a| va 10. Ise mocmeanne nudpbl 9ucaa ¢ — 310

mupel ocTaTka npu gesernn |a| Ha uwmcnao 100.

4.2. dysknuga Diijepa

Oynxyusa Iaepa p(n) onpenenena Ha muoxkectse N u mpej-
cTaBageT co0O0i IMCI0 HATYPAJIBHBIX YHCET, He TIPEBOCXOJAIINX 1
U B3aUMHO poCThIX ¢ 1. Hampumep, ¢(1) =1, p(2) = 1, ¢(3) = 2,
p(4) =2, 9(5) =4, ¢(6) = 2.

Jlemma 4.7. 1. Ecaun € N up — npocmoe wucao, mo o(p™) =
=p" — p"~ L. B wacmmocmu, o(p) =p — 1.

2. Qynxyua Jiisepa MYALMUNAUKAMUCHE, O ECTNL ECAU HA-
mypasvhvie wucaa a u b szaumno npocmuv, mo p(ab) = @(a)p(b).

Teopema 4.8. Ecau a = p{"p5? ... pi* — xanonuuecroe pas-
N0JICENHUE HAMYPAALHORO “UCAG O, MO

alfl agfl ak—l) —

pla) = (p7* —p7* 1) (P52 = P5277) - (P* — 1y

:¢(a):a<1—pil>(1—p%)...(1—]%).

Onamo u3 mpuokennit GyHKIUN Jitljiepa, BaKHOE [IJisT TEOPUN
CPaBHEHWIA, TAeT CJIEYIONIAst Teopema.

Teopema 4.9 (Ditnepa). Ecau a u m — 63auMHO NPocmuie
namypasvnve wucaa, mo a?™ =1 (mod m).

Teopema 4.10 (®epma). Ecau a — namypasvroe wucio, p —
npocmoe wucao, mo a? = a (mod p).

Mpumep 4.4. Brrunciaure 3navenne QyHKIUU ditgepa st
gucaa 113 400.

) Bocroms3yemcs yTBep:KJIeHWEM O TOM, UTO €CIU a =
= pi*...pY" — KAHOHMYECKOE PA3JIOKeHHe HATYPAILHOIO UHCIA,
1o 3mavenne dynkman ditaepa p(a) = (p¢* — pitTH) .. (pin —
— po»~1). Haxommm kamommdeckoe pasiokenne wmcma 113 400:
113400 = 23-3%-52.7. Torma (113400) = (23 —2%)(3* — 33)(5% —
—5)(7T—7% =4-54-20-6 = 25920.

O 18 eT: 25920. X
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4.3. Koavuo xaaccos 6viuemos

4.3. KoJbIio KJ1aCCOB BBHIYETOB

Jlemma 4.11. IIycmvs m — namypasvhoe wucao. Kaoicdoe ye-
AOE YUCAO CPABHUMO NO MOYAI0 M MOYHO € OOHUM U3 YUCEA MHO-
orcecmsa {0,1,...,m — 1}, a umenno, ¢ ocmamxom om desenus
2M020 YUCAG HA M.

[Tycts m — HaTypaJbHoe uncio. Bee mespie 9ucia mo oTHOTIe-
HIAIO K YHCAY 11 MOXKHO Pas30UTh Ha M KJIACCOB, €CIM OTHECTH K
OTHOMY KJIACCY YHCJA, JAIOIINE OJWH U TOT K& OCTATOK IIPHU Jese-
oun #Ha ynciao m. Ilo memme 4.11 Kaxkmoe 1e/10€ YUCIO MOHATAET
TOYHO B OIWH TAKON KJIACC. DTU KJIACCHI HA3BIBAIOTCS KAQCCAMU
8uUEMO8 N0 MOOYAt0 M. Kitacc BBIYETOB TIO0 MOIYJIIO 17, COIEpPKa-
N 9uCa0 a, 0003HAYNM Uepes a.

ITo Teopeme 4.1 K1acc BEIIETOB COCTOUT W3 IEJIBIX YUCEII, CPAB-
HAMBIX MeXIy co00ii mo Momymaio m. [lo3ToMy paBeHCTBO KJIAaCCOB
@ = b paBHOCHIBLHO cpaBHenmio a = b (mod m). Tak Kak ocTaTKm
IpU JIeJIEHUN TIETBIX YHCesT Ha m ecTh umcna Muokecta {0, 1,. ..

.,m — 1}, TO KJacchl BBIYETOB 10 MOAYJIIO M yaobHee 3arm-
chIBaTh caeyiommM obpazom: 0, 1, ..., m — 1. MuOXecTBO Bcex
KJIACCOB BBIYETOB TI0 MOYJ/IIO 1M MPUHSITO 0003HAYATH CHUMBOJIOM
L, TO €cTh Ly = {0,1,...,m — 1}. Onpenenum ua Z,, cIoKeHne
U YMHOXKEHHE KJIACCOB BBIYETOB CAEAYIONIAM 00Pa30M:

G+b=a+b a-b=a-b. (4.1)

Teopema 4.12. Mnoorcecmo Z,, KkAGCCO8 8bi%EMO8 NO MOJY-
A0 M C ONEPAUUAMYU CAOHCEHUS U YMHONCEHUSA, ONPEICAAEMBMU
pasencmeamu (4.1), ABAAEMCA KOMMYMAMUSHBIM KOADUOM C HY-
nesuiM anemenmom 0, eQUHUNHBLM IAEMEHMOM 1 U NPOMUEONo-
NOACHBLM dAeMenmom —(T) = m — a.

Zpy, HAZBIBAIOT KOABUOM KAGCCOE BHINEMOE MO MOJYAIO M.

Teopema 4.13. ITycmv m € N, Z,, = {0,1,...,m — 1}.

1. Ouemenm a € Z,, obpamum mozda u moasvko moeada, Kozda
HO/(a,m) = 1.

2. Ouemenm @ € Ly, Asasemca deaumenem Hyss mozda u
moavko mozda, kozda HO(a, m) # 1.

3. Koavyo xaaccos 6viiemos Ly, AGAAELMCA NOAEM Mo20a U
moavko mozda, ¥020a M — NPOCMOE YUCAO.

Teopema 4.14. Mnooicecmeo 6cex 06DAMUMDBIT INCMEHTOB
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4. CPABHEHU A

KoAvUa Ly, € onepavueti ymuoocenus obpasyem 2pynny nopadka
p(m).

Mpumep 4.5. CocraBbTe TAOJWIBI CIOKEHUS] U YMHOYKEHWST
711 KOJbIa Zy.

O Tax kak Z4 = {0,1,2,3}, 10
+]10]1|2]3 101|213
0|]0(1[2]3 0[0|0|0]0
1T|1(2(3]0 101|213
2121301 2102|012
313|012 3101321

Ha mepecedennn ctpokn @ n cronbua b B Tabiumax CToAT cyMMa
a + b n mpon3Bemerne ab KIaccoB BHIYETOB. X

Mpumep 4.6. B koinbiie Zoy TiepeuncanTe oOpaTUMbIe 3JI€MeH-
bl 1 genuTeu Hyas. CocTaBbTe TAOMUITY YMHOXKEHUsT 0OPATUMBIX
9JIEMEHTOB KOJbIA Zog W JIJIST KAYKIOTO OOPATHMOTO JIEMEHTA YKA-
JKUTE 00PATHBIIA.

O Tockonbky HOJ(24,2) # 1 ansa kaxgoro z € {2,3,4,6,
8,9,10,12, 14,15, 16, 18, 20, 21, 22}, To, cornacuo Teopeme 4.13, co-
OTBETCTBYIOIINE KJIACCH BHIUETOB T OYIYT JETUTEAMUA HYJIS.

O6paTuMBIMHI 37eMeHTaMH B KOJbIe Zo4 OYAyT 3AeMeHTH 1,
5, 7, 11, 13, 17, 19, 23. Yuciao obpaTUMBIX 37JEMEHTOB PaBHO 8
W COBTAjaeT co 3Hadenuem dynxmun Jitnepa ©(24) = (23 - 3) =
= p(23)p(3) = (23-2%)(3—1) = 8. CocTaBuM TabANITY YMHOKEHUS
00PATUMBIX JIEMEHTOB KOJBIA Zoyg.

1 (5|7 |11 1317|1923
1 (1|5 |7 |11]13]|17 |19 23
5 (5|1 |11 |7 |17|13|23]|19
707|111 |5 |19]23|13]|17
1|11 |7 (5123|1917 |13
13|13 |17 (19231 |5 | 7|11
17 (17| 1323|195 | 1 |11| 7
19 (19|23 (13|17 | 7 |11 1|5
2323|1917 |13 |11 | 7 |5 |1
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4.4. Cpasnenusa nepseoti cmenenu

N3 tabauiibl BUAHO, UTO KAXKIBII 3JIEMEHT COBITAIAET CO CBOMM
0OpATHBIM 3JIEMEHTOM. X

4.4. CpaBHeHHUd IIEPBOil CTeNeHNU

Cpasnernuem nepsoti cmenenu ¢ OAHOW HEM3BECTHOW X HA3bI-
Baercs cpasHenue Buga ar = b (mod m), rue a,b € Z, a # 0
(mod m).

Ecim mpm moacranoBke B cpaBHEHWE BMECTO HEM3BECTHOM IEI0-
ro 9MCIa X TOIY9IaeTCsl BEPHOE YMCIOBOE CPABHEHWE, TO YUCIIO I
HA3BIBAETCS pewenuem 0aHH020 cpashenua. Herpymno mokasars,
9TO ecam r(y — pelnenue cpapuerus ar = b (mod m), To 0606
YUCI0 BUA Lo+ mit, t € Z, TaK¥Ke ABJISETCs PEIIeHIeM 3TOT0 CpaB-
HEeHWs, TO €CTh PereHneM CpaBHeHnst OyIyT BCe YMCIa W3 KJIacca
BBIYETOB T( 10 MOZLYJIIO M.

[Tpu permennn cpaprennst ax = b (mod m) Bo3MOXKeH OinH W3
Tpex CIydaes:

1) HOA(a,m) = d ne geamr uncio b. CpaBHeHue B 3TOM Ciydae
pelleHuil He uMmeer;

2) HOI(a,m) = 1. CpaBHeHne nmeer pereHneM TOJIbKO OJNH
KJIACC BBIYETOB TI0 MOJLYJIIO 11;

3) HOd(a,m) = d | b. B arom ciyuae gennm obe yactu cpapHe-
Hust 1 MoayJib Ha d. [Tonyunm cparenne ajx = by (mod my), rae
HO/(a1,m1) = 1. Ecin knace Ty — pelnerne moCIeHero CpaBHe-
HIsI, TO KJACChl BBIYETOB Tq, Lo + M1, ...,Zo + (d — 1)my mo mo-
JLyJTII0 M OyIyT PErmenusMru UCXOAHOTO CpaBHeHusa. B 3ToM cayuae
cpasrenne axr = b (mod m) nmeer perennsivu uncaa u3 d KJac-
COB BBIYETOB 1O MOAYJIO 1. Bee 4mciaa m3 3TUX K/IACCOB MOYKHO
3ammcaThk Tak: xg + mit, rae t € Z.

Mpumep 4.7. Pemnre cpasuenne 7x = 16 (mod 23).

O IIEPBBIM CIIOCOB. Bymem m3MmeHaTsh K03hDOUIUEHTHI, HC-
MOJIB3ys CBOMCTBA CPABHEHWH U MBITAsACH COKPATUTH KO3MDDHUIMEHT
Opy HEM3BECTHOH. BbiuTeM W3 JAHHOTO CpaBHEHUS IPYroe Cpab-
werne 0 = 23 (mod 23). Honyunm 7z = —7 (mod 23). Tak kak
7 n 23 B3aMMHO TPOCTHI, TO MOYKHO 00€ YaCTW CPABHEHUS TOJIe-
qauth Ha 7. Torma = —1 (mod 23). ITpubasum cpasrenne 0 = 23
(mod 23). Iomyunm x = 22 (mod 23). Takum obpazom, pernreHus-
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MM JJAHHOTO CPaBHEHUs OyIyT BCe 4umucaa Kaacca 22.

BToroit crtocosb. Tak kak 7 u 23 B3anWMHO MPOCTHI, TO TTO TEO-
peme Ditepa 793 =1 (mod 23). Yucmo 23 — mpocToe, mOITOMY
©(23) = 22. Cremopatensno, 722 = 1 (mod 23). YMHOKEM 3T0
cpasrerne Ha © = x (mod 23). Tlomyuny 722z = x (mod 23). Ho
7?2y = 772 = 71 .16 (mod 23). Crenorarensno, x = 721 .16
(mod 23). Haitnem ocratox mpu gemernun 72! - 16 ma 23. Tak xak
72 = 49 = 3 (mod 23), To 7' = (7?)10.7 = 31°.7 (mod 23).
Hockombky 3% = 27 =4 (mod 23), 10 3197 = (33)3.3.7=43.21
(mod 23). Tax xak 43 = 64 = —5 (mod 23) m 21 = —2 (mod 23),
10 43 .21 = (=5) - (—2) (mod 23). Urax, 72! = 10 (mod 23). To-
rma 721 - 16 = 10-16 (mod 23). Tockompky 160 = 22 (mod 23),
10 72 .16 = 22 (mod 23). Takmu obpaszom, x = 22 (mod 23).

OrBerTz=22+423tteZ. X
Mpumep 4.8. Pemmre cpasuenne 6x = 10 (mod 14).

O HO/I(6,14) = 2. Tak xak 2 geaur 10, TO cpaBHEHNE UMeeT
2 pemenust. Paznennm cpasuenne na HOJL(6,14) = 2. Tonyuanm
3z =5 (mod 7). Tak kak 3 1 7 B3aNMHO MTPOCTHI, TO 3TO CPABHEHWE
UMeeT PEeIIeHNsAMH OJWH KJIACC BBIUETOB IO MoAymio 7. Permrmu sTo
cpaBHenue. IIpubaBuM K JAHHOMY CPaBHEHMIO JPYTOe CpaBHEHUE
0="7 (mod 7). [Tonyunum 3z = 12 (mod 7). Tak Kak 3 u 7 B3aNMHO
MPOCTHI, TO MOXKHO 00e 9acTu CpaBHEHWs ToaeauTh Ha 3. Torma
r =4 (mod 7). Urak, permernusvu GyayT kaacewt 4w 4 +7 = 11.

OrBemax=4+4+14t, x =11+ 14t, t € Z, wim x = 4 + 7t,
t €. X

Mpumep 4.9. Haiinure Bce 1e109YNCTIEHHBIE PEIIEHUS YPaBHE-
unga Hdxr — 42y = —18.

O Bripasum oHy W3 HEM3BECTHBIX depe3 apyryio y = (54x +
+ 18)/42. Yro0b! 4ncio y GBLIO MeIbIM, YUCIO T JJOJIZKHO YI0BJIe-

TBOpATH cpaBHernio 54x + 18 = 0 (mod 42), o ects 54z = —18
(mod 42). HOJ(54,42) = 6 memur (—18), mostomy cpaBHeHHe
nmeetr 6 pemrennii. Paznenum cpasuenne na 6. [lomyunm 9z = —3

(mod 7). Ipubasum cpasuenne 0 = 21 (mod 7). IMonyunm 9z =
= 18 (mod 7). Pazgemnm o6e wactn na 9. Torma = 2 (mod 7).

Pemenusavu 6yayr xmaccer 2, 9, 16, 23, 30, 37. Bce umcna stmx
KJIACCOB MOXKHO 3amlucaTh B Buie: ©x = 2 + 7t, rme t € Z. Haiinem
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BTOPYIO HEM3BECTHYIO!

54(247t) +18 126 4 378t
= = = Z.
12 12 3+9t, te

Orsemae=24Tt,y=3+9,teZ. X
Mpumep 4.10. B kosbiie Zis yKaxkuTe 00pATUMBIE 3JIEMEHTHI
U HalauTe UM OOpATHBIE SJEMEHTHI.

O Daement @ € Z,, nMmeeT B Z,, OOpaTHBINA 3JEMEHT TOTIa
U TOIBKO TOT/A, KOTJA @ W M B3aUMHO HPOCTHL. Ilo Momymo 12
mveerca ¢(12) = (22 3) = (22 — 2)(3 — 3°) = 4 kacca BEIETOR,
SAEMEHTBI KOTOPHIX B3aMMHO TMPOCTHI ¢ Mogyaem: 1,5,7,11.

Haiimem oOGpaTHbIe 37I€MEHTHI B KObIE Zip JId KasKIOTO U3
YKa3aHHBIX KJIACCOB.

1.7 =1. Ouesngno, wro T = 1, 10 ects (1)1 =T1.

5.7 = 1. Ilo Teopeme Ditzepa 5702 = 1 (mod 12). Toraa
5 = 1 (mod 12). Do o3mauaer, uro 54 = 1. [lo ompemenenmio
YMHOZKEHHS] KJIACCOB BBIYETOB b - 53 = 1. Ho 5% = 5, Tax KAK 5% =
=125=5 (mod 12). CaenoBarenbno, T = 5, TO eCTh (5) =5.

7 -7 = 1. AHajormano mpeabIIyIIeMy 7“’(12 = 1 (mod 12),
otkyga 74 =1,7-7 =1 Tak kak 73 =7, 70 T = 7.
11-7= Ho Teopenme Ditnepa 114 =1 (12), o ects 114 =T,
otkyna 11 - 113 = 1. Tockombky 113 = 11, 10 T = 11.

O T B e T: OGpATHMBIE TEMEHTHI: 1, 3, 7, 11. Kas1erit u3 9Tux
5/EMEHTOB COBIAIAET CO CBOMM OOPATHBIM. X

~

4.5. nauBuayajbHBIE 33/ IaHUS

1. Ucnions3ys cBoiicTBa CpaBHEHUIl, HANANTE OCTATOK OT Ieje-
uudg a Ha b.

1.1. a = 178%™, b=22. 1.2.a=>5"4+1310  p=18
1.3.a=504270  bp=12. 1.4. a=139%", b=13.
1.5. a = 38317, b=11. 1.6.a = 1782, b=11.
1.7. a = 343™, b=15. 1.8.a=22%%, b= 14.
1.9.a=15% 4710 p =13 1.10. a = 29375 b=13.
1.11. a = 194198, b=11. 1.12.a= 23393, b= 16.
1.13. a = 127193, b=15. 1.14. a = 274100, b=12.
1.15. a = 264, b=1T7.
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2. Ucnionpays cBOiicTBA CpaBHEHUI, HAWANTE TTOCIETHION -
py umcna a 3 3aganus 1.

3. Ucnonb3ysa croiicTBa CpaBHEHWI, JOKAYXKUTE, UYTO UUCIO C
JIeJIUTCS Ha YUCI0 d.

3.1.c=270 47, d = 16.
3.2. ¢ =26 +1, d=21.
3.3. ¢ = 60% + 72%, d=11.
3.4. ¢ =16%02 49302 1, d=13.
3.5. ¢ = 14100 4 5, d=09.

3.6. c = 3803 — 16, d=11.
3.7.c=24%1. 2112 _ 3121721 4 =19.
3.8. ¢ = 30™ + 10, d=13.
3.9. ¢ = 10°! + 162, d=14.
3.10. c =294 + (-17)7 +1, d=13.
3.11. ¢ = 2891 4 5, d=11.
3.12. ¢ = 3126 — 15, d = 14.
3.13. ¢ = 48153 4 24, d=22.
3.14. ¢ = 4323 + 26, d=15.
3.15. ¢ = 51820 + 4, d=13.

4. Boeruucinre 3uavenue GyHKIuN Jitiepa s IUCIA, d.
4.1. a =142560. 4.2. a =421200. 4.3. a = 539000.
4.4. a =476000. 4.5.a=105840. 4.6. a = 273000.
4.7.a=853776. 4.8.a=794976. 4.9. a =702702.
4.10. a =343035. 4.11. a =798525. 4.12. a = 606 375.
4.13. a =268125. 4.14. a = 523908. 4.15. a = 548 856.

5. B koabue Z,, ykaxkmre obpaTHMble 3JI€MEHTHI U JAEJIUTE/H
uyasd. i kaxkmoro nu3 00paTuMbIX 9J€MEHTOB HAlIUTe OOPATHBII.

5. m=8. 5.2.m=0. 5.3. m=10. 5.4. m = 14.
55.m=6. 56.m=18  5.7.m=16. 5.8 m=20.
5.9.m=24. 5.10. m=30. 5.11.m=15. 5.12. m =5.
5.13. m=4. 5.14.m=7. 5.15. m=11.

6. CocraBbTe TAOJUIY YMHOXKEHUs OOPATHMBIX 3IEMEHTOB

KOJBIA Ly, .

6.1. m=16. 6.2.m=20. 6.3. m=24. 6.4. m = 30.
6.5. m=15. 6.6. m=5. 6.7 m=4. 6.8 m=7T.
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6.9.m=11. 6.100 m=8. 6.11.m=9. 6.12. m = 10.
6.13. m=14. 6.14. m=6. 6.15. m =18.
7. Pemure cpaBHEeHUME TEPBOil CTEMEHN.
7.1. =3z = 13 (mod 4). 7.2.2x =9 (mod 7).

7.3. 5z =9 (mod 6). 7.4. =6z =5 (mod 7).
7.5. 13z = 20 (mod 4). 7.6. 14z = —10 (mod 3).
7.7. 152 =9 (mod 11). 7.8. =10z = 8 (mod 3).

7.9. 16x = —6 (mod 9). 7.10. 29z = 3 (mod 19).
7.11. 172 = =20 (mod 3). 7.12. 13z =4 (mod 8).
7.13. 14z = 30 (mod 9). 7.14. 62 = 22 (mod 13).
7.15. Tz = —12 (mod 16).

8. Haitznre Bce 1e/I0UNCIEHHBIE DEIICHUs] yDABHEHHSI.
8.1. 10z — 15y = 25.  8.2. 14z + 21y = —49.
8.3. 12z — 8y = —24. 8.4. 15z — 18y = 21.
8.5 22 + 4y = —16.  8.6. 12z — 20y = —24.
8.7. 61 +42y = —12. 8.8 26z + 28y = —4.
8.9. 27x — 12y = —15.  8.10. 30z + 55y = —10.
8.11. 8 — 20y = —16.  8.12. 21z — 36y = 9.
8.13. 24z + 14y = —18.  8.14. 15z — 21y = 42.
8.15. 32z + 44y = —16.

4.6. lomosHUTENBHBIE 339N

1. Jokaskure, uto ' = z (mod 42) npu J060M HETOM .

2. Ilycth p m ¢ — pa3auyHbIe POCTHIE uncaa. JJoKaKuTe, 9To
pi !l 4¢P~ =1 (mod pq).

3. Haitnure mocaeamoro tudpy uncia 221 4+ 3322,

4. JlokaxkuTe, 9TO HE CYIIECTBYeT HATYPAIbHBIX ducesa a, b u
¢, YIOBIETBOPSIONIX ypaBHermio 2¢ 4+ 70 = 19¢,

5. JlokaxkuTe, 9TO CpaBHEHUE

a® +a" =0 (mod7), m,n €N,

UCTUHHO TOJBKO TPU G, KPATHOM 7.

6. Haiinnre ocTtaTok OT OeeHnst Ha 3 9UCIa

n=(124+1)(22 +1)(3%2 +1)...(1000% + 1).
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7. JlokaxkuTe Caeayioliee yTBEPKIACHNE: NUCKPUMUHAHT KBa-
IPATHOTO ypaBHEHUsI C MeJbIMu KOIMDUIMEeHTaMU TPU IeJIeHUN
Ha yncao 4 gaer octaroxk O mam 1.

8. Iycrs Bce ko3dpdunmentr ypasuenus ar’ + bxr +c =0 —
OeJsible He9eTHbIC YUCIa. ,HOK&}KI/ITG, 9TO HU OJWH U3 KOpHefI 9TOT0
ypaBHEHUST HE MOYXKeT OBbITH PAIMOHAJIBHBIM UUCIOM.

9. TIpaMOyTOIBHBIN TPEYTOIBHUK HA3BIBAETCA MH(AropOBHIM,
€C/TW JJUHBI eT0 CTOPOH — HaTypaJbHbIE UUCTA.

9.1. Moryt nu aJuHBI 000UX KATETOB TH(ATOPOBA TPEYTOb-
HUKA OBITH HEUETHBLIMU UHCIAMMA?!

9.2. JlokaxkuTe, UTO JJUHA OJHOTO W3 KATETOB Mudaropona
TPEYTOMBHUKA JeTUTCT Ha 3.

9.3. okaxkute, 9TO [JIMHA OJHON U3 CTOPOH Mu(ATropoBa Tpe-
YTOJbHUKA JeIUTCI Ha 5.

9.4. JlokaxkuTe, 9YTO MPOU3BEJIEHNE JIUH CTOPOH Mudaroposa
TPEyToJbHUKA JeanTcda Ha 60.

9.5. CymectByeT Jin mudaropoB TPEYTOJbHUK C TLIOMIAIBIO
3607

9.6. IlpeamomokuM, UTO JAUHBI CTOPOH mu(aropoBa Tpe-
yrOJbHUKA B3AWMHO MpOCThie umcia. Jlokakure, 4TO IIWHA TH-
MOTEHY3bl — HEYETHOE YHNC/I0, a JJWHbI KaTE€TOB MMEIOT PA3HYIO
YETHOCTH.

9.7. CKOIBKO CYIIECTBYET PA3JIMYHBIX MHQATOPOBBIX Tpe-
YTOJIBHUKOB, JIJINHA OJHOTO M3 KATETOB Y KOTOPHIX paBHa 157

10. Toxaxxute, 9TO HE CYIIECTBYET MPAMOYTOJIHHOTO Mapasiie-
JIETITIE A C Te0UACTIeHHBIMI PeGpaMil 1 THaroHasbio /807.

11. /Tokaxkure, 9TO

(x +y)’ =aP 4¢P (mod p)
JUUTsT JTI0O0TO TIPOCTOTO P U JTIOOBIX MEIBIX YUCeT X U .

12. Ilycts @ u b — mpocteie uncaa. Jlokaxkure, 4TO:

12.1. a+b gemmr a® +b°. 12.2. a® + 2ab+ b? genur a* + 4b%.

13. Hokaxkute, uTo u3 8 MEJbIX YUCET BCETA MOXKHO BBIOPATH
JIBA TaKWX, PA3HOCTH KOTOPBIX JEJTUTCI Ha 7.

14. Joxazkure, uro 57 gemur 7"F2 4+ 8271 npu mo6om n € N.

15. Mycts a,b € Z u 7 nemmt a® + b?. JTokaxkute, 4ro 7 geuT
a u geymt b.
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16. CymecTByer i TOYKa C HEJIBIME KOOPAUHATAMU, MTPUHAI-
nexkarmas napa6one y = (1/5)x? — 3/5?

17. HokakuTe, 9TO KaykKJoe UWCIO Buaa "n + 3, n € 7, He
MOXKET OBITH KBAJIPATOM IEJI0T0 UUCIA.

18. CymiecTByer 1 MOMEHT BpeMeHM, KOTJa Ha mudepbiare
MPABUIBHO WYX YaCOB YACOBAsT, MUHYTHAS U CEKYHIHASA CTPEJI-
Kr 00paldyroT momapHo yrisl B 120°7

19. Hajiinnre mpusHakn AeINMOCTH MEJIbIX Yncesa Ha 7, Ha 13.

20. Hoxkaxkmute, uTo g unciaa 341 crmpaBemmBO CpaBHEHUE
2341 = 2 (mod 341).

21. CocTtaBHOE UHCIO0 T HA3BIBAETCS abCOMIOTHO TCEBIOTPO-
CTBIM, €CJIH JJIsT KaXKJI0TO [EI0T0 YUC/Ia @ BHITIOTHSETCS] CPABHEHUE
a™ = a (mod n). Jokaxnre, uro unciao 561 siBasiercss abcoaOTHO
MICEBIOTPOCTHIM.

22. B xonb1e Z,, pemnte ypaBHEHUS:

22.1. 162 =21, m=30. 22.2.12z=15, m
m

o

I
-
o

22.3.192 =29, m =36. 22.4. 217 = 54,
22.5. 272 = 11, m = 106.
23. IlycTb JaHBI M TOCIEIOBATENBHBIX TEIBIX UNCE
a,a+1l,a+2,...;,a+m— 1.
Hokakure, 9TO0 KayK/0e YWCJI0 & € 7 CPAaBHUMO IO MOYJIIO M
TOJTBKO C OTHUM U3 HUX.
24. Tlycts p — mpocrtoe uncio, a u b — mensie. Jlokaxxure, IT0
aPb — ab? menwurcsa wa p.
25. Nmeror jin ypaBHEHUsT TEJ0UNCIEHHBIE PEIeHust?
25.1. 22 + 9% + 22 =1983. 25.2. 2% + y* 4 2* = 1980.



5. KOMIIJIEKCHBIE YN CJIA

5.1. Tlosie KOMIJIEKCHBIX YUCeJI

Hawm w3BecTHBI criejyiolie MHOKECTBA YHCEJI:

N — MHOXKECTBO HATYPATLHBIX UWCET. ITO MHOKECTBO C OTTe-
parueii YMHOXKEHUS sIBJIsIeTCs abesIeBoit MOIyrpyIIoit ¢ e TUHUIIE,
a c omeparueil cjaoykeHns — abeeBOil MOTYTpyIImoil 6e3 HyJis;

7 — KOJBIIO TIEJIBIX TUCET;

Q — mone panuOHANIBHBIX UHUCET;

R — mome aeficTBUTENBHBIX UUCE]T.

Konbio menbrx umcen aBigeTcd pacIIupeHneM MHOXKECTBA Ha-
TYPaIbHBIX YMCEJ, HO IEJIbIX YHCeJ HEeJIOCTATOYHO JarKe [JIsi pe-
mennst ypasuenns 2z + 1 = (. Tlose pampuonanbHbIX dncesn

@:{ﬁ |n ez, mEN}
SIBJISIETCS PaCIHIMPEHNEM K@Ibua LEJIBIX YMCEJ, HO B TOJIE PAINO-
HaJBLHBIX INCEST He BCETJA BOBMOXKHO M3BJIEKATH KBAIPATHBIE KOP-
. HeTpyno mokasarhb, 9T0 |/p He ABIAETCA PAMOHATLHBIM THC-
JIOM JI7Is1 JIF0OOTO TMPOCTOr0 HUCIa P.

IToste R geiicTBUTENBHBIX YNCES SBASETCA PACHINPEHUEM TIOJIS
Q pammonansHBIX wHce, HO B R mpocrTeiiiee KBagpaTHOe ypaBHe-
mne 22 4+ 1 = 0 He WMeer pereHns.

ITocraBu™m ciemyrolLyio 3a1a49y: pacuwupums nose R max, umo-
ObL 8 HOBOM NOAE UMEND PEULEHUE YDABHEHUE

z?+1=0. (5.1)

PaceMoTpum MHOXKECTBO yTHOpsIoUeHHBIX Tap (a,b) meicTsu-
reapubIx uncen C = {(a,b) | a,b € R}. Ie mapst (a1,b;), (az,bs)
CUMTAIOTCST PABHBIMU, €CIN a1 = a9, by = by. BBegem omeparmn
CJIOXKEHUS] U YMHOXKEHUSI:

(a,b) + (¢,d) = (a+ ¢, b+ d), (5.2)
(a,b)(c,d) = (ac — bd,ad + be). (5.3)

Teopema 5.1. Mnoowcecmso C ¢ onepayuamu caoncernus (5.2)
u ymmooicenus (5.3) ABAAEMCA NOAEM C HYAEBLLM INEMEHMOM
(0,0) u edununnvim saemenmom (1,0).

[Moctpoentoe mose C HA3BIBAIOT NOAEM KOMNAECKCHBLEY HUCEA, A
sneMeHThl oSt C — KOMNAECKCHBIMU YUCAGMU.
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5.1. Iloae KOMNAEKCHBLT YUCen

[Mapwr (a,0), a € R, ckaagbIBaOTCS ¥ yMHOXKAIOTCS Kak Jeii-
CTBUTEIbHBIE 9UC/IA!

(a,0) + (b,0) = (a +1b,0),
:( 0?

(a,0)(b,0) = (ab—0-0,a-0+0-b) = (ab,0).

Iosromy oroGpaxkenue ¢ : a — (a,0), a € R, asaserca nso-
mopduzmom monst R u monst o(R) = {(a,0) | a € R} C C. D10
MO3BOJISIET OTOXKJIECTBIATE apy (a,(0) ¢ JelCTBUTEIHLHBIM YUCIOM
a, T0 ecTh MOoaoXKUTEL (a,0) = a. [lone R geficTBUTENbHBIX UHCET
CTAHOBUTCA YaCTHIO TIOJIA (C KOMIIJIEKCHBIX YHUCEJI.

[Tapy (0,1) obo3HaunM uUepe3 ¢ U HA30BEM MHUMOMN eIHHHUIIEI.
Tak kak bi = (b,0)(0,1) = (b-0—-0-1,b-1+0-0) = (0,b), 10
(a,b) = (a,0) + (0,b) = a + bi. Kpome Toro,

i =(0,1)(0,1) =(0-0—-1-1,0-14+1-0) = (~1,0) = —1,

TO €CTh i ABJseTCs pentenneM ypasrernns (5.1).

Banuck a + bi HA3BIBaeTCSA aazebpauyueckoti hopmoti KOMILIEKC-

Horo uncaa (a,b), uncio a — ero deticmeumenvroti wacmoio, a

bi — mnumoti wacmwvro. Croxenne (5.2) u ymuoxkenne (5.3) B
anredbpandeckoii popMe 3anrCchIBAIOT TaK:
(a+bi)+ (c+di)=a+c+ (b+ d)i, (5.4)
(a + bi)(c+ di) = ac — bd + (ad + be)i. (5.5)

B TaCTHOCTH, TTPU YMHOXKEHUU KOMIIJIEKCHBIX YHNCEJI PACKPBI-
BAlOTCSA CKOOKM W i2 3aMensieTcss Ha — 1.

UNrax, ¢ onepaunsmu cioxkennst (5.4) u ymuoxkenusi (5.5) MHO-
wectro C = {a+bi | a,b € R, i2 = —1} asagercs momem, R C C u
B C ypasnuenne (5.1) numeer perenne x = i. [loctaBiennas 3amada
peleHa.

JIns KOMIIEKCHOTO uncia z = a + bi KOMIUIEKCHOE HHCI0 @ —
— bi HaspIBaeTcs conpasicennvlm 1 0003HaTaeTcs depes z. Urak, y
COTIPAKEHHBIX YUCeJI 'HeﬁCTBI/ITe.T[BHLIe YaCTW COBIIaJaI0T, a MHH-
MbI€ — B3aMMHO TITPOTUBOITOJIO?KHBI. O“IeBI/I'B;HO, 4T0 Z = 2 TOoTrga 1
TOJILKO TOTJIA, KOrJa 2z — JeficTBuTesIbHOe dncio. Jlerko nposepsi-
I0TCST CJIEYIONIEe CBOWCTBA COMPSIKEHHBIX UHCENT: CyMMa Z + Z U
[IPOU3BEJIEHNEe 2Z SBJISIOTCS JA€fiCTBUTEIBHBIMI YUCIAMNA; 2 £ W =
=2+ w; 70 = zZw; (z/w) = Z/w; 2° = 2%, keN;Z=2.

HpI/I ACJIEHNN KOMIIJIEKCHBIX YHCEJI AEJIMMOE U JEJIUTE/Ib YMHO-
JKAIOTCST HA U0, COTPSIZKEHHOE JIETUTETIO:
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a+bi a+bi c—di

c+di  c+di c—di
ac+bd — (ad —bec)i  ac+bd ad—bc.

2+ d2 T21 2xa”

31ech HAZO CIUTATH, 9TO ¢ + di # 0, T0o ecThb ¢ # 0 # d.

Mpumep 5.1. Jlaubl KOMIJIEKCHBIE 9UCTA 2] = 2 — 3 U 2o =
= —1 — i. Boruucaure 21 + 29, 21 — 29, 21 - 22, 21/22.

O Ilpu cookeHnr KOMILIEKCHBIX YHCET B aJIredpamdeckoit
dopMe CKIAIBIBAIOTCS WX JeHCTBUTEIbHBIE YaCTH U KO3IPDUIn-
€HTBI TIPH

21+20=02-3)+(-1—-0)=2-1)+(-3—-1)i=1—4i.

[Tpm BHIYMTAHNT KOMTIJIEKCHBIX YNCEN B aaredpandeckoit ¢pop-
M€ BBIYUTAIOTCS WX JEHCTBUTEIbHBIE YacTH W KO3 DUIMeHTHI
pu i

21—20=02-3)—(-1—-9)=2+1)+(-3+1)i=3—2i.

JL1st TOro 9TOOBI MEPEMHOKUTH /IBA KOMILJIEKCHBIX 9HC/Ia, HA0
TePEMHOYKITH UX KaK JBYUIEHBI, a 33TeM 3aMeHUTh 2 Ha —1:

21-29=(2-3i)(=1—4) = —243i — 2i + 3% =
=(-2-3)+(3—-2)yi=-5+1.

,ZLHH BBIYUCJICHUA 9aCTHOTO YMHOXKHM JEJIUMOE U JeJIUTEJIb Ha
YUCJI0, COMPAKEHHOE JEJINTEJIIO!
2 2-3i (2-3i)(=1+1)

g —1—i  (=1—4d)(=1+1)
—2+3i4+2 -3 1+5 1 5

T (L1 2 2 ~a3a"
OrBeT: 21+20=1—44, 2y —20=3—2i, 21 - 29 = =5 +1,
21/22:1/2+(5/2)’i. X

Mpumep 5.2. Boruuciure (3+24) /(7 — 2i), ((1—2i)/(1+2i))3.
O Haa seraucaenns (3 + 2¢)/(7 — 2¢) yMHOXKUM 9UCTATENH U
3HAMEHATE/Ib Ha YUCII0, CONPSIZKEHHOE 3HAMEHATEIIIO:
342 T+2  (21—4)+(6+14) 17T 20
7-2 T+2  7—(2)2 53 53"
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5.2. Hszeaeuenue k6adpammozo KopHs

st Bo3Besennst B Ky6 uncaa (1 —24)/(14 2¢) BHavane BHIYUCINM:
1-2i 1-2i  (1-2)? 1-4i—4 -3 4

1+2 1-2 12—-(2)2 1+4 5 5°
Temeps nmeem:

1+2i\?3 3 4\* -1 -1
( + Z) :(—-—i) =5 (3+40)° = —5(27 + 108i-

1—2i 5 5 ) 5
1 117 44
144 — 647) = — (=117 4+ 44i) = — — =24 =
=5 +44i) = o — o5t

5.2. I3BjIeueHne KBaApPaTHOTO KOPHS W3
KOMILJIEKCHOTO YHCJia

B 1ojie KOMIIJIEKCHBIX YHCeT Pa3pemmnMo ypasHenue r2 + 1 =
= 0. Ero pemenusamn spisitorcs gnciaa ¢ u —¢. [losromy B mose
C cymiecTByeT KBaJpaTHEII KOpeHb n3 —1, a nmenno: /—1 = +i.
Orciona cnenyer, uro B nofe C cyInecTByoT KBaJpaTHble KOPHU
M3 OTPUIIATETBHBIX JeHCTBUTENBHBIX UNCE:

V=a=+/(-la=V=1-Va=+iva.

[Tycts Teneps Tpebyercs n3Bieds KBAIPATHBIN KOPEHDb W3 KOM-
riekcHoro uncia z = a~+bi. [lonoxnm x4yt = va + bi. Bo3segewm
obe JacT; TOro paBeHCTBa B KBaapar: T2 — y2 4 2zyi = a + bi.
[IpupaBHuUBas nefCTBUTENbHBIE 1 MHUMBIE YACTH, TTOJTYIAEM:

2,2
x® —y® = a,
Y (5.6)
2zy = b.

Boseenem oba ypaBHenus B KBagpart:

(22 — y2)? = a2,

4z2%9% = b2,
CknagpiBast 06a ypaBHEHUS TIOCTEAHEN CUCTEMBI, MOJTYIUM yDPaB-
merne (22 + y2)? = a? + b?. Teneps mMeem cucTeMmy:

2?4+ y* = Va® + b2,
x? —y2 = a.

CxagpiBast 00a ypaBHEHUsI, a 3aTEM BBIUNTAsT U3 TIEPBOTO ypaBHE-

Hug BTOpOe, moayuaeM: 222 = Va2 + b2 + a, 2% = Va2 + b2 — a.
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5. KOMIIJIEKCHBIE YUCJIA

WsBaekas KOPpHU M3 KazKJ0TO0 YPaBHEHUA, TTOJIyTaeM:

e \/a2+b2+a a2+b2
=01 \/
2

rae 01 = £1 = Jo. Ho u3 Broporo ypasuenus cucremsl (5.6) ciemy-
er, uto xy = b/2. Tlosromy mpu b > 0 nmpomssezgenue d1de = 1, TO
eCTh T W §y WMeIOT OJWHAKOBBIE 3HAKW, a npu b < (0 mpousseaeHue
0109 = —1, TO ecTh & U Yy WUMEIOT pas3Hble 3HaKW. B 0bImem ciaydae
9Ty 3aBUCUMOCTH MOXKHO 3aMHUCATH, UCHOAB3YS (PYHKIIUIO «3HAK»
CenyIONUM 00pazoM: dg = d1signb,
. VETBta . [VETE-a
Va+bi= :I:( — + (signb)i\| —————

Urax, nokazana cjieyioias Teopema.

Teopema 5.2. B noae KOMNAEKCHOIL HUCEA CYULCMBYEM
K6adpammvill KOPEHD U3 KOMNAEKCHOZ0 YUCAL, 3HAYEHUA KOMOPO20
onpedeasromes popmyaoti (5.7).

[Ipu BBIUMCIEHNN KOPHS W3 KOMILJIEKCHOTO YHCIA MOYKHO HC-

mosib30BaTh opmyay (5.7) manm cxemy I0KAa3aTeNbCTBA Teope-
MBI D.2.

Mpumep 5.3. Boruucniure /6 + 8i.

O Tlo bopmyae (5.7) mmeem /6 + 8i = +(v/8 4+ iv/2).

Mposepxa: (+(V8+iv2)? =8—2+2/8v2i =6+ 8.

OrreT +(vV8+iv2). X

Mpumep 5.4. Bouruuciaure /1 — 3.

) Bocmoms3yemcs cxeMmoil  JOKA3aTeJIbCTBA TEOPeMbl  5.2.
IIycts /1 —¢ = x 4+ yi, toe x,y € R. Bo3sogsa obe wactu pa-
BEHCTRA B KBaJpaT, nomyanm 1 —i = (12 —y?) + 2xyi. U3 yciorus
PaBE€HCTBAa KOMIIJIEKCHBIX YUCEJI NMEEM:

22—y =1
{ 2zy = —1.
Bospoast 0ba ypaBHenust B KBaApaT U CKJIAJBIBAST WX, ITOJLY TUM:
zt + 2x2y2 + y4 =2,
orkyma (22 4+ y%)? = 2 umu 22 + y? = /2. Temeps u3 cucTeMb!
{ 2+ y2 =2

2?2 —y? =1,
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5.8. Pewenue keadpamunz ypasnenut 6 noae C

raxonnm 22 = (v2 +1)/2, y? = (v/2 — 1)/2. Bropoe ypasnenne
2zy = —1 mepBOHAUANBHON CHCTEMBI YKA3bIBAET, UTO UNCAA T T
Yy UMeloT pasHble 3HaKW. [losToMy mcxomHas cucremMa MMeeT JBa
peIeHns:

o=y 22 v2-1
ey uE

OTBeT:\/1—2‘:i<\/\/§2+1—i\/\/§271). X

Mpumep 5.5. Haiinure geficTBuTe/bHBIE PEITEHUsT yPABHEHUS
(5—8i)x+ (T+3i)y =2 —1.

O IIpeobpasys JIeByIO 9acTh YPaBHEHNMS U MCIOIb3Ys YCIOBHE

paBeHCTBA KOMILIEKCHBIX wncen (5x + Ty) + (—8x + 3y)i = 2 — i,
MOy <IMM CHCTEMY

o + Ty =2
-8z + 3y = —1,

oTkyma maxoaum x = 13/71, y = 11/71.
OrBemz=13/71, y=11/71. X

5.3. Pemrenne kBaapaTHbIX ypaBHeHuit B moJse C

ITycts u2 +vz+w =0 — KBaJpaTHOE ypaBHEHUE HAJ II0-
JIEM KOMILJIEKCHBIX umnces, 170 ectb u,v,w € C. IloBTopss BwiBOI
dopMynbl KOpHE# KBaJpaTHOTO YPABHEHUsI C JeWCTBUTEIbHBIMU
k03 durmenTaMu, KOTOPbIi U3BECTEH U3 IIKOJIHLHOTO KypCa MaTe-
MaTWKH, JJIsI KBaAPATHOTO YPABHEHUA C KOMILIEKCHBIMEU KO3 du-
[UEHTAMU TIO/IyIaeM CAeIyIONy0 hOpMyIy:

—v + V0?2 — dyw
2172 = 2 . (58)

Mpumep 5.6. B nose C pemure ypasuenne 2 + x4+ 1 = 0.
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5. KOMIIJIEKCHBIE YUCJIA

O Vparuenne 22 4+ x 4+ 1 = 0 He uMeer JefiCTBUTEIHLHBIX KOP-
Heil, mockombKy auckpumunant D = 12 —4.1-1 = -3 < 0. Ho
OHO MMeeT KOMILJIEKCHBIE KOPHHU:

-1 + z\f —1—iV3
r1 = Tro = #
OrBer z19=(— 1iz\/_)/2 X
Mpumep 5.7. B none C pemmre KBaapaTHOE ypaBHEHWE
22— (2 4+ 4i)z + (=9/2 + 2i) = 0.

O Haxoaum muckpumunant D = v? — 4uw = 6 + 8i. ITo dop-

mysie (5.8) nomyuaem:

24+ 4i + B+
' \f V2 vas

(2 +/2/2)i,
2+ 47 — (\/_+2\/_)_1_\/—+

21 =

z = (2 - V2/2)i.

OTBeT:ZLQ:li\/_—l-(Qﬂ:\/_/z)Z. X
Mpumep 5.8. Pemure ypaBHenue

(2 +i)z® — (5 —i)x + (2 —2i) = 0.
O TTo dopmyie kopreit KBa;[paTHoro yPaBHEHUST HAXOIUM:

(5—1i) /(5 42410)(2—2i)

T12 = 2(2—1-1) =
b))+ V-2i
B 442 '

Tak xak v/—2i = +(1 — i), 10
(5-—di)+(1—d) 6-2i

Ty = . = - =1-—1q,
4+ 2 4+ 2
(5—1)—(1—1) 4 2 4 2.
T2 = ; = . = .= - — £t
4+ 2 4+2i 2+¢ 5 5
Orser oy =1—1i,x90=4/5—(2/5)i. X

5.4. Tpuronomerpuydeckas popMa KOMILJIEKCHOTO
quciia

,Z[ef/'lCTBI/ITe.}II)HbIe qucjia MOXKHO I/1306pa}KaTb TOYKaMU Ha YUC-
JI0BOII ocu. KomimaekcHoe 4mcio z = a + bi 3amgaercsa AByMs Jeii-
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5.4. Tpueonomempuueckas Gopma KOMNAEKCHOZ0 YUCAG

CTBUTE/HHBIMYU YUCTAMU @ U b, TO3TOMY eCTECTBEHHO n300parkaTh
KOMIIJIEKCHBIE YUC/Ia TOYKaMMW Ha ITJIOCKOCTH.

BBerZI;eM Ha TIJIOCKOCTHU TPAMOYTOJ/JIBHYIO CUCTEMY KOODJAWHAT N
Oymem m300pakaTh KOMILIEKCHOE YUCI0 2 = @+ bi TOUKOIT HA T/10C-
Koctu ¢ koopauaartamu (a;b) (cm. puc. 1). B wactHOCTH, "ncty i
craButcst B coorBerctBue Touka (0;1). leficTBUTEIBHBIM YnCIAM
COOTBETCTBYIOT TOUKH OCH abCIHCC, a YUCTO MHUMBIM YHCTAM —
TOYKH OCHU OpAWHAT.

yl\
242 .
@---ommemooeeee z=xtyi
; r
| it
S 4L .
2 -1 0 1 2 X
| i
. ,,,,,,,,,,,,,,,,, Z=X-yI
-2-2i
Puc. 1

ITosioxkenne TOYKM 2 = & + y¢ HA MJIOCKOCTH BIIOJIHE OTIPE/IEIsi-
eTCsT ee TIOMAPHBIMU KOOPIANHATAMHI T U (0, TAE I — PACCTOSTHWE OT
HAYaaa KOODAMHAT JI0 2, & (0 — YTOJ MEXKIY MOJOXKUTEJbHBIM Ha-
MpaBJIeHHeM OCH a0CIIMCC ¥ HANpPaBAEHUEM M3 HAYAIa KOOPIMHAT
Ha TOYKY 2. [lo/IIpHbIe KOOPAMHATEI TOYKU 2 = X + i OTIPEIEISIIOT
Z W Y TI0 M3BECTHBIM (OPMyJIAM: & = TCOSY, Y = rsiny, MO3TOMY

z =2+ yi = r(cosp + isiny).

Bamucek z = r(cosp + iSing) HA3BIBAIOT MPUZOHOMEMPUUECKOT
POpMOTi KOMNAEKCHO20 YUCAL 2.

Heorpuniarenbnoe 9ucio r Ha3bIBAIOT MOOYAEM KOMNAEKCHO20
wucaa z 1 0603HAYAIOT uepes |z|. fcuo, UTo

|z] = Va2 + y2.
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5. KOMIIJIEKCHBIE YUCJIA

VroJ1 ¢ Ha3BIBAIOT AP2YMEHMOM KOMNAEKCHO20 YUCAG Z U 000-
3HavYao0T 4yepe3 argz. s aprymenTa ¢ KOMILJIEKCHOTO YHCIa 2 =

= x + yi UMeeM paBeHCTBa:

arctg 2, ecmm x>0,
arctg L + 7, e x <0, y >0,
arctg 4 —m, ecm x <0, y <O,
¥ = -
5, eum z=0,y>0,
-5, ecm x =0, y<O0,
\ 0, ecmm =0, y=0,
+arccos ——%2—, ecm z2+y?#0, y >0,
$2_’_y2
=< —arccos —=i—, ecmm 22 +y2#0, y <0,
/$2+y2
0, ecmn z?+y>=0.

Mpumep 5.9. Ilpeacrasbre
ancna: z; = V3 — 1, 29 = —D, 23

[0 Wzobpazum uucna zi, 2o

B TPUTOHOMETPUYIECKoit dopme
= —3(cos(m/5) — isin(7/5)).

Ha Tockoctn (cM. puc. 2). s

yl
It T
. L S
z,=-5 0 \;m/6 X
z,=\3-i
Puc. 2
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5.4. Tpueonomempuueckas Gopma KOMNAEKCHOZ0 YUCAG

KOMILIEKCHOTO 9HCIA 2] = V/3 — § MMeeM:

1 V3

[21] = (V3)? 4 (-1)2 = 2, sinp = 2, cosp = =, = —<.
SHauuT
z21 = V3—i= 2<cos(—%) + isin(—%)).
JI1s1 KOMIITIEKCHOTO 9HCia 2o = —5 uMeeM: |z3| =5, ¢ =7 n
29 = —5 = 5(cosm + dsinm).
Kowmmrekcroe uncio zz = —3(cos(mw/5) — isin(w/5)) 3anncamo

He B TPUIOHOMeTPHUYecKoii ¢opme, Tak Kak OTpHIATENLHOE HHC-
JI0O —3 HEeJIb3d CUnTaTh MOmy/aeM zz. Kpome Toro, xoddduiment
npu ¢ paBed —sin(7/5), a B TpUroHOMeTpUUECKOH (hopme MHUMAS
JacTh JOJIZKHA OBITH 3ammcana Tak: ising. IlpemcraBmM umcno zs
B Buge z3 = 3(—cos(w/5) + isin(n/5)). Orcrona 3aKkI0IAM, ITO
apryMeHTOM KOMIIJIEKCHOTO YMC/IA 23 SIBJISIETCS TAKON yroJl @, st
KoTOporo cosp = —cos(m/5), a sing = sin(7/5). DToT yroa jerko
Haiitm: ¢ = m — (7/5) = (4/5)7. tak, nckomoe mpecTaBIeHue B
TpuUroHoMeTpuieckoii dpopme: zz = 3(cos(4/5)m + isin(4/5)).

OrBeT 21 = 2(cos(—m/6)+isin(—n/6)), z2 = 5(cosm+isinm),

zg = 3(cos(4/5)m + isin(4/5)). X

Mpumep 5.10. Mzo6pa3uTre HA MIOCKOCTH W 3ANWUINATE B TPHU-
TOHOMETPHUYeCcKOi hopme uncaa

21=—2i, zo=—1+iV3, 23=1—1.

O OrkianeiBasi TeHCTBUTENBHYIO YaCTh KOMIIJIEKCHOTO HHCIA
Ha ocu OX, a xkoaddurnuent npu ¢ — Ha ocu OY, MOAyIUM TOUKHU
Ha KOOPAMHATHON MJIOCKOCTH, COOTBETCTBYIOIINE YUCIAM 21, 22, 23
(cm. puc. 3).

Tak Kak TOYKA, COOTBETCTBYIONIAs YNCIY 21, JIEXKUT HA KOOD-
auHaTHOH ocn OY) TO MOy/Ih W apryMeHT YnCIa 2] JIErKO OIpe-
JeauTh 1o puc. 3: |z1| = 2, argz; = (3/2)w. CrenoBaresnbHo, Tpu-
rOHOMeTpHUecKas (hopMa UuCIa 2] NMEeT BUI:

3m . 3w
z1 = 2| cos— + isin— |.
(v +n)

JL1st HaXO0XK IeHWsT TPUTOHOMETPUIECKOH (hOPMBI KOMITIIEKCHOTO
qncaa zo = a -+ bi Bocmonbp3yemcst popMyIaMu MOy W apTyMeH-

Ta KOMILTEKCHOTO wnca. Ompemense |zp| = 1/(—=1)2 4+ (v/3)2 =
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5. KOMIIJIEKCHBIE YUCJIA

Y
z, \3
-1 0 1 X
-1 z,
_2021
Puc. 3

= 2. Tak KaK TOYKA, COOTBETCTBYIONIAs KOMILIEKCHOMY HHCITY 22,
JIEKUT BO BTOPOil deTBepTH, TO = < 0 1
T 27
argzy = m + arctg(—v3) =7 — 3= 3"
[Mosyuaem ciieyomiyo TPUTOHOMETPUYECKYI0 hopMy:

2 . 2w
29 =2 cos? + zsm? .

Ompenensiem |z3] = /12 + (—=1)2 = /2. Tax KaK To4Ka, COOT-
BETCTBYIOI[asl KOMIIJIEKCHOMY 4YHUCIY 23, JIE2KUT B quBepTOﬁ qeT-

BeptH, TO x > 0 1
T
argzs = arctg(—1) = R

Tpuronomerpudeckasi popMa MPUHUMAET BUI:

23 = ﬂ(cos(—%) + isin(—%)).

O 1Bet 21 =2(cos(3m/2) +isin(37/2)), 29 = 2(cos(27/3) +
+4sin(27/3)), 23 = v/2(cos(—7/4) + isin(—n/4)). X

Mpumep 5.11. Mzob6pa3uTe HA MJIOCKOCTH MHOYKECTBO peIlie-

82



5.5. Ymmnooicenue u denenue KOMNACKCHBLT YUCEA

HUHI CUCTEMbl HEPABEHCTB
{ 1<z <3
™ ™
—g <argz < 3.

Y
B

(] \
-3 —IQ

Puc. 4

O Touku, n3006pakaroIiue peleHns mepBoro HEpaBeHCTBa, Je-
JKAT MEXKJIy OKPYKHOCTSIMHU pagmycoB 1 u 3 ¢ MeHTpOM B Hadaje
KOOPIWHAT, BK/IIOYAs CaM¥U OKPYKHOCTH. Toukm, n300parKaromme
pertiennst BTOPOro HEPaBEHCTRa, jexar Mexay gydamu OA u OB,
HE BKJIIOYast 3T Jjiyun. Mckomasi 0671acTh sIBASIETCs epecedeHrneM
9TUX ABYX (DUTYD U BbIJETEeHA HA pUC. 4. X

5.5. YMHO>KeHNe 1 JejieHe KOMILJIEKCHBIX YUCEJ B
TPpUroHOMETPpHUYecKoii popme

Teopema 5.3. 1. Ilpu ymHoMHCEHUU KOMNAEKCHOLL YUCEA 6
MPULOHOMEMPUHECKOT POPME UL MOOYAU NEPEMHONCANOMCA, O AP-
2YMEHMBL CKAQGIDBAIOMCA:

|z1]|(cospr + isingy) - |z2|(cospy + isingy) =
= |z1]|z2(cos(p1 + @2) + isin(p1 + p2)).

2. Ilpu deseHuy KOMNACKCHBIT “UCEA UL MOOYAU OEAAMCA, 4
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5. KOMIIJIEKCHBIE YUCJIA

ap2YMenmst 6bNUMAOMCA:
|z1](cospr +isingy)  |z1] B
| 22| (cospa - isings) - @(COS(% — o) +isin(p1 — ©2)).

3. 271 = |z| 7 (cos(—argz) + isin(—argz)).

Teopema 5.4. IIycmv n — yeaoe wucao. Tozda
(|z|(cosgp + ising))™ = |z|"(cos(ny) + isin(nep)). (5.9)

®opmyna (5.9) maswiBaercsa gopmyaot Myaspa. Tpu |z| = 1
noaywaeM (cosp+ising)” = cos(ny)+isin(ny). ocrennee pasen-
CTBO MO2KHO UCIIOJIb30BATH JId BBIPpAKEHUA CUHYCOB M KOCUHYCOB
KPaTHBIX YTJIOB Yepe3 CHHYChl M KOCUHYCHI yTiIa (.

Hanpuwmep, mpu n = 3 umeem cosdp + isin3p = (cose +
+ ising)? = cos?p + 3icos?psing — 3cospsin?p — isinp. [Ipupas-
HUBas JIeWCTBUTE/IbHBIE U MHUMBIE YACTH, TIOTYIAEM:

cos3p = cos3<p — 3coscpsin2cp,

sin3p = —sin®y + 3cospsing.

Mpumep 5.12. Bouiuncinre 212923, (2122)/23 u 21—1, rie 21, 29
" 23 — KOMILIEKCHbIE Yucja u3 npumepa H.9.

O 212023 =2-5-3(cos(—m/6 + 7 + (4/5)7) + isin(—7/6 + 7 +
+ (4/5)m)) = 30(cos(49/30)m + isin(49/30)7),

(2122)/23 = ((2-5)/3)(cos(—m/6 + 7 — (4/5)m) + isin(—7/6 +
+ 7 — (4/5)7)) = (10/3)(cos(7/30) + isin(7/30)),

27t = (1/2)(cos(m/6) + isin(7/6)). X

Mpumep 5.13. Brerauciaure

= 3(cos20° — isin20°) - 2(c0s230° — isin130°)
—sin210° — 4c0s210° '
O Hcnonb3ys ¢hopMysbl IPUBEJEHUS U CBOHCTBA TPHTOHOMET-

prudecknx (QyHKIINI, Ipeodpa3yeM KOMILIEKCHBIE YHCIa K TPUTOHO-
MeTprIeckoit popme:

_ 3(cos(—20°) + dsin(—20°))2(cos230° + isin(360° — 130°))

—sin(270° — 60°) — icos(270° — 60°)

3(cos(—20°) + isin(—20°))2(c0s230° + isin230°)
cos60° + #sin60°

Temepnb, mpuMeHsasa TpaBuUaIa YMHOXKEHNST U JeJeHNs KOMILIEKCHBIX
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5.6. Ussaeuenue KOPHA U3 KOMNAEKCHO20 YUCAG

9UCesl B TPUTOHOMETPUYIECKO (hopMme, BBIUIUCINM:
4 3-2(cos(=20° + 230°) + dsin(=20° + 230°)) _
N c0s60° + isin60° N
= 6(cos(210° — 60°) +isin(210° — 60°)) = 6(cos150° 4 isin150°)
= 6(cos(180° — 30°) 4 isin(180° — 30°)) = 6(—cos30° + isin30°)

3 1
:6<—§+2’§> = —3V3 + 3i.

OrseT A=—-3V3+3i. X

Mpumep 5.14. Beramcemnre (2 23)3
HBIe Yncaa U3 mpuMepa 5.9.

O Cormacro Teopemam 5.3, 5.4 mmeenm: (2123)%0 = (2-3)30 x
x (c0830(—7/6+ (4/5)7) +isin30(—m /6 + (4/5)7)) = 63°(cos197 +
+ isin197) = 6% (cosm + isinm) = —6%. X

0, IJe z; U 23 — KOMILIEKC-

5.6. NI3Bjieuenne kKOpHSA 13 KOMMJIEKCHOTO YUCJA

I[Iycts n € N, n > 1. Kopruem n-ti cmenenu 13 KOMILTEKCHOTO
YUCTa Z HA3BIBAETCS TAKOE KOMILIEKCHOEe YHUCI0 ¢, 9To ¢’ = z.
Kopenb n-it crenenn obosnavaercss uepes {/z. Takum obpaszom,
ecmn ¢ = Yz, To " = 2.

Teopema 5.5. Ilycmv z — Komnaexchoe u n — HAMYPAALHOE
wucaa, n > 1. B noae xomnaexcnux wucen xopenv Yz npu z =0
umeem eduncmeennoe 3navenue z =0, a npu z #0 — n pasius-
nox 3navenuti. Ecau z = |z|(cosp+ising) # 0, mo amu 3navenus
HATOOAMCA O POPMYAE

2 2
n n
k=0,1,...,n—1.

MNpumep 5.15. Bouucaure /—5.

O Ywucno (—5) B TpUTOHOMETPHUUECKOH (hOpME 3aMICBIBAETCS
tak: —5 = 5(cosm + isinm). ITo dbopmyne (5.10) nmeem:

ok 21k
o= Y5 :%(cosﬂTﬂﬁ-iSinﬂTﬂ)a k=0,1,2.
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5. KOMIIJIEKCHBIE YUCJIA

Orciona ¢y = %(cos(ﬂ/i’)) + isin(ﬂ/?))) = (V/5/2)(1 + iV3),
¢1 = V/5(cosm + isint) = — /5,
ca = V/5(cos(5/3) + isin(5/3)7) = (\/—/2)(1 —iV/3)., X
Mpumep 5.16. Borancmute (—1 4 iv/3)%, v/ —1 +iv/3.
[0 B mpumepe 5.10 Haiigena TpuronoMerpuieckas popma KOM-

miekcHoro uncaa —1 4 4v/3, a mvenno: —1 + iv/3 = 2(cos(27/3) +
+ isin(27/3)). U3 dbopmysnsr Myaspa npu n = 6 nmeewm:

(_1 + i\/g)G = ( (COS% + zsm2—7r)) =

3
6-2 6-2
= (cos T 4 isin W) = 64(cosdm + isindr) =
= 64(cos0 + isin0) = 64.

st m3BIeUeHUsT KOPHST W3 KOMILIEKCHOTO YHC/Ia WCIOIB3YeM
opmymy

2rk 2rk
/1 (cosg + ising) = f(cosu—i—isinu),
n n
rme k=0,1,...,n — 1. [Tockoabky n =4, 10
2 2
2 = \4/ —14+iV3= il/Q(cos?7T —i—z’sin?ﬂ) =
2m/3 + 27k 2w /3 + 27k
:\4/§<c0s m/3+ 2m + isin m/3+ 2 >
4 4
[Monaras k = 0 1,2, 3, momyunwm:
4 4
zZ0 = (cos + esinZ ): ff+ g,
:\/_(cs3+zs1n3> i+ %2‘@,
:\/_(cs(),—i—zsm(),)— \/_ i%,
:\/_(cs3+zs1n3>—%—zé/§2"/§. X

5.7. KopHu 13 e TUHUIIBI

Myasrunankarusraas rpynna G Ha3bIBAETCS UYUKAUYECKOT, eC-
JIM B Hell MMeeTCs Takoil 3JIeMeHT a, 4TO KaxKblil 3nement b € G
ABJIAETCA CTEIEHbIO JIEMEHTA G, TO €CTh CYIIeCTBYET IIeJI0€ YNCJI0
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5.7. Kophu u3 edunuuybe

k, Takoe, uto b = aF. D10t 3meMenT a HA3BIBAETCST NOPONHCIAIOULUM
anemenmonm rpynnbl G. s mukandeckoit rpynnsl G IPUMEHSIIOT
obosnavenne G = (a). 3amMeTnM, 9TO HUKJINYECKAsT TPYIIA MOKET
UMETh HECKOJIBKO MOPOKIAONINX. HampumMep, alInTuBHAS TPYTIa
7, IeNIbIX 9uCesT OPOKIAETCA KaK duciaoM 1, Tak u anciaom —1, 1o
ectb Z = (1) = (—1).

Tax kax 1 = cos0 + ¢sin0, To U3 TEOpeMBI 5.5 BHITEKAET CIETY-
I0ITIAsT TEOPEMA.

Teopema 5.6. Jlaa 4106020 HAMYPAALHO20 YUCAQ T CNPABED-
AUBVL CAEYOULUE YMBEPAHCICHUA:

1) 6 nose KoMNAEKCHWT “uCes UMEEMCA MOYHO T PASAUNHBLET
xopued n-t cmenenu u3 1, xKomopue naxodames no Popmyae

€k = %:cos%—w%—isin%—w, k=0,1,...,n—1;
n n

2) daa 106020 YEA020 YUCAG T BLINONHAEMCA PABEHCNEO EY' =
=¢&,, 2de T — ocmamox om deaenus M Ha n;

3) KomnaekcHuoie KopHu n-G cmenenu u3d edunuybe 0bpasyrom
MYALMUNAUKAGMUSHYIO YUKAUNECKYI0 2pynny (£1) nopadka n ¢ no-
DPOACIAOULUM INEMEHMOM E1 .

Kopenb n-it crernenn n3 eIuHUITB HABBIBAECTCS NPUMUMUCHBIM
(nm nepeoobpastvim), eCIN OH He SIBJISETCS KOPHEM U3 1 HUKAKOi

MeHbIel crenenn. NTax, €, — NPUMHATHBHBIA KOPEHb CTETIEHU 7
u3 eJUHUIb, ecan €y = 1 u 6’fn % 1 mna Beex 0 < k < n.

Teopema 5.7. Kopenv €, n-ii cmenenu u3 edunuyvt bydem
NPUMUMUBHBLM M0206 U MOABKO Mo2da, Ko2da M U N 63GUMHO
npocmoi. B wacmuocmu, €1 U €,—1 — NPUMUMUBHBIE KOPHU N-U
cmeneny u3 eOUHUYbL.

Mpumep 5.17. Berancamre /1 npu n < 4.

O Tlpn n = 2 umeem aBa KOpHS: €9 = 1, &1 = —1. Muoxe-
crBo {—1,1} ¢ yMHOXKeHNEeM sIBJIsIeTCsT UKJINIecKoii rpynmnoii (—1)
mopsiaka 2.

[Ipu n = 3 umeem Tpu KOPHS:

2 1 V3

=1, g1 = COS§7T + isingﬂ =-3 + 27,
4 4 IEERVE]
€9 = COS—T +185IN—TT = —— — ,——.
3 3 2 2
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5. KOMIIJIEKCHBIE YUCJIA

MmuozkecTBO

2" T
C YMHOJKEHHeM ABJISeTCS MUKAMYecKoi rpymmoii (—1/2 + v/3i/2)

nopsiaKa 3, TOpoyKaennoil snementom —1/2 + 1/3i/2. Cocrasum
TabJIAIy YMHOXKEHHUS JIJIsl STUX KOPHEIl.

{1 V31 .\/3,1}

3 3
L [ bR [
1 1 Lyl LB
L I R 1
e s 1 | jeid
B wacraocTH,
1 V37" 1 3
- = —i— = ——4+i—,
2 2 2 2
1 V3" 1 3
- —+i— =—— —f—.
2 2 2 2
[Ipu n = 4 uMeeM YeThIpe KOPHSI:
2 .2 .
eo=1, e = coszw + zsmzw =1,
. 6 . 6 .
€9 = cosT +isinwt = —1, €3 = COSZTF + zstﬂ = —1.

MmuoxectBo {i, —1,—i,1} ¢ yMHOXKeHUEM SIBISETCS TUKJIAIECKON
rpynmoit (1) mopsinka 4, mopoxiaenuoii smementom i. CocTaBum
TabINIy YMHOXKEHUSA I STUX KOPHEI.

1 ) 1| —2
1 1 7 -1 1| —1
) ) -1 | —i 1

-1 -1\ —2 1 1
—i | —1 1 1 -1
B wactmocrn, it = —i, (=1)7' = —1, (i)~ = X

Mpumep 5.18. Ykakure IpUMUTUBHBIE KOPHU Y€TBEPTOil CTE-
IeHn U3 €JUHHNIBI.

O TIpuMATHBHBIMEA KOPHSIMY 9€TBEPTOH CTEMEHN M3 €IWHUIIHI
OyyT KOpDHU: €] =1 1 €3 = —1. X
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5.8. Unodusudyasvroe 3adanus

5.8. nauBuayajabHbIE 3aJaHUS

1. Haiiaure 21 + 29, 21 — 29, 21 - 22, 21/%2.

1.1. 2y =241, 29 = —3 — 21.
1.2. 21 =—-1+43i, 29=2—1.
1.3. 21 =4 —1, 2o =1+ 3i.
1.4. 21 = —1 4 4, Zo = 2 — 3.
1.5. 21 =3 —1, 2o = —2 + 31.
1.6. 21 = -4+ 1, 29 =2 —1.
1.7 21 =1 - 34, 29 = —2+1.
1.8. z1 =4 — 34, 2o = —2+ 5.
1.9. 2y =2 — 44, 2o = 3+ 1.
1.10. 21 = —-34+2i, 29=5—1.
1.11. 21 = =2 =51, 29 =—1+41.
1.12. 21 = —4+4+3t, 29=06—1.
1.13. 2y =5 — 21, 20 = 3+ 4.
1.14. 21 = =1 —2¢, 29 =4+ 3i.
1.15. 21 = 6 — 44, 20 =4 +1.

2. Haiigure meiicTBUTENbHbIE 3HAYEHUS T U Y U3 YPABHEHUSI
21T+ 29y =2— 5%, Tlle 21 U 29 — YNCIA U3 3a7anus 1.
3. Berancnmnre (/21 n /29 B anrebpandeckoit popme st TUce

Zz1 W z9 U3 3a7aHug 1.

4. Permure ypaBHeHUs.
4.1. 22 -2+ i)z +7i—1=0,
22— (3—2i)x +5—5i =0,
4.3. 22 — (5 —3i)x +2 — 6i = 0,
22+ (2 - Tz +13—-i=0,

4.2.

4.4.

22— 4z 4+5=0.
22 —-3r+4=0.
222 — 3z +5=0.
22 +3x+6=0.

4.5. 22 — (1 + i)z +6+3i =0,

4.6. 22 — bx +4+10i =0,

4.7. (1 —d)x® + (5 —i)x +4+2i =0,
4.8. (3+4)x® 4+ (1 —i)x — 6i = 0,
4.9. 22 — (T+i)z +16 + 11i = 0,
4.10. 2% — (34 2i)x +5i +5 =0,
4.11. 22 + (5i — 1)z — 8 —i = 0,
4.12. 22 + (41 = 3)r —T—i =0,

322 — 2z +3=0.
224+ —1=0.
—22 42 —2=0.
2 +x+2=0.
322 —2x+4=0.
—22%2 43z —2=0.
322+ 52 +3=0.
222 —dx +5=0.
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5. KOMIIJIEKCHBIE YUCJIA

4.13. 22 - (3-3i)x+6—-2i =0, 2?2-2r+5=0.
4.14. 22 - (5—6i)r +1—-13i =0, 22+3x+5=0.
4.15. 22 =3z 4+ 11 —-3i =0, 224+ 5x+7=0.

5. N306pa3uTe HA MIOCKOCTH ¥ 3aMUIIUTE B TPUTOHOMETPUUIE-

cKoii popme uncna z1 u 2.

90

5.1. 21 =1 —1, 29 = —2i.

5.2. 21 = 34, 29 = —1+1iv/3.
5.3. 21 =2+ 2, 29 = —3.

5.4. 21 = —V/3 + 1, 29 = —i.

5.5. 21 = V12 — 24, 29 = 2.

5.6. z; = —4, z9 =14 1.
5.7. 21 =1, 29 = —V/12 4 2i.
9.8. z1 = —1+1, 29 = —1

5.9. 21 = —1 — 1, 29 = 6.

5.10. 21 = 1 4+ iV/3, 29 = —2.

5.11. 21 = —34, 29 = —V/3 —1i.
5.12. 21 = =2 — /12, 2y = —1.

5.13. 21 = 2, 29 = —1 —iV/3.
5.14. 21 = V12 + 2i 29 = —6i.

5.15. z; = 5i, 29 = —V3—1i.

6. Borunciure.

. 5(c0s350° — isin(—10°)) - 2(cos80° — isin280°).
. 3(cosb0° — isin670°) - 4(c0s290° + sin70°).
2(c0s220° + isin140°)
sin40° — ic0s220°
3(c0s230° — isin130°) - 4(sin50° + icos(—50°)).
2(cos(—137/7) + isin(67/7))
6(cos(—137/7) — isin(67/7))
3(cos2E — isinTE) - (cosIE — jcos3E).
5(c0s49° — isin229°)
3(cosd1® — icos49°
(cos340° —i8in20°) - 2(—sin70° — isin160°).
2(cos430° + zcoslﬁO")
5(008110° — 251n250°)
10. 5(—cos§ — isin 4T 5 ) -4

@@N@?ﬂr’k@“'—‘

.@.@@.@.@.@.@@.@.@

(cos— —ising).



5.8. Undusudyasvroie 3adanus

6(cos42° + isin222°)

6.11. .

5(sind2° + sin132°)
6.12. (cos —isinZ) - 3(cosE — isinZT).
63 3(=sin20° — isin110°)

cos(—220°) — 4sin140°°
7(—sind40° — isin130°) - 3(cos40° — isin320°).
3(cos190° — isin170°)
—sin40° + 7sin50°
7. I306pa3ure Ha MIOCKOCTH MHOYKECTBO KOMILJIEKCHBIX UHCEI,
Y/IOBJIETBOPAIONINX CHCTEME HEPABEHCTB.

6.14.
6.15.

2214 =

714 12 ; 72.41< 1+N§‘<2
7 < arg(l—H) S -7 Sargz < 3.
1<z <3 _z

ST LU AN Sl = R
TS arg(l—_i) < T —5 <argz < 7.
2< Z_|_1<3 __z

7.5. W<| | 2 < bm 7.6. 2< —1-iv/3 <3
7 <arg 14\/5)\7' g<argz — 5 < 3
3< |2 <5 =

AR SO AN L =
1 <arg 717i><§ —g <argz < 7.
< 2 < 1<z <5

ro [1<|ial < ra LSS
—%<argz<?ﬂf. —qSarg \/ﬁ—2i><§

7.11. 2<‘—1—i\/§‘<3 7124, H :
I <argz < L. 5<arg(1ﬂ 3><7T
1< |2 <4 2< |2l <3

7.13 ‘\/E—z 7.14. - z
—Z <argz < I, —1 S arg<E> ST
2< |5 <4

7.15. V3

8. Brorunciure.

s —z s
—3 < arg(%i\/ﬁ> <7

8.1. (=1 —iv3)%0, /=12 +2i, I=S.
8.2. (1 —14)10, V=12 -2i, V=16.

V=2 —iv12,

8.3. (—V3+1i)%,
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5. KOMIIJIEKCHBIE YUCJIA

8.4. (=1 —1)%, V1 —iv/3, /1.
8.5. (—1414v/3)30, /=16 —16i, /2.
8.6. (—vV/3 —i)*2, V2412, /3i.
8.7. (1 —14)*, V—1—iV3, V=2
8.8 (1 i3y V1242, V-4
8.9. (—V12+2i)*, /3-i3v/3,  V/=8L
8.10. (=4 —4)*°,  /—V12+2i, V-8,
8.11. (1 —iv3)*,  v/=5+ 5, V/64.
8.12. (V12 + 2%, 1 —1, v/—4.
8.13. (—1+41)%, v v/3 — i, v/8i.
8.14. (M — L)%, V/—vB—i, -1
8.15. (2 —iv/12)%6, /3 —3i, v/—9.

5.9. JdonmosiHUTE/IbHBIE 324291

1. dnst aucen z, 21, 2z € C mokakure caeayommne paBeHCTBa:
1.1. 21+ 2o =21+ 29. 1.2, Z1 - 29 = Z1 29.
1.3. ’2‘2 = 2Z. 1.4. 21/2’2 = (21@)/(‘2’2‘2)
1.5. 2F = (2)F nna moGoro k € N.
1.6. |21 + 22| < |z1]+ |22|, 119 KAKUX KOMIITIEKCHBIX 9HCETT 21,

Z9 WMeeT MeCTO PABEHCTBO?

1.7. |z1| — |22] < |21 — 22|, 1st KAKUX KOMIUIEKCHBIX 9HCEJT 27,

Z9 MIMEET MECTO PaBEHCTBO?

2. Jokaknure, 9T0 I/ JIOOBIX KOMILIEKCHBIX YHCEN 2] U 29

BBIIIOJIHAETCA PaBEHCTBO

|21 + 22\2 + |z — 22’2 = 2(121’2 + 122‘2)-

B uem 3akiouaeTcst reOMeTPUIECKUiA CMBICT 9TOTO PABEHCTBA?!

Ak
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3. Ina mo6oro HarypassHoro n Beraucaure: (1 44)"/(1 —14)";
(15 m2/(1— iy

4. Haitgure 21990 4 ,—1990
5. Berauncianre

(=1 +iV3)17 - (cos X + isin12T)
32v/2(1 — )7 '

cecmm 22 —z+1=0.

6. Pemure ypaBuenus.



5.9. Jonoanumenvhvie 3adavu

6.1. 28 — 52t —6 =0, xz € R.

6.2. z*+1+iv/3=0, z €R.

6.3. (z+i)*+(x—i)*=0, z€R.

6.4. 23 = —z, 2z € C.
6.5.(1—-4i)z—3iz=2—14, z€eC.

6.6. 2Z + 2z = 3 + 24, z e C.

6.7. 224+ 3(z—2)=4+3i, z¢€C.

6.8. 22+ 3(2 +2) = 3i, zeC.
7. Pemure cucteMbl ypaBHEHUIA:

ir+(1+i)y=3—1i 2+d)x—B+i)y=1
(1 —d)x— (6 —1i)y =4, B-i)T+ (24+1i)y = —i.

8. N3obpasuTe HaA MJIOCKOCTH MHOYKECTBO PEIIeHWH CHCTEMBbI
|22 —4 —2i| <6
liz+2| > 2
57 2z s
= <arg(127) < 5.
9. JlokaxuTe, UTO €CIN 21, 22, 23, 24 — PABIUIHBIE KOMILIEKC-

HBI€ YUC/Ia 1 YUCJI0
21 — %3 Z1 — %4
29 — Z3 29 — 24

JEfCTBUTENbHOE, TO YUCIA 21, 22, 23, 24 JIE2KAT HA OLHON OKPYK-
HOCTH WUJINA Ha OJHON MpaAMOI.
10. N306pa3uTe HA MIOCKOCTH MHOYKECTBO KOMIIJIEKCHBIX UH-
CeJI, YAOBJETBOPAIOIINX CACTEME HEPABEHCTB
2<]z—2i <3
{ 5 <argz <.

11. Ilyctb a u b — dpuKCHpOBAHHBIE PA3IUYHBIE KOMILJIEKCHBIE
qncia. Ha KOMIJIEKCHOM TJIOCKOCTH HAaiiuTe BCe TOUKM, H300pa-

JKalolle KOMILJIEKCHBIE YnCia 2z, 119 KOTOPhIX
zZ—a ..
b = COSp + 181Ny,

2 —
r7le (p TPUHUMAET MPOU3BOIbHBIE MEHCTBUTEIbHBIE 3HAUEHUSI.

12. Beipazute depes cosa u sina ¢ TOMOIIBI0 (hopmyibl Myas-
pa: cosda; sindq; sinda 4 cos3a.

13. Hoxkaxxurte, aT0 a5 JIOOBIX MEIRIX Yncen a, b, ¢, d mponsse-
nerne (a?4b?)(c? 4+ d?) MOXKHO IpeICTABATE KAK CyMMY KBaIPATOB
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5. KOMIIJIEKCHBIE YUCJIA

k2 + 12 nensix ancen k u [.

14. Hokarkute, 9TO €CJU M U N B3AUMHO TPOCTHI, TO BCE KOPHU
CTENeHN MN U3 €IUHUIBI TOJYYAI0TCs YMHOXKEHUEeM KOpHei n-it
CTENEeHN U3 eJUHUII Ha KOPHU M-il CTeneHn U3 eINHUIIHL.

15. Cpemu KOMIJIEKCHBIX YHUCEJI, YIOBJIETBOPSIONINX YCIOBUIO
|z — 25i| < 15, HaiiaAuTe YNCIO C HAMMEHBIINM TOTOKATETBHBIM
apryMEeHTOM.

16. okaxkute, UTO OWHAPHOE OTHOIIEHWE p HA MHOXKECTBE
BCEX KOMILJIEKCHBIX YHCEJ SIBJISIETCS] OTHOIIEHWEM 3KBUBAJIEHTHO-
cru. N306pa3uTe K1acChl SKBUBAJIEHTHOCTH HA TJIOCKOCTH:

16.1. z1pzy TOrgAa M TONBKO TOTAA, KOraa |z1| = |2al;

16.2. z1pzy TOrAA M TONBKO TOTIA, KOraa 21/z9 € R;

16.3. z1pzy TOrIA W TONBLKO TOTJA, KOTAA 21 /29 € R*. 3neco
R* — MHOXKeCTBO BCeX MOTOKUTETLHBIX JeHCTBUTEILHBIX UHCeT.

17. Jokaxkute, 9T0 0ObeIMHEHNE BCEX KOPHEN n-if CTEMeHn u3
KOMIIJIEKCHBIX YHCEJI 2 U —Z COBMAJIaeT ¢ MHOYKECTBOM BCEX KOPHEi
2n-it cremenu n3 z2.

18. Tycte n,s € N, s > 2. Bepuo s pasencreo V25 = /27

19. Pemmre cneayromme ypasuenust: (z + 1)" + (z — 1) = 0;
+1)"—(z=1)"=0;(z+9)"+ (z—)" =0.

20. Ilycts z — mepBOOOpa3HbIil KOPEHb HEYUETHOM CTEMeHU N U3
enuaUIpl. Jlokaxkure, uTo (—2z) — mepBooOpPaA3HbIl KOPEHb CTENeHn
2n U3 eIMHUIILI.

21. Ilycts 2z — mepBo0Opa3HbIil KOPEHB CTETIEHN 271 U3 €IUHUIIHI.
Hokaxkure, uro z wan (—z) — 1MepBoOOPaA3HBIN KOPEHb CTENeHN 1
U3 eIVHWUIIHL.

22. O603HaunM uepes o(n) cymMMmy BCeX MepBOOOPA3HBIX KOPHEil
cremenu n > 1 u3 enununbl. Jlokakure caeyonine yTBepK/IeHUs:

22.1. ¥gpo(d) = 0;

22.2. Ecim p — mpocroe uncio, 1o o(p) = —1;

22.3. Ecin p — mpoctoe gncio, k > 1, To o(p*) = 0;

22.4. Eciu r u § — B3aUMHO TPOCTBIE HATypaJbHBbIE UUCIA,
r>1,s>1 10 o(rs) =o(r)o(s).

23. densiercst m wncio (24 14)/(2 — i) KopHEM HEKOTODOIt cTe-
NEHU U3 eJUHULIBI!

24. HaiinuTe KOMILIEKCHBIE YNC/IA, COOTBETCTBYIOIINE MPOTHU-
BOTIOJIOYKHBIM BEPIITMHAM KBaJIpaTa, eCIu IBYM APYTHM BepIIHHAM
COOTBETCTBYIOT KOMILJIEKCHBIE UHNCIA Z U W.
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5.9. Jonoanumenvhvie 3adauu

25. Haiinure KOMIJIEKCHBIE YNCIA, COOTBETCTBYIOIINE BEPIIHU-
HaM TPABUJIBHOTO N-YTOJBHUKA, €CJW JIBYM CMEXKHBIM BEPITHUHAM
COOTBETCTBYIOT KOMTIJIEKCHBIE YUCTIA 20 W 21.



6. MATPUIIHI

6.1. MaTpunbl Haa MOJASIMU

IIycte P — mosme, m m n — marypasbHble uncia. Mampuueti
pa3mepa m HA M wan m X n-mampuyet Had P HAZ0BEM TpSIMO-
YTOJBHYI0 TabJINILY

aill ai19 e alj N AT )
asy as9 e agj N ¢ o)
A= : (6.1)
a;1 a;o e aij e Ain
aml am2 ... amj ceo Qmn

COCTaBJIEHHYIO U3 JIEMEHTOB moJis [P.

Jlns obozHaueHUsT MATPHUI] HAPSITY C KPYTJIBIMUA CKOOKAME HC-
MOB3YIOT KBAJIPATHBIE W IBONHBIE MPSIMbIE CKOOKH:

ail a1 e alj e A1n
as aoo e agj e a9on,
)
a;1 a;9 N e Qgp
1OGm1 Om2 ... Amj ... Omn|
al a1 e alj . QA1n
al ago e (IQ]' e aon
a;1 ;2 e aij e Ain
Qml Am2 ... Qmj ... Amn
DJAEMEeHTHBI a;1, A2, ..., Qi UMEIOT NEePBLIM MHJIIEKCOM YUCIO 7
" COCTABJIAIOT B MaTpPHUIIE A ee i-10 CTPOKY, KOTOpad obo3zHavaeTcst
depe3 A; = (ainaiz. .. Qin). DIEMEHTH a1j, A2j, ..., G WMEIOT

BTOPBIM HHIEKCOM YHUCI0 j U COCTABJSIIOT j-ii CTOAOEI] MATPHUIIBI
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6.1. Mampuuypt Had noaaMU

A, KoTophIit 0603HATAETCST Uepes

alj

. as;
AJ = J = [alja2j e amj].

amj
DJIeMeHT a;; CTOUT B i-if CTpoOKe n j-M crombme. Marpumy A 3amm-
coiBaioT B Bugie Tabaninl (6.1), mbo cokpatieHHo:

A=(a;j), i=1,2,...,m, j=1,2,...,n,

JUHO TIEPEUnCINE BCE ee CTPOKH:

Ay

A

A= =[A145... Ay,

Am
60 mepeuncug Bee ee cronbmer: A = (AL A2 A™).

[Ipn m = n roopsT, ur0 A = (a;;) — Keadpamnas mampuyga
nopAdKa n.

JBe Marpunbl HaJ mojgeM P cuMTAOTCHa pABHBIMHI, €CJIH OHH
UMEIOT OJMHAKOBBIE PA3MePhl W 3JIEMEHTHI, CTOANIME Ha OJWHAKO-
BBIX MeCTaxX, COBMagaioT. Ipyrumu crosamu, m X n-marpuna A =
= (aij) m k x l-marpnna B = (b;;) cawtaioTcst paBHBIMH, €CIIH
m =k, n=1, a;; = b;; 11a Bcex i u j.

Marpuity, Bce 3/€eMeHTEl KOTOpPOIl PABHEI HYJIEBOMY JJIEMEHTY
nosa P, HasuIBaIOT Hy.ae6oli mampuuyeti m oboznagaroT uepes O:

00 ... 0
O — 00 ... 0

00 ... 0

Ksagparuast n X n-matpnra

100 ... 00
010 ... 00
000 ... 10
000 ... 01

Ha3bIBaeTCst edununnoli m obozHadaercs uepes F,. 3mnecs 1 — ean-
HUYHBIHN 371eMeHT nosg P. Ecin n3 KkoHTeKcTa OHATEH pa3Mep Ma-
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6. MATPUIIBI

Tpuilsl, T0 BMecto F, 6yaem nucats F.

ZJuazonasvroli mompuyedi Ha3BIBAIOT KBAAPATHYIO N X M-Ma-
TPUILY, y KOTOPO#l HA AMATOHAIN HAXOIAATCS IJIEMEHTHI a,b, ...c,d
n3 nonig P, a BHe nmuaronasam — HyJIeBOit 3meMeHT noss P

a 00 ... 0O
060 ... 00
0 0 O c 0
0 0 O 0 d
IIpu a = b= ... = ¢ = d gWaroHAJHHYIO MATPUIY HA3HIBAIOT
cxaaaprot m obo3ravaT uepes akF,:
a 00 ... 00
0 a O 0 0
aF,, =
0 00 a 0
0 00 0 a
Bepzneti mpeyzoavrnoti mompuyeti HA3BIBAIOT N X N-MaTPUILY
air a2 a3 ... Qin-1 QA1n
0 ag a3z ... a1 a2n
.. ,
0 0 0 cee OQp_1n—1 Qp—1n
0 0 0o ... 0 Ann
a HuotcHeld mpeyz0abrolt mampuyeld — MATPUILY
aill 0 0 e 0 0
asy a9 0 e 0 0
p-11 Ap-12 ap-13 --- Ap-1p—1 0O
an1 Gn2 Gn3 cee Apn—1 Gnn

Cmynenvamoti HasbiBaeTca MaTpura A = (a;j), obaamaromasn
CJIETYIOIIUMIE JIBYMsI CBOHCTBAMMU: €CJIU i-s1 CTPOKA HyJsieBast, T0 (i+
+ 1)-51 cTpOKa TaKyKe HyJieBasl; eCIM MePBble HEHYJIEBbIE JIEMEeHTHI
i-#t u (i + 1)-# crpok pacnonaraiorcsi B CTOA0OIAX ¢ HOMepamu k u
[, o k < [. ObparuM BHUMaHWE HA TO, 9YTO B ONPEIETEHUN CTY-
MEeHYATON MATPHUILI He TpebyeTcs, 9To0bl OHA ObLIa KBaIPATHOIA.
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6.2. Onepayuu Had MAMPUYAMU

Hampuwmep, u3 caeayommx geThipex MaTPHI] MePBbIE IBE —
CTyHEeHYAThIe, & JIBe MOCIEeJHNE He ABJAIOTCA CTYNeHYAThIMU:

1 2 30 1 2 3 1 21
0451,001,010,(?33).
0 06 0 0 00 0 2 6
6.2. Onepanuu HaA MaTPUIAMN
[Tycrs Teneps A = (a;;) n B = (bjj) — m X n-MaTpuips Haj

mosieMm P. Cymmoti A+ B marpunt A v B Ha3bIBaeTCst m X n-MaTpuiia
C = (cij), TaKas, 9To ¢;j = a;5 + b;j 771 BCeX i U j, TO eCTh

aill N AT ) b11 e bln
+ =
aml .- Amn bml e bmn
ai1 +b11 ... aip+bin
= . (6.2)
am1 +0m1 ... Qmn + b

Teopema 6.1. ITycms P — nose, m un — HAMYPAAOHBIE “4UC-
aa, u My, ,(P) — cosokynnocms 6cex m X n-mampuy ¢ saemen-
mamu u3 P. Tozda My, ,,(P) ¢ onepayueti caoocenua (6.2) aeaa-
emcsa addumusnoti abeaesoti epynnoti. B wacmmocmu, caosicenue
MAMPUY, 064a0aeM CACOYIOUUMYU CEOTICNEAMU:

1) caoorcenue mampuy KoMMYymMamueHo, mo ecmo

A+ B =B+ A
2) caoocerue Mampuy, acCoOuUAMUBEHO, MO ECMb
(A+B)+C=A+(B+C);

3) A+ O =0+ A=A, 20e O — nyaesas mampuua.

Bnece A, B u C — mo6kie snementsl rpynmbt My, »(P).

IIpoussedenuem uA saemenma u € P u m X n-mampuyn A
HazbIBaeTcs m X n-mMarpuna D = (d;;), Takas, 9to di; = ua;; 4us
BCEX | U j, TO €CThb

aill N AT ) uall NV TOA TS

aml  --- Qmn UAm1 .- Ulmp
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6. MATPUIIBI

Teopema 6.2. ITyemv A,B € My, n(P), 0 u 1 — nyaesoti u
edunuunoil saemenmur noas P, (—1) — npomusonoaosichud x 1
anemenm, u,v € P. Toada:

1) 1A=A,04=0;

2) A+ (—1)A=(-)A+A=0;
3) (u0)A = u(vA);

4) u(A+ B) = uA + uB;

5) (u+v)A =uA+ vA.

Marpuna (—1)A Ha3BIBAETCS NPOMUEONOAONHCHOT K MATPHUIIE
A u obosHavaeTcs depes — A.

Paccmorpum Temeps ymuoxerne marpui. Ilycrs A = (a;5) —
m X k-warpuma, B = (bj;) — k x n-marpuma. O6parnM BHIMa-
HIE Ha TO, YTO Cpa3dy TpebyeTrcs, YTOOBI YUCI0 CTOJOIOB MEepBOit
MATPUIBI OBII0 PABHO YHCAY CTPOK BTOpO# MaTpuisl. [Iponsse-
nenue i-it crpoku A; marpurnsl A Ha j-it cronter; B marpunsr B
OTIPEIEISIETCST TaK:

AiB] = (aﬂaig e aik)[bljbgj e bk]] =

= aﬂblj + aigbgj + ...+ aikbkj = Z ailbl]-. (6.3)

MTak, mpoW3BeJeHNeM CTPOKHW Ha CTOM0EI ABISETCS SJIEMEHT
nosist P, koropetit Beruncasiercs mo dgopmyse (6.3).

[Iponssenennem m x k-marpuisl A = (a;j) 0 k X N-MaTpUIEI
B = (bi;) Ha3bIBaeTCA M X N-MATPHUIA

AyBY ABZ ... A;B"™
1 2 n

AB — AyBY  AyB? ... AsB (6.4)
A,,B' A,,B? ... A,,B"

st mosydennst epBoil CTpoKW npousBenenust AB Hajmo nep-
BYIO CTPOKY MATPHUILI A yMHOKUTH HA KaXKIbIil CTOJIOEI MaTPHUIIKI
B. Jlng nonyuenusi BTOpO# CTpOKW Tponseeaenus AB wajzo BTO-
PYIO CTPOKY MaTPHUIBI A YMHOXKUTH HA KaXKJIBIA CTOIOEI] MATPUITET
B u . 1. [losromy B nponsBenennn AB Ha mepecedeHnn i-it CTPOKT
U J-TO CTOJIOIA CTOUT DJEMEHT 10/ [P, paBHBIM TPON3BEIEHUIO i-if
CcTpOoKM MaTpuibl A Ha j-it cronber marpuisl B.

BeiBoa. 1. YmHO)kaTh MOXKHO MaTpulibl A u B nipu yciaoeuw,
YTO YUCIO CTOJOIOB TEPBOTO COMHOXKHUTEJNST PABHO UHCIY CTPOK
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6.2. Onepayuu Had MAMPUYAMU

BTOPOTO COMHOXKHWTEJIA. EC.TH/I 9TO Tpe6OBaHI/Ie BBITIOJTHAETCA, TO T'O-
BOPSIT, 4TO YyMmHodHcenue maompuy A u B onpedesero. Ormernm, aro
YMHOYKEHWE KBAJAPATHBIX MATPHI] OJHOTO TIOPSI/IKA BCETAA OTTpeie-
JIEHO.

2. YMHOXKATH MATPUIILI CJIEIYeT 10 TPABUIY «CTPOKM HA CTOJ-
6erry. CTpoka TIEPBOTO COMHOXKUTEJIST YMHOXKAETCS HA CTOIOEI] BTO-
poro comuoXkuTEsA 110 bopmysie (6.3).

3. TIpowsBejiennemM sIBISIETCS M X N-MaTPUIA, OMpeesieMast
dbopmymoii (6.4). 31ech m — YUCIO CTPOK MEPBOTO COMHOKUTEIS,
N — YHUCI0 CTOJOIOB BTOPOTO COMHOMKUTEJIS.

Mpumep 6.1. Haitanre nponssenenne MaTpuil

(0 2) (4 o3)

O Tlo dbopmynam (6.3) u (6.4) nonyuaem:

(0 2) (o 5)-
1-1+42(-1) 1-442.0 1-3+42-2
B (0'1+(—1)(—1) 0-4+(-1)0 0-3+(—1)2> -

(-1 47
“\1 0 —2)

OTMeTI/IM, Y9TO YMHOXKEHUE ITUX K€ MaTPUI[ B O6paTHOM T10-
psIKe He ONpeeseHo. X
Mpumep 6.2. Bounciaure 3uavenune muorowiena f(r) = x* —

— 2x 4+ 3 or MaTpUIIH!
2 0
A_<1 _1).

O Tax kak f(A) = A2 — 2A + 3F5, 1o

(G 2)=G 26 5) =0 5)
+3(é )" (13)-
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6. MATPUIIBI

Mpumep 6.3. Haiiaure 2 X 2-marpuiy X, yI0BIETBOPSIONIYIO

YCJIOBHUIO
1 2 3 0
2(3 4>_X_<0 3)'

Tl T
] Ilycte X = 12 , TOT/Ia
To1 T2

9 1 2 . 11 T12 . 3 0
3 4 21 T22 o 0 3 ’
2 — I11 4 — X192 . 3 0
6 — 21 8 — 99 o 0 3 )
JIBe MaTpuIILl PaBHBI, CIW PABHBI JIEMEHTHI, CTOSIIINE Ha OIN-

HAaKOBBIX Mectax. [losToMy mociesHnee PaBEHCTBO MATPWIL TPUBO-
JUT K ypaBHeHuAM: 2—x11 = 3,4—x12 = 0, 6—2x9; = 0, 8—x290 = 3.

OTKy,Z[a r11 = —1, Tr12 = 4, Tro1 = 6, oo = 5.
-1 4
X = . X
Orser ( 6 5)

Teopema 6.3. Onepayuu Had mampuyamu 0baadarom ciedy-
0WUMU COTICMBAMU:

1) ecau A — m x n-mampuya, mo AE, = E, A= A;

2) ymHodMCEHUE MAMPUY, ACCOUUAMUEHO; DOAEE MOYHO! €CAU
onpedesero 0dno u3 npoussedenuti (AB)C, A(BC), mo onpede-
aeno u dpyzoe, u (AB)C = A(BC);

3) YMHONHCENUE U CAONHCENUE MAMPUY, CEAZAHBL DBYMA 3GKOHA-
MU JucmpubymusHocmu; boaee MmodHo:

3.1) ecau onpedesero odno us ewpasicenuti (A+ B)C, AC +
+ BC, mo onpedeaero u dpyzoe, u (A+ B)C = AC + BC;

3.2) ecau onpedesero 0dno us evipasicenuti A(B+ C'), AB +
+ AC, mo onpedeseno u dpyzoe, u A(B + C) = AB + AC;

4) u(AB) = (uA)B = A(uB) 0daa awbozo u € P u aobwx
mampuy, A u B, das xomopwir ymuoscenue AB onpedeneno.

3aMernmM, UTO YMHOXKEHWE MaTPHUIl HEKOMMYTaTUBHO. [Ipnme-
POM CJIYZKAT CJIEAYIONINE MaTPUIIbL:

a=(y9) 2= (0 3)
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6.2. Onepayuu Had MAMPUYAMU

Tl sTax aaTpm AB = ; g) (:; :2))) _
=<§ 3 s s ares) - (G )

(06

Teopema 6.4. ITycmv P — nose, m — namypasvhoe “ucao,
u M, (P) — cosokynnocmov 6cex k6adpammnux m X m-mampuly ¢
anemenmamu u3 P. Toeda M,,(P) ¢ onepayusmu caoocernusn (6.2)
u ymmoorcenun (6.4) ABAAEMCA HEKOMMYMAMUSHHM KOALUOM C
edunuuyeti Fy,

Konbro M,,(IP) HasbiBaercst noaHsM MAMPUYHBIM KOALUOM
pazmeprocmu m Had nosem P.

[Mycrs A = (a;;) — m X n-marpuna. Marpuia, y KoTopoit i-ii
crosiber; coBmagaer ¢ i-ii cTpokoit marpuitbl A mpu JioboM i =

=1,2,3,...,m, Ha3BIBAETCI MPAHCNOHUPOSAHHOT K Mampuue A n
obo3HAYAETCs uepes AT, s MaTpUITe!
aill a9 e alj ce. Qlp
any a9 e agj .o Q9n
A pu—
a;1 ;2 e CLZ']' e Ain
ml Gm2 ... Amj ... amp
TPaHCITOHUPOBaHHad MaTPUIla UMEEeT BUJ:
aij;] agr ... Qi1 ... Qml
a2 a2 ... a2 ... Qm2
AT =
alj (ZQ]' e CLZ‘j e amj
a1y a2n ... Qip ... Qmn

Teopema 6.5. IIycmv A = (a;5), B = (bij) — m X n-mampu-
U, u € P. Toeda:
1) (AT)T = 4;
2) u(AT) = (WA);
3) (A+ B)T = AT + BT,
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6. MATPUIIBI

4) ecau m =n, mo (AB)T = BTAT.
Mpumep 6.4. Burancnre 24 — BC + 3AT, ecm

—2i 4 30 2
A_<z‘ i—3>’ B‘(o 12

0 Haiimem npon3ssegenue marpurn B n C:

1
3.0 2

BC‘<0 1 2> 2

3-14+0-242(-1)

0-1+1-242(-1)

3(—
0(—
(323 313) -

Torna 24 — BC + 3AT

2)
2)

(=4 8 —4 "
2 2i—6 1
_(—4i—1-6i 87(7 )+ 3i
o\ 20—-0+12 —6—-1+32—-9

0 (—1-10c 12+ 3¢
TReT 12420 —16 4 5

-
(7 3>‘ < W

(i
(5

-2
_1 —

1 -2
), c=1|2 -1
1

1

( 1)+2- 1>

1(~=1)+2-1

+)

61
12

1—10:
12423

Mpumep 6.5. Pemure MaTpuyunoe ypaBHEHHE

—2X — AT (B -34)T

1 -1 -1 0
F,ZLEA—<2 3>,B—<1 _2>.

[ Ucxoamoe ypaBHEHWE MMEET BUI:

a3 ) (%) 008

T
1 2\ (-4 3
—2X (—1 3> * (-5 —11>
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6.2. Onepayuu Had MAMPUYAMU
2 (V05 3)=6 )
(3 5) =06 %)
X = (é _31> B <_45 —_174> - (—62 167> ’
X = _71 (—62 167> - <_13 —1_73/2> '
OTBETSX:<_3 -3 ) X

1 —17/2

Mpumep 6.6. Pemure cucreMy MaTpUYHBIX YpPaBHEHMIA

0 1
v (0 1)

1 -2
s (b 2).

[J VMHOXKXUM MepBOe ypaBHEHWE CUCTEMbBI HA 2 W CIOYXKUM CO
BTOPBIM:

0 1 1 -2
4X—2Y+3X+2Y_2<_1 o>+<0 1),

X = (-12 (1)> X = % (—12 (1)> - <—12//77 1(/)7>'

YMHOXKHM TI€PBOE yPABHEHWE CHCTEMBI Ha (—3) U CJIOXKUM €ro co
BTOPBIM, YMHOYKEHHBIM Ha 2:

—6X+3Y+6X+4Y:—3<0 1>+2<1 _12>

-1 0 0
(3 9 r-1C D) -CF o)
o= (L 2R ) s
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6. MATPUIIBI

b) mazg mosem C,
b a

s xkotopoix A2 — 4A + 5E = O. Bnecy E,O — equuudmas u
HyseBas 2 X 2-MaTpPUIIHI.

Mpumep 6.7. Haiigure marpunsr A = <a

[0 CormacHo yCIOBHIO
a b ab_4ab+510_00
b a)\b a b a 0 1/ \0 0)’
o +b° 2ab \ _ (4a 4b) (5 0) (0 0
2ab  a*+b? 4b da 05/ \0 0)
a’?+b* —4a+5 2ab — 4b {00
2ab — 4b a?+b*—4a+5) \0 0)
W3 nocaerero paBeHCTRA TIOIYYUM CUCTEMY
a>+b%—4a+5=0
2ab — 4b = 0.
13 sroporo ypasuenus b(2a — 4) = 0 caemyer, uro au6o b = 0,
b0 2a — 4 = 0. Ecu b = 0, T0 u3 mepBOro ypaBHEHWS CHUCTEMBI
a’—4a+5 = 0 nonyunm: a; = 2—1i, ag = 2+4. Ecm 2a—4 = 0, 10

ecTh a4 = 2, TO U3 TEPBOTO ypaBHeHus moayuaem b?> = —1, orky/a
by =1, by = —i.

2—1 0 241 0
OTBeT:A1:<O 2_1,), A2:<0 2+i>’

2 4 2 —i
A3_<Z, 2), A4_<_Z, 2). 2

6.3. DueMmeHTapHbIE TPEOOPa30BaHUA CTPOK MAaTPWUIL

[Mycrs A = (a;;) — k X l-marpuna nazx noaem P. Saemernmap-
HOLMU NPEOOPA3OBAHUAMU CMPOK MAMPUYD, A HA3BIBAIOTCS CIETY-
foIIre Ipeobpa30OBaAHNA:

1) ymHOXKeHME KaKOH-M00 CTPOKM MaTpuipl A Ha HeHyJ1eBoi
snemenT mond P;

2) mpubasyienne K CTpoKe MaTpuisl A ApyToii ee CTpoKM, yMHO-
JKeHHO# Ha smeMeHT mond P.
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6.4. Obpammuas mampuya

Jlemma 6.6. 1. C nomowpro saemenmaproix npeobpasdosanut
MONHCHO MOMEHAMD MECTNAMU A100LE 06E CMPOKYU MATPULDL.

2. daemenmaprvie NPeobpasosaHus 0bPamuMbL, MO ECb ECAl
mampuya B noaywaemea uz A 6 pesyavmame kaxozo-nubydo sae-
MEHMAPHO20 Npeobpazosarud, mo u mampuya A moocem 6vims
noayywena u3 B 6 peaysvmame saemenmapHozo npeobpa3osaHu.

Beuay n. 1 1emmbt 6.6 mepecTaHOBKY CTPOK TaKKe MOYKHO TTPHU-
YUCIATH K 3IEMEHTAPHBIM MPE0OPA3OBAHUSIM.

Teopema 6.7. Bcakxyro mMampuyy ¢ NOMOWDBIO INCMEHMAPHBLT
nPeobpasosanut MONCHO NPUBECMU K CMYNEHYAMOMY 8UJY.

Mpumep 6.8. C momoOImIBIO 3JIEMEHTAPHBIX MpPeodpa3oBAHMIA
CTPOK TIPUBEINTE K CTYIEHYATOMY BUIY MATPHUILY

-1 2 3 -4
A=12 -1 1 0
3 -1 2 1

O YMHOXKUM IEPBYIO CTPOKY MATPHUIBl A Ha 2 U CI0KUM €O
BTOPO# CTPOKOil. 3aTeM MepBYIO0 CTPOKY YMHOXKUM Ha 3 W CJIOXKUM
¢ Tperweii. B urore momyunm:

-1 2 3 -4
0 3 7 =8
0 5 11 -—-11
Ternepsb BTOPYIO CTPOKY YMHOXKUM Ha (—5/3) U CI0KUM € TpeTheii:
-1 2 3 —4
0 3 7 -8 . X

0 0 -2/3 7/3

6.4. O6paTHasg MaTpuIa

Ksagparnas marpunia A nopsiika 1 Ha3bIBAETCA 06pamumoti,
ecnu cymecTByer Matpura B, takas, uro AB = BA = E,. B stom
ciyuae Marpuna B HaspiBaercs obpammnoti x mampuuye A. Ecam
marpuna A — obpaTruMas MaTpuiia, To obpaTHad K Heil MaTpUIa
obo3nauaercs: uepes AL

Jlemma 6.8. 1. Ecau mampuuya obpamuma, mo cywecmsyem
mouro odua eti obpammas Mampuya.
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6. MATPUIIBI

2. Ecau A u B — obpamumbie mampuyst 004020 Nopadka, mo
AB obpamuma u (AB)~"'=B7tA7L.

Teopema 6.9. Obpamumyro mampuyy A ¢ nomousbro saemen-
MaApPHLLT NPeodPa3o8aHULl MONHCHO NPESPAMUMD 68 EOUHUNHYIO Ma-
mpuvy. Ipumenan amu okce npeobpasosanus 6 mom sHce nopadke
% edunuunoti mampuue, noaywum obpammyio mampuyy A~L

Ha mpaktuke ygo6HO mocrymarh tak. K marpuie A monuceiBa-
0T CMpaBa, eIMHUYHYI0 MaTpulny F W Haj TOJIyYeHHoil mMarpunei
(A | E) npoBomsaT s/eMeHTapHbIe TPeoOpa30BaHus, B PE3yJbTaTe
KOTOPBIX TIpuxoaaT K Matpuie (E | A™1).

Mpumep 6.9. C momomipio 37eMEHTAPHBIX MTpeoOpPa3oBAHUN
HalaUTe 06PATHYIO MATPUILY [JIsT MATPHUITHI

1 1 -1
A=12 1 0
-1 0 1

O Banumem marpury (A | E), tne E — eIuHUYHAs MaTpU-
na,  mpeobpasyem ee ¢ MOMOIILIO 3JIeMEHTAPHBIX MPeobpa3oBanuii
Tak, 906kl noayunaack marpuna suga (E | B). Marpuia B Gyzxer
obparroit k marpune A. Beimumem marpuny (A | E):

1 1 -1100
(AlE)=2 1 0 0 10
-1 0 1 00 1

CremaeM creyioniye /eMeHTapHble IPeoOPA30BAHUS: TIEPBYIO
crpoky marpuns (A | E) ymuoxkum Ha (—2) u npubaBuM KO BTO-
poii, 3aTem MEpPBYIO CTPOKY mpubaBuM K Tperheit. B mrore mosy-
qnM:

11 -1 1 00
0 -1 2 -2 10
0 1 0 1 01

Teneps BTOPyIO CTPOKY TpuOABUM K TPETHEIi:
1 1 -1 0 00
0o -1 2 -2 10
0o 0 2 -1 11
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6.4. Obpammuas mampuya

Bropyto crpoky ymuoxkuMm Ha (—1), a Tperhio — Ha (1/2):
1 1 -1 1 0 0
01 -2 2 -1 0
00 1 -1/2 1/2 1/2
Tperbio cTPOKY YMHOXKWM Ha 2 1 TpubaBuM KO BTOPOIi, a 3aTeM
TPEeThIO NMPUOABUM K TIEpPBOi:
110 1/2 1/2 1/2
010 1 0 1
001 —1/2 1/2 1/2
Bropyio crpoky ymHOKEM Ha (—1) 1 mpubaBuM K TepBOii:
100 —1/2 1/2 —1/2
010 1 0 1
001 —1/2 1/2 1/2
B wurore nonyuniu marpury suga (E | B), mosromy
~1/2 1/2 —1/2

A~ = 1 0 1
—1/2 1/2 1/2
Cresrtaem mpoBepKYy:
11 -1\ /-1/2 1/2 -1/2 1 00
AA =12 1 0 1 0 1 =10 1 0],
-1 0 1 -1/2 1/2 1/2 001
-1/2 1/2 —1/2 1 1 -1 1 00
A7TA = 1 0 1 2 1 0|=]010
-1/2 1/2 1/2 -1 0 1 00 1
—1/2 1/2 —1/2
Orser: A1 = 1 0 1 . X

-1/2 1/2 1/2
Mpumep 6.10. C moMOIIBIO 3/IEMEHTAPHBIX MpPE0OPaA30BAHUN
HalAUTe 06PATHYIO MATPUILY [JIsT MATPUITHI

~2i 4
A‘( i z’—3>'

O Bammmem marpuny (A|E) n nmpuseneM ee ¢ TOMOIIBIO dJTe-
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6. MATPUIIBI

MEHTapHBIX Mpeobpazosanuii crpok Kk marpuue (E|B).
—21 4 1 0
(A|E)_<z' i-3 0 1>'

YMHOXKHM TEPBYIO CTPOKY Ha (1/2) u mpubaBuM KO BTOPOii CTpOKe:

-2 4 1 0
< 0 i—1 1/2 1>'
YMHOKIM TIePBYI0 CTPOKY Ha (1/2)i, a Bropyio — na (—1/2)(i+1):
<1 2i (1/2)i 0 >
0 1 —(1/4)i—-1/4 —(1/2)yi—-1/2)"
K neproii crpoke nprbaBuM BTOPYIO, YMHOXKEHHYIO Ha (—2i):

10 —1/2+4i —14i
(0 1 —1/4— (1/4)i —1/2—(1/2)z'>'

[Monyunm marpuny suga (E|B), mosromy

_ —1/2+i —1+i
A7 = (—1/4—(1/4)z' —1/2—(1/2)¢>'

Cresrtaem mpoBepKy:

O G i) -6 )
A”‘:(Ji/? (1 1/;”(1"/2)2-) (7'% ¢43)=(5 (1))'

~1/2+i —1+i >

Omper <—1/4 —(1/4)i —1/2 — (1/2)i

6.5. IanuBuayajabHbIE 3aaHUS

1. Beraucomre AB, BA, BT A, ABC, CBA, BTC:

2 0 1 1 2
1..A=|-1 2 3|, B=[-2 -4],
2 11 ~1 -2

i =2
¢= (1 3z'>'
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6.5. Unodusudyasvroe 3adanus

| &N . N — ™ -~
\) - __ —
-~ < o — — _ —
— S [ © ™ N TP n o o
[
<t el o\ I\ 0O — N o
N = — ~ Yo RN o) — o =
I Il Il I I Il I
Sa A A Sa Sa A Sa
\I/ - \I/
21_.1 . — — ~ e L —
| | — — o | — —
T N 7N TN
Nt = T . — N e .
—_— o e o +oo o e 2 [ ™ T
_ —“ |l T - ™ _ A S
— S = — A
On/_~1_2 - n/_~012_l_¢0w011. o~ ™ n/_H‘I_.O_ —

N ST T TR I~ T

I I Il I Il Il I Il I I Il I I Il
<t Q Q

< < ) < ) < O < O < O
o o < 13 S = o
— — — — — — —
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6. MATPUIIBI

—6
_3)

—4
-2

6

N —
o

— N |

_01_

N— I g
I [ A_M
< O .
: (@n)
=2 —
— —
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6.5. Unodusudyasvroe 3adanus

2. st marpunsl C' u3 3aganus 1 BeraucanTe
C3 —5C? + 20 + 4E».

3. Pemute maTpuyunoe ypaBHeHTe

5X +3A4 —2C0T = (24 - 30)7,

2 -1
rae C' — marpuna u3 3aganudg 1, a A = <_3 4 )

4. Permure cucTreMy MaTPUYHBIX ypaBHEHUIT

n—8 1
X+Y_< 0 n+3>
n+50
2X+(n—16)y_<_2 4>,
rme n € {1,2,...,15}.
z

5. Haiiagure marpunnsr A = (w

w
ma1 nostem C, yaoBieTBo-
z

PSIOININE YCIOBUIO.

5.1. A2+ A+ Ey, = 0. 5.2. 24%2 — A+ 2E, = O.
5.3.3424+ A+ E>, = O. 5.4. A2+ 2A+5EF5 = O.
5.5. =242 +3A —2FE, =0. 5.6. —A>2+ A —2E, = O.
5.7.5A24+3A+42F, =0. 5.8 A2+ 3A+4E, =O.
5.9. 242 —3A +5F5 = O. 5.10. 342 —2A + E5 = O.
5.11. 4A2 +3A+2E, = 0. 5.12. =242 +3A —4E5 = O.
5.13. 642 —2A + Ey = O. 5.14. 5A%2 —2A + 2E, = O.
5.15. =342 + A —2E5 = O.

6. IIpuBeguTe MaTpuILl U3 337aund 1 K CTyIeHIATOMY BUIY.

7. Onst matpuiel F' ¢ moMoIpio aaeMeHTapHBIX mpeobpas3oBa-
HU CTPOK BBIYUCIUTE OOPATHYIO MATPHILY.

1 1 -1 2 2 1 11
2 3 -3 7 —4 1 5 4
TLFE=| S % ) N e = 0,
1 2 -3 6 2 0 5 2
-1 -1 0 2 1 -1 1 0
-2 -1 3 3 2 -1 -1 5
3 F=| 7 g S| rar=| 5 5 5 7
-1 0 2 6 1 0 -1 5
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6. MATPUIIBI

1 1 2 -1 1 -2 1 1
-3 —4 -3 8 3 -5 5 6
7.5. F = 9 9 3 _4 7.6. F = 5 4 _3 9
1 0 4 3 1 -1 2 7
-1 1 0 1 1 -1 2 0
-2 4 1 -1 2 0 5 3
7.7. F = 5 _3 1 -1 7.8. F = 3 3 -5 _9
-1 3 2 1 1 1 4 2
2 -1 1 1 1 -1 -1 =2
-4 1 -3 1 -1 0 3 5
7.9. F = 5 1 0 5 7.10. F = 5 _9 3 0
2 -2 -1 9 1 -2 0 6
2 1 0 -1 1 1 -3 -1
-2 0 3 0 2 0 7 5
7.11. F = 4 2 1 -4 7.12. F = 5 3 _8 4
2 2 4 -3 1 3 -1 2
1 2 -1 3 -2 1 3 4
-2 -5 5 —4 4 -1 -1 -9
713.F = 5 6 4 13 |-T4F= 5 1 -2 0
1 1 1 10 -2 2 9 6
-1 1 4 5
7.15. F = 1 0 -6 -4

2 -2 -9 -7
-1 2 1 10
8. C mOMOIIBIO 9JIEMEHTAPHBIX MpPeobpa3oBaHUil HaliguTe Ma-
Tpuity, ooparuyio matpuie C u3 3aganus 1.

6.6. lommotHUTEIbHBIE 3a/1a9U

1. Beraucniure npu Ji1060M HATYPAIBHOM 7.

4 —-3\" A 1 a\"
() e () ()
0
1
0

t

1 n
1
0
. n

cosp  singp
—singp cosyp)

2. B konbax Ma(P) u M3(P), P € {R,C,Z9, Z3, Zs}, naiigure
BCE MATPHUIBI, KBA/IPAThl KOTOPBIX PABHBI:

0

0 1

1.4. 0] . 1.5.10
2 0

O O N

b
0
1

1.6
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6.6. onoanumenvhvie 3adavu

2. 1. myneBoit MmaTpuIle; 2.2. equHUYHON MaTpUIlE;
2.3. ckangpuoit marpure; 2.4. IMArOHAJBHON MaTpHUIIe.
2.5. BepxHell TpeyroJbHON MATPUIIE;

2.6. HUKHEN TPEYTOIBHON MaTpHIle.

3. Oycts f(x) = 22 — (a + d)z + (ad — bc) mw A = <Z Z)
Hoxkaxwure, uro f(A) = O.
4. Pemmire u uccienyiite ypaBHEHUE
a b\ (x y\ (1 0
(c d) <z u) N <0 1>
OTHOCUTEJILHO TEPEMEHHBIX X, Y, 2, U.
5. Pemure cucTteMbl MATPUYHBIX YpaBHEHUIA.

X+Y:<11> 2X—Y:<01>

01 —-10

5. 1. 10 5. 2. 0_2
2X+3Y:<01>. —4X+2Y:<20>.

6. Hdoxaxkure, uro mus marpur; A, B € M, (R) HeBo3MOXKHO
pasencrso AB — BA = E.

7. Ilyets A € M, (R), A2 = A. Jlokaxute, uto (2A—E)? = E.

8. JIse kBajpaTHbie MATPUIBI A 1 B 0IHOTO TOPsiIKa HA3BIBA-
0TCa nepecmanogounvimu, eciu AB = BA. JlokazkuTe, 9T0 cCyMMa
¥ TPOW3BEEHNE MATPUIL, TEPECTAHOBOYHBIX C ITaHHON MaTPUIEIl,
TAKKe TTePECTAHOBOYHbBI C HEML.

9. MIycts A € M, (R). Jokaxure, aro marpuna A nepecra-
HOBOYHA C KaxKJOW AWMaroHabHOW MaTpUIEd MOpAAKa 7. TOTAa W
TOJIBKO TOTJa, KOTJa MaTpuia A cama JuaroHaIbHasl.

10. /Tokaxkwure, 9TO MaTPUIIEI

1 a2 a3 1 bia bi3
A= 0 1 ass |, B = 0 1 b23
0O O 1 0 O 1

MepecTaHOBOYHBI TOTIA M TOJABKO TOTIA, KOTaa a12bog = bioass.
11. Iycts A m B — kBagpaTHbIe MATPHUIHI OJHOTO MMTOPSIIKA HAT
mostem R. JlokaykuTe paBHOCHIBHOCTH CAEAYIOMINX YTBEPK IEHMIA:
11.1. (A+ B)? = A2 + 2AB + B?;
11.2. (A+ B)(A - B) = A2 - B,

11.3. marpunst A u B mepecTaHOBOYHBI.
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6. MATPUIIBI

12. Tlycre A — obparumast KBajgparHas Marpuma. Jlokaxkure,
aro (A7)T = (AT)~L.

13. Marpuna S HasbiBaercst cummempuueckoti, ecm ST = S.
IMycts A — mpousBobHAST KBaApaTHast MaTpuia. Jlokaykure, 4To
cumMerprueckuMu spasiorces marpunsr AT, AAT, A+ AT

14. Marpuma K HA3LIBAETCI KOCOCUMMEMPUHECKOU, €Can
KT = —K. Ilycts A — mpousBosnbHas KBaJpaTHas MaTpuia. Jlo-
kazkute, 90 A — AT — KococmMMeTpHTecKas MaTpHIA.

15. ToxkaxkuTe, 9TO KaxKgasd KBaJIpaTHAs MATPHUIA TIPeICTaBU-
Ma B BUIE CYMMBbl CHMMETPUYECKONW W KOCOCHMMETPUIECKONW Ma-
TPWII.

16. JlokaxkuTe CIeayIOIINe YTBEPK ICHUS:

16. 1. mpon3sBesieANe IBYX CUMMETPUIECKUX MU KOCOCHMMET-
PUUECKUX MATPHUI] ABJSIETCS CUMMETPUTIECKON MaTpuiieii Toraa u
TOJILKO TOT/1A, KOTJA 3TU MATPHUIILI TEPECTAHOBOYHBI;

16. 2. mpousBeneHe CUMMETPUIECKON U KOCOCUMMETPUYECKOM
MaTPWUI] IBJIFEeTCI KOCOCUMMETPUIECKOH MAaTPUIEl TOTAA U TOJHKO
TOTA, KOTJA 3TU MaTPUITHI TEePECTAHOBOIHHI.

17. HaiianTe Bce KBaJApaTHBIE MATPUIIHI, TTEPECTAHOBOYHBIE CO
BCEMU KBAIPATHBIMU MATPHUIIAMU TOTO K€ MOPSIKA.

18. Haitinure Bce BepxHHWE TPEyrO/JbHBIE MATPHUIIHI, TIEPECTAHO-
BOYHBIE CO BCEMU BEPXHUMU TPEYTOMBHBIMU MATPHUIIAMU TOTO K€
MOPsiIKA.

19. TokaxkmuTe, 9TO B KOJbIIE KBAIPATHBIX MATPUI] HAJ TOJEM
CTIPABEIJINBLI CIEAYIONINE YTBEPKIEHN:

19.1. obparumast MaTpuIa HE SABIAETCA IEJIUTEIEM HYJIS;

19. 2. mr0bast maTpuia anb60 obpaTnMa, JTUO0 SIBISIETCS IeIn-
TeeM HYJId.

20. Ilycte A mw B — kBajgpaTHBIE MaTPHUII OZHOIO MOPSIIKA.
Hokaxkure, uro ecau marpuna F + AB obparnma, TO Marpuia
E + BA Tak:ke obparmma.

21. C moMOIIBI0 3/IEMEHTAPHBIX TPe0OpPA30BaHUI CTPOK TTPUBE-
JIUTE K CTYIEeHIATOMY BUIY CJAEAYIOIINE MATPHUIIHI.

€ MQ(ZQ), € Mg(Zg)

| = Ol
Ol =] =
= Ol =
=l
ol ol o
e e )
ol ol Sl
Sl N ©

22. JlokaxkuTe, UTO 3/IEMEHTAPHOE TTPE0OpaA30BAHUE CTPOK Ma-
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6.6. onoanumenvhvie 3adavu

TPUIHI PABHOCUIFHO YMHOYKEHUIO CJIEBA, HA HEKOTOPYIO 0OpaTUMYyI0
MaTpHILy.

23. ABagiorcst n KOJBIAMHU CJIEAYIOIINE MHOYKECTBA MATPHUIL C
OTIEPANIAMH CJIOKEHNSA W YMHOMKEHUS?

23.1.{(2Z ?;b)m,bez}. 23.2.{(2 _ab>|a,b€3Z}.
23.3.{(‘; 2>|a,b€(@}.

24. Hokaxwute, uro matpuna A € Ms(R) asnsierca gemurenem
uysnst. Haiinnre Bce takme marpursl B € Ms(R), masg Koropbix
AB = 0.

1 0 0 0 11
wia= ()0 2uaan (00 maan (3 )

1 2 01
24.4.A-<2 4>. 24.5.A—<0 3>.



7. OIPEAEJINTEJIN

7.1. Onpenenuresib MAaTPUIbI U €r0 CBOMCTBA

Bynem paccMaTpuBaTh TOIBKO KBaJpaTHBIE MaTpHIbl. [IycTh
A = (a;j) — KBaJpaTHagd MaTpuna nopgaka n zag moaem P. Hyse-
BOM U eIUHUYHBIN 371eMEeHTHI 1107151 [P 6y1eM Ha3bIBATH TAKXKe HYJIEeM
n eqwHAIEH m obo3HavaTh yepe3 0 n 1.

Onpedeaumenem (W demepmunaHmom) Mampuyb, A Ha3bIBa-
ercs sseMenT det A mosst P, KOTOPBIN BEIYUCISIETCS 110 CIeIY IOt

dopmye:

detA = Z SGNTA17(1)A27(2) - - - Anr(n)- (7.1)
TESn
31ech cyMMHUpPOBaHWE BEJETCS 110 BCEM MEPEeCTAHOBKAM U3 CHM-
METPHUYECKO TPYIILI S, CTENeHn N, TO3TOMY B TIpaBoii uactu dhop-
mysbl (7.1) ancno cnaraembix pasao nl. JInsg kaxaoit nepectanos-
KW 7 € Sy, BRIUCIAETCS CBOE CTATaeMoe SgNT A r(1)A2r(2) - - - Anr(n)-
Kaxxmoe mpoussegenne

A17(1)@27(2) - - - Onr(n) (7.2)
COCTOUT U3 M COMHOXKUTEeH. [L0CKOIBKY TMepBble MHIEKCH —
9TO HOMEpa CTPOK Marpunbl A, To nmpoussenenue (7.2) comepx ur
9JIEMEHT M3 Kaxkjoil crpoku. [TepecraHoBKa pas3MdHBbIE 3/I€MEH-
Thl TIEPEBOJUT B PA3JIUYHBIE, TTO3TOMY Cpe€In BTOPBIX HWHIEKCOB
7(1),7(2),...,7(n) Her comamaomux. Ho Bropbie MHIEKCH — HO-
Mepa CTOOIOB MaTpurbl A, 3HaunT B npousBegenun (7.2) wme-
ercsl a7MeMeHT W3 Kaxkjaoro cronbdma. Tak kak sgnt € {—1,+1},
10 Kaxkjoe ciaraemoe (7.2) ymuoxaercs Ha (—1) min va (+1) B

3aBUCUMOCTH OT TOTO, HEYETHAdA TIEPECTaHOBKa T WJIN YE€THad.

Takum o6pasom, ompegeauTeas MaTpullbl A — 9T0 cymma
n! BCEBO3MOKHBIX TIPOU3BEJICHUN SGNT G;, j, Uiy jo - - - (i, j, HTEMEHTOB
MATpUIbl A, B3ATHIX MO OJHOMY M3 KaXKIOW CTPOKM M KaXKJOTO

crosbia, rae
= (' 2 ") € Sy
Jr J2 .-+ Jn
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7.1. Onpedeaument Mampuyb, U €20 c60lUCmMsa

Onpegenurenb MaTPULIBI TaKKe 0003HAYAETCH YEPE3

aill ailp ... Qin
az; a2 ... QAa2n
anl Qn2 ... dnp

DTa 3amuch 0COOEHHO YI00HA MPU PENIeHUN TPUMEPOB.

Mpumep 7.1. Bribepure marypasibHble 9HUCTA %, J, kK TaKuM
00pa3oM, 4TOOBI CIaraeMoe (4;G2,0320.j4 BXOIUIO B Pa3BEpHYTOE
BBIDQYKEHUE OTIPEJIeIUTEsT YeTBEPTOrO MOPSIIKA CO 3HAKOM MUHYC.

[0 B passepuyroe BhIpaxkenue onpenenurens (7.1) npu n = 4
JAHHOE CjlaraeMoe BXOJUT B BUJE SENTa4;02;0320 4, T/le TIepecTa-

HOBKA
4 2 3 3
T ( i k2 4 >
OueBunno, uto j = 1, a a7 ¢ U k BOZMOXKHBI 2 CIydast:
1)i=1, k =3. Torna
(4 2 3 1Y\ _ 4-2 _
T = < 13 9 4 > = (41)(23), sgnt = (—1)* “ = 1.
2) i =3, k=1. Torna
(42 3 1\ _ -1
T = < 31 92 4 > = (4321), sgnt = (—1)* " = —1.
Taxum obpazom, nipu ¢ = 3, j = 1, k = 1 cnaraemoe a4;a2;a3204
UMEEeT 3HaK MUHYC.
Orsemi=3,j=1,k=1. X
Mpumep 7.2. Beraucaure onpemenTe/n MATPUIL MOPSIIKA 1 <
< 3.

O Ouesnpno, 1x 1-maTpuna (a) nMeer ompee/uTe b, pABHBIH
sanementy a. [lycte n = 2. Torma

_ (a1 a2 o 1 2 1 2
A= (agl a22>’ Sz o {<1 2>’ <2 1> }
[Mpumensig dopmyny (7.1), moxywaem:

a1l ai12

= Ssgnrta a = a11a92 — a12a921.
ag1 a9 E g 17(1) @27 (2)

TESY
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7. OIIPEJEJINTEJIN

IIycts n = 3. Torga
ail a2 a3
A= a2 ax ax

)

asy asz2 ass
o _ (123 1 2 3 1 2 3
373\ 2 3)7\2 3 1) \3 1 2)
1 2 3 1 2 3 1 2 3
3210 \213)\13 2

[Tpumensig dopmyny (7.1), moxygaem:
air a2 a3

a1 a2 a3 | = E SgNTA17(1)A27(2)3r(3) =

a1 asz ass TES3
= 11022033 + @12a23031 + G13021A32 — (13022031 — (12021033 —
— a11a23a32. X

DopMyJIBI BLITUCTEHUS OMPeIeTUTE el BTOPOTO U TPETHETO TI0-
PAIKOB Jlerde 3allOMHUTH C TTOMOIIBIO CJIeAYIONINX PUCYHKOB:

S A

Mpumep 7.3. Boruuciure ompeaenuTesu:

P 3 -1 2
. , 1 4 0
2 1+2 1 9 1

[J Bocronmbs3yemcs TPUBEIEHHBIMU PUCYHKAMU.

; 2;12 =i(i+2) - (-1)2=424+2i+2=1+2i.

3 -1 2

1 4 0|=34-141-2-24(=1)0(=1) —2-4(-1)—
-1 2 1

—3-0-2—(-1)1-1=12+4+8+1=25.

Orser 1+ 24 25. X
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7.1. Onpedeaument Mampuyb, U €20 c60lUCmMsa

Mpumep 7.4. Borauciure onpenenTens BEPXHEH TPEyTOIbHON
MAaTPHITBI

ail a2 ... Qip—1 Ain
0 ax ... axp aonp
A= .. . (7.3)
0 0 coo OGp—1n-1 On-—1n
0 0o ... 0 Ann,

O B cymme (7.1) uHTEepecHBI TOJIBKO HEHYJIEBBIE ClaraeMble.
OueBnnHo, Apr(n) MOXKET OBITH OTJMYHO OT HYJs TOJIBKO TPH
7(n) = n. neMEHT ay_ir(n—1) 7 0 TOMBKO MPH T(N—1) =n—1mn
. 1. Utak, B cymme (7.1) TOMBKO OJTHO CIATAEMOE (11G22 - - - Ay MO-
JKeT OBITH OTJMYHO OT HYJIsI. DTO CJIATAEMOEe COOTBETCTBYET TOK 1€~
CTBEHHO}I MepecTaHoBKe, 3HAK KOTOPOii pasen (+1). Takum obpa-
30M, ONpedeaument mpey2osvhoti Mampuyd, Paser NPouU3sedeHuI0

Ua2OHANHUL dAemenmos det A = aj1ags . . . Qnp- X
Ananoruuno, onpedeaumentd wustcHeli mpeyzosvHoti Mampuyb
ajl 0 0 e 0 0
as as9 0 e 0 0
p—11 QAp-12 ap-13 --- Qp-1p-1 0O
Gnl an?2 an3 v Gpn—1 Qnn

pasen npoussedenuto UaZOHANLHBLL INCMEHMOB.

B uwacrnocTtu, onpedeaument ouazonasvHoti Mampuyb, paseH
npou3sedeHut0 JUGZOHANLHHIL INCMEHMOB, 0 ONPedesumens edu-
HUYHOT, MAMPUYDL PABEH COUHUYHOMY IAEMEHMY NOAS.

Paccmorpum temepn croiictBa onpemenutesieii. [lockonbky B
JI000M ctaraeMoM CyMMBI (7.1) eCcTh TpeICTaBUTe b KaXK 10l CTPO-
KI ¥ KayKJIOTO CTOJI0IA, TO BBINOJHAIOTCH CJIEIYIONINE CBOMCTBA.

CBOVICTBO 1. Onpedeaumenrt mampuyst ¢ HYAEE0T cmporoli
UAU HYAEBBIM CMOAOYOM PABEH HYAW.

CBOVCTBO 2. IIpu mpancnoHuposaHuy MAmpuys, onpedenis-
meav ne menaemca, mo ecms detA = det AT,

CroiicTBO 2 MO3BOJISIET BCE YTBEPXKIeHUs 00 ONpeenTe/ie Ma-
TPWIIBI, BBICKA3aHHBIE IJIs CTPOK, TIEPEHOCUTH Ha OTpPeIe/NTe/ N
MaTPWII, CBA3aHHRIE CO CTOIOIIAMM.

CBONCTBO 3. Ecau mampuua B noaywaemca u3 mampuios
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7. OIIPEJEJINTEJIN

A nocae YMHONMCEHUA KAAHCI020 IAEMEHMA HEKOMOPOT CPOKU HA
anemenm v € P, mo detB = vdetA. Jpysumu caosamu, npu
BHUUCACHUU ONPEJeAUMENA 0OWUTE MHOHCUMEND BCET FNEMEHMOE
HeKOmopoti cmpoky (cmoabya) MoAHCHO BBIHOCUMY 3G 3HAK ONpe-
deaumens.

Mpumep 7.5. Ilycts v € P, A = (a;;) € M,(P). Beraucnure
det(vA).

O TIpomseenennem vA ABISETCA MaTPHUIIA

vai;p ... UVain
vA =
Vapl ... Vapy
Brimocst uncio v m3 KaxkIo# CTpOKM MaTpuIibl vA, monydaem,
aro det(vA) = v"det A. X
CBONCTBO 4. Ecau kaocduii snemenm k-t cmpoxu Mampuos
A ecmb cymma 08YT CAGRAEMUT Gk; + Qf;, MO ONPEJEAUMEND MA-
mpuyv A pagen cymme onpedeaumeneti 08YT Mampuy, Y KOMOPHLL
6ce cmpoku, kpome k-ii, npesicnue, a k-a cmpoxa nepsoti mampu-
Ybl COCMOUM, U3 NEPEYLL CAGZAEMDIT Gfi, G 6MOPOTi — U3 6MOPHLL
CAQRAEMVIT Q) ;, O ECTND

al e A1p
det | ag1 + a}, apn, + a), | =
[07°% ] ‘e Ay
all ... Qin ailr ... Qin
=det | a1 agn | +det | af, @,
anl ... Qpp anl ... Qpn

CBOMUCTBO 5. Ecau mampuya B nosywaemea us mampuyve A
6 peayabmame nepecmanosku dsyx cmpok, mo detB = —det A.

CBONCTBO 6. Onpedeaumens Mampuypbt ¢ NPONOPUUOHAADHbL-
MU CMPOKAMU PaseH HYAt0. B wacmmuocmu, nyato pasen onpedenu-
meab Mampuuysl, codepoicaweti dée 00uHAKO8bLE CMPOKU.

CBOWCTBO 7. Ecau 6ce aaemenmot Hexomopot cmpoku yMHo-
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7.1. Onpedeaument Mampuyb, U €20 c60lUCmMsa

oicums Ha saemenm v € P ou caoocums ¢ saemenmamu 0py2ot
CMPOKU, MO NOAYHUM MAMPULY, ONPEILAUMEND KOMOPOt pasen
onpedesumento UCLOOHOt MaAMPUYHL.

Mpumep 7.6. Ucnons3ya cBoiictBa 1-7, BRIYUCIUTE:

57823 —23251 _i :; _i
56823 —22251 | | |

0 Bropyio cTPOKy MepBOTo OMpeaeanTesst yMHOKIM Ha (—1)
u pubaBuM K MEPBO CTPOKE:
57823 —23251 | 1000 —1000
56823 —22251 ‘ | 56823 —22251 ‘
Berrnecem u3 mepBoit cTpoku 00Nt MHOXKUTE/Ib:
1000 —1000 1 -1
56823 —22251 56823 —22251 ‘
Teneps mepBwiit cToab€1] TPUOGABUM K BTOPOMY:
1 -1 1 0 ‘ _

= 1000

1000 = 1000

06823 —22251 06823 34572
=1000-1-34572 = 34572 000.

Bropoit onpegennTens BBIAUCINM, IPUBE/IS €r0 K TPEYTOTBHO-
My BuAy. BHauase moMensieM MeCTaMu TEPBYIO W BTOPYIO CTPOKH,
a 3aTeM TMOJIyYMBIIYIOCS EPBYI0 CTPOKY YMHOXKNUM Ha 2 n Ha (—1)
U CJTIOXKUM COOTBETCTBEHHO CO BTOPOU U TpeTheil CTPOKAMU:

2 -1 =2 -1 =2 1 -1 -2 1
-1 -2 1|=- 2 -1 -2 |=- 0 =5 0
-1 1 2 -1 1 2 0 31

ITomensiem mectamu BTOPOit u TpeTwmii cToder, a 3aTeM BTOPYIO U
TPEThIO CTPOKY:

-1 -2 1 -1 1 -2 -1 1 =2
- 0 =5 0 |= 00 -5|=—| 01 3|=-5
0 31 01 3 0 0 =5
O rBemr: 34572000, —5. X

Mpumep 7.7. Hoxkaxute, uTo Ha unciao 11 genutcs ompeaenu-

123



7. OIIPEJEJINTEJIN

TEJIb MAaTPUIIHI:

0 011
01 2 1
0 6 0 5

0 Tax xak wmena 11, 121, 1089 u 605 menarca na 11, To, ymHO-
»kas nepeeiit cronber; #a 1000, Bropoit — ma 100, Tperuit — ua 10
U TpubABJIsIsS BCE 9TO K U€TBEPTOMY CTOJIOIY, MOJTYIUM MaTPHUITY

0 01 11

01 2 121
B= 1 0 8 1089

0 6 0 605

ITo croiictBy 7 det B = detA, a mo cBoiicTBY 3 ompemeuTeNb
MaTpunibl B genutcsa Ha 11, Tak Kak Ha 11 mendarcd Bce 37eMeHTHI
IIOCeIHEro CToJIoIA. X

Onpenenmvrens Buaa,

1 1 1
aq as N Qp,
— 2 2 2
V=1 af as ... a;
n—1 n—1 n—1
ay Qg ceeoap

HasbIBaeTCA onpedeaumenem Bandepmonda. MoxkHO n0Ka3aTh, 4TO
OH BBIYUCISIETCS 0 hopMyIe

V= H (ai—aj).

1<j<i<n
Onpenenmnrenn
1 2 4
1 5 25
1 -1 1

ToC/Ie TPAHCIIOHWUPOBaHUA CTAHOBUTCA OIpPeaeInTesIeM BaH;[ep—

MOHJA, TIO3TOMY
T

1 2 4 1 2 4 1 1 1
1 5 25 |=|1 5 25 =12 5 —-1|=
1 -1 1 1 -1 1 4 25 1
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7.2. Onpedeaumens npoudsedenus Mampuy,

1 1 1
=12 5 -1 |=(B-2)(-1-2)(-1-5)=>54
22 52 (_1)2

7.2. Onpenenuresib IPOU3BEAECHUS MATPHIL

HyCTb JaHbI IB€ KBaJAPaTHBIE MaTPUIIbI
ail ... Qin b11 e blm
A= .. ., B=
anl ... Qpp bml e bmm
IMIOPAIKOB 1 X1 1M COOTBETCTBEHHO Ha/Ja II0JIEM P. BBe,Z[eM MaTpHUILy

ap ... Gip Qipntl .- Qlntm
Y = A C _ e o Gnn Gnng1r oo Gnngm
0 B 0o ... 0 b1 ... bim
0o ... 0 b1 . bmm
dcno, uTo
Gip4+1  --- Qlntm
C pu—
Gpn41 -+ Onnim

Oyzner n X m-marpuneit, a X apasercs (n-+m) X (n+m)-marpureii.
AHAJIOTMYHO CTPOATCS MATPHITHI

(& ¢) (@ 5) (5 o)

Teopema 7.1. Jlaa nocmpoeHHbs Mampuy, cnpasgediuss. pa-
BEHCNBA:

1) det (A C) = det (A O) = det Adet B;

0 B C B
0 A C A m
2) det <B C’) = det (B O> = (—1)""det AdetB.
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7. OIIPEJEJINTEJIN

Mpumep 7.8. Brrancanre ompemennTens MaTPUIHI

a 0 a O
b 0 =b 0

A= 0 c 0 ¢
d d —d —d

0] IepectaBus 2-it u 3-if CTOMOIBI, MOIYIUM MATPUILY

a a 0 O
b —=b 0 0

B= 0 0 ¢ c
d —d d —d

Tak kak detA = —detB, a

a a c c
detB = det <b —b> det <d —d>

mo Teopeme 7.1, To detA = —4abed. X

Teopema 7.2. Onpedesumens npousgedenus Mampuy, paGeH
npouseederuto onpedesumeneti, mo ecms ecau A u B — xeadpam-
Hble MAMPUYbE 001020 nopadka, mo det AB = det AdetB.

Heesvipoorcdennoti Ha3pIBAIOT MATPWILY, OMPEAEJNTENH KOTOPOii
OTJIMYEH OT HYJIEBOTO 3JEMEHTA, TIOJIA.

Teopema 7.3. 1. Obpamumas mMampuya ABAAEMCA HEEBIPO-
otcdennot.

2. Ecau A — obpamumas mampuya, mo det(A~1) = (detA)~L.

7.3. MuHOpbI 1 anredpanydeckmne JOMOJTHEHUS

[Mycrs A = (aij) € Mp(P). Munopom snemenma ay; nasbiBa-
eTCsT OTIPEIETUTETh MATPHUIIGI, TIOMYUIeHHON N3 MaTpunbl A mocie
BbluepKkuBaHus k-it cTpoku u [-ro cronbia. Muuop sieMeHTa ag;
obozuaunuM uepes My;. Munop siByisiercs aaemernToMm o P. Dire-
ment (—1)FH My € P nazeaerca anzebpauteckum donoanenuem
anemenma aj; m obo3HaTaeTcst depe3 Ay

Jlemma 7.4. Ecau pasuvt HYA0 6CE AEMEHMBL HEKOMOPOT
cmpoku  (cmoabua) Keadpammoti Mampuyb, Kpome 00H020, MO
onpedesumend pager NPOU3BEIEHUIO IMO20 INEMENME HA €20 Aj-
2ebpauseckoe donosnenue.

126



7.4. Pane mampuuyst

Teopema 7.5. Onpedeaumensv xeadpammoti mampuuyvt A =
= (a;j) pasen cymme npoussedenuti snemenmos Kaxoti-aubo cmpo-
Ku (cmoabua) ma ur aszebpauseckue JONOAHEHUA, MO ECMb

detA = ap1Ap1 + @A + ...+ apnApn, =
= ayAy +ag Ay + ...+ ap Ay

Mpumep 7.9. Boruuciure onpemenuTess
1 2 -1 =2
a b c d
2 -1 -2 1
-2 -1 1 2
O IIpumenum Teopemy 7.5 K 3J1€MEHTAM BTOPOH CTPOKU
1 2 -1 =2

2 —1 =2
a b ¢ d|_ 19 1 |4
2 -1 -2 1| YT
-2 -1 1 2
1 -1 -2 1 2 -2 1 2 -1
b 2 -2 1 |—¢| 2 -1 1 |[+d| 2 -1 —2|=
-2 1 2 -2 -1 2 -2 -1 1
=5(a+b+c+d). X

Teopema 7.6. Cymma npousdsedenuti snemenmos karxoli-4ubo
cmpoku (cmoabya) xeadpammoti mampuyst A = (a;;) Ha anrzebpau-
weckue donoAHeHus COOMEEMCMEYNOUUT IAEMEHMOE IPpY20Ti cmpo-
KU (cmoabua) paska HYyAt0, MO ecmb:

ap1Ai1 + arpAiz + ...+ appAin = 0 npu k # 1,

allAlj + ag Agj +...+ anlAnj =0npul #j.

7.4. Paar maTpuriisl

[Iyctes A = (a;j) — k x [-maTpurna. 3aduxcupyem HaTypaabHOE
9MCIO T, He Tperocxoasiee k w [. Brigeanm B MaTpuiie r CTPOK
c HOMepamu 1] < t9 < ... < %, W T CTOJOIOB C HOMEpaMu j; <
< jJo < ... < jp. DJIEMEHTHI MATPUILI A, CTOSIINE HA TTEPECeTeHNN
OTMEUYEHHBIX CTPOK M OTMEYEHHBIX CTOJOIOB, 00pa3yioT KBagpaT-
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7. OIIPEJEJINTEJIN

HYIO0 MaTPHUIY

Qirjr Qigga  --- Qigg,
QAiggn Qigga -+ Gigjy
a”irjl air]é ttt airjr

mopsaaka r. OmpenesuTess 3TOH MATPUIIE HAZBIBAETCS MUHOPOM
r-20 nopadra mampuys A. Koneuno, nst kaxkgoro r < min{k,(}
MOYKHO COCTaBUTH HECKOJBKO MUHOPOB T-TO TOPSIIKA.

Panee paccmarpuBasica MuHOp M;; 31eMeHTa KBaPATHON Ma-
Tpunpl A nopanka n. fcro, aro mmaOp M;; snmementa Oymer mwu-
HOpoM (1 — 1)-ro mopsizika MaTpuibl A.

Jlemma 7.7. Ecau 6 mampuuye 6ce MUuHOpbL T-20 Nopadka pac-
HbL HYA20, MO DPABHBL HYAN0 BCE MUHOPBL BOAEE BBICOKO20 NOPAIKA.

Panzom nenyseeoti mampuys, A Ha3BIBAETCA TAKOE HATYPATh-
HOE YHCJI0 7', YTO CPeJU MUHOPOB 7'-TO TOPsAKA MATPHUIBl A mMe-
ercst XoTsi Obl OJIMH He PaBHBIA HYJII0, a Bce MUHODPHI (r + 1)-ro
NOPAIKA, €CIN TAaKNe MOYKHO COCTABWTH, PABHBI HyJII0. Panr MaTpn-
bl A obosnagaercs depes r(A). Panr HeHy/eBoii MaTpuUIlbl BCeraa
> 1. ¥V Hy/neBoii MATPHUIIBI BCE 3MEMEHTHI PABHBI HYJIO U €€ PaHT
cunTaroT paBHBIM 0.

Ecmu r(A) = r, 10 aist m > r B cuity JeMmbl 7.7 B Marpuie A
BCE MWHOPKI M-TO TOPsIIKA PaBHBI Hya0. [103TOMy paHr Hemysie-
BOIl MaTpuUIbl A — 3TO HAMBBICIINI MOPSAJOK OTIWYHBIX OT HYJIsSt
MUHOPOB.

Mpumep 7.10. Haitagure panr MaTpuirsi

1 111
A=12 2 2 2
3 3 3 3

OO B marpuiie A cTpoku TpomopuuoHaabHel. 10 cBONCTBY 6
ompeieuTe et 11000 MUHOD -0 TOPSAKA, T > 2, 9TO# MATPHUIIEI
pasen mymio. [losTomy ee panr pasen 1. X

Teopema 7.8. Ilpu ssemenmapHuvis npeobpPa308aHUAT paH2
MEMPUYDBL HE MeEHAEMCA. B wacmuocmu, npu ssemenmaprvls npe-
00Pa3068AHUAT HEGBIPONCIEHHAA KBAOPAMHAA MAMPUYG OCTNAEMCH
HeBBIPOIAHCIeHHOT].
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7.4. Pane mampuuyst

Teopema 7.9. Pane cmynenwamoti Mampuyvt pageH 4uUcAy ee
HEHYAEBHIT CMPOK.
N3 Teopem 7.8 m 7.9 monmydyaem, 9UTO /i BBLIYUCIEHUS DPAaHTa
Marpuibl A ciegyer:
1) mpuBectn Marpuiy A K CTYMEHYATOMY BHUIY C TIOMOIIBIO
9/IEMEHTAPHBIX MPE0OPABOBAHNUI;
2) WMCI0 HEHYJIEBBIX CTPOK TMOJTYyYMBIINEHCS CTyNmeHdaToil ma-
TPHUIBI OYJET paHroM MaTpuIbl A.
Mpumep 7.11. Boeruncanre panr MaTpuIb
1 -2 1 -4 2
2 =4 3 1 0
0o 1 -1 3 1
4 -7 4 -4 5
[0 C moMoIIbio 9/IEMEHTAPHBIX TPE0OPA30BAHNN PUBETEM Ma-
TpUIly A K CTYHEHUYATOMY BUY:

A:

1 -2 1 -4 2 1 -2 1 -4 2
2 -4 3 1 0 o o 1 9 -4
A — — —
0o 1 -1 3 1 0 1 -1 3 1
4 =7 4 -4 5 0 1 0 12 -3
1 -2 1 -4 2 1 -2 -4 2
0o 1 -1 3 1 0o 1 -1 3 1
— — —
o o 1 9 -4 0 0 19 -4
0 1 0 12 -3 0 0 1 9 -4
1 -2 1 -4 2
0o 1 -1 3 1
H
0 O 1 9 -4
0 0 0 0 O
Orser r(A)=3. X

Mpumep 7.12. Boruncanre panr MaTpUIbI
5 4 3 -2 0

-1 -9 -5 1 0

11 9 5 =10

-22 —-18 —-10 2 1

A:
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7. OIIPEJEJINTEJIN

[0 C momoIpio 3/eMeHTapHbIX TPeobpa30BaHuUil HATTOJIHUM HY-
JIAMU BEPXHUN IIPaBbIil yrojl MaTPUIIBL.
) 4 3 -2 -17 -14 -7 0

U R U - 0 0 0 0

— o OO
— o OO

11 9 5 -1 Tl o9 5 -1 H
—-22 —-18 —-10 2 —-22 —-18 —-10 2
0 0 0 0 O
—-17 —-14 -7 0 O
H
11 9 5 -1 0
—-22 —-18 —-10 2 1
Orser r(A)=3. X
7.5. ®opmysa oOpaTHOI MATPUITHI
Jns xBagpaTHO#l Marpuinbl A = (aij) NopdAJIKa 71 MOCTPOUM
MaTpuUIy
Apr A oo Ap
A — A A ... Ay
A1 Aon ... Ann

KOTOPYIO HA30BEM Npucoedunennoti (uau 63aummnoti) mampuyedi x
mampuye A. IToOBI MONMYyUInTh TpUCOeAUHERHY 0 MaTpuiy A’ ma-
JI0 TOCTABUTH BMECTO KaxKJOTO 3JIEMEHTa @;;j ero ajarebpamdecKoe
JOTIO/THEHUE Aij, a 3aTeM nepeiTy K TPaHCIOHUPOBAHHON MaTpUIle.

Ecnu a — nmenynesoit amement mosia P, To obpaTHbIit eMy 3j1€-
MeHT a~ ! ycnoBuMcs TakyKe 0603HAYATE Yepe3 1/a. B wactHOCTH,
oOpaTHBI# d/eMeHT K onpeaenutenio detA HEBBIPOXKIEHHONW Ma-
tpuibl A Gymem oboznauaTs depes 1/det A.

Teopema 7.10. Ksadpamnas mampuuya obpamumae mozda u
moAabko mozda, Ko20a ona Heswvposcdena. Ecau A meswposcdena,
mo A™1 = (1/detA)A’.

Urak, a1a HeBBIPOXKAEHHONH MaTpuibl A dopmysaa obpaTHOi
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7.5. @opmyaa 0bpamnoti Mampuyvh

MaTPUIIBI UMEET BUI:

Apr A oo Ap

A1 T Ag Az ... Ape
detA detA ..

A, Aoy ... Aun

Mpumep 7.13. Haiigure 00paTHYIO K MATPHUIE 2-TO MOPSAIKA.

L] IlycTe
ail a2
A= .
az1 a2
Haiinem Bce anrebpanteckue TOTIOTHEHWS:

A1 = a, A1g = —ag1, Azl = —ai2, Ay =an.
TTosTomy mpucoeanHEHHAS MATPUIA TPUHUMAET BUL:

Al = a22 —a12
—a1 a1

Ecan detA = a11a92 — A120a21 ?é 0, TO

AL = 1 az2 —ai2
a11a22 — 12621 \—a21 A1l

X
Mpumep 7.14. Haiignre 006paTHYIO K MATPHUIE
i -2
A= (1 -4 3 )
O BoraucanM ompenesuTe b MATPUILT A:
i -2 o . )
i 3 =143i— (—2(1—1)) = —1—2i.
Haiinem Bce anrebpandveckue pononnenus: A1 = 3i, Ajg = —1+

+ 1, Aoy =2, Ago = i. CiiemoBaTenbHO,

A1 1 3i 2\
11— \-14+7 i)

_ <—6/5 —(3/5)i —2/5+ (4/5)2')
“\-1/5—-(3/5)i —2/5—(1/5)i)"
CremnaeM mpoBepKy:

1, (—6/5—(3/5)i —2/5+ (4/5)i i =2\
ATA= (-1/5 —(3/5)i —2/5— (1/5)z'> (1 i 3¢> =k
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7. OIIPEJEJINTEJIN

Amnajorngno,

_ i =2\ [(—6/5—(3/5)i —2/5+ (4/5)i
AA™ = (1—1 32'> (—1/5—(3/5)1 —2/5 — (1/5)i > =k

o (—6/5—(3/5)i —2/5+ (4/5)i
Orper AT = (—1/5—(3/5)2‘ —2/5—(1/5)z‘>' ™

Mpumep 7.15. Haiigure 0O6paTHyO K MaTPUIE

1 21
A=11 4 1
-1 5 2

O Beruncaum ompegenntens marpunbl A, a 3arem Haiigem
MPUCOETUHEHHYIO MATPHILY.

1 21
1 4 1|{=8454+4—-2-5—-4=6.
-1 5 2
4 1 1 1
An = 5 9 ‘ 3, Ag = — 1 9 |= -3,
1 4 2 1
1 1 1 2
2 1 1 1
1 2
A33 =11 4 ' = 2.
1 3 1 -2
, AT = sl=3 3 0
9 -7 2
Cnemaem mpoBepKy:
1 3 1 -2 1 21 1 00
A7tA = 5 -3 3 0 1 4 1]l=[010
9 -7 2 -1 5 2 0 01

Awnanormuno, AA™! = E.
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7.5. @opmyaa 0bpamnoti Mampuyvh

3 1 =2
Orsem A t=1/6(-3 3 0 |. X
9 -7 2
Mpumep 7.16. Haiigure 06paTHyO K MaTPUIE
1 1 -1
A= 2 1 0
-1 0 1
O Boruncium A~ mo dopwmyte o6parHoil MATPHIIEL.
X 1 Apr A Az,
A7 = —— | Az A Az
det A
¢ Az Az Ass

Haiinem detA ¢ momompio pasjioXKeHHWsT 110 3JE€MEHTaM BTOPOii
CTPOKH:

1 1 -1 1 -1
detA=] 2 1 0 |= 2(_1)2+1 ) '+
-1 0 1
1 -1 1 1
_1\242 _1)2+3 = —
+1(-1) 11 '+0( 1) 1 0 ‘ 2.

Tax kax detA = —2 # 0, To ob6parnas marpuna A~! cymecTsyer.
Haiinem anreOpamdeckue TOMOTHEHNS:

Ay = (—1)H! (1)(1)‘ =1, Ay = (—1)%F1 (1)_11 =1,
Az = (—=1)*H 1_01‘ =1, App = (-1)1*2 _212 = -2,
Agy = (—1)** _11 _11‘ =0, Agp = (—1)°* ;_01 = =2,
Ay = (—1)1+3 _21(1)‘ —1, Agy = (—1)2+3 _11(1) — 1,
Azz = (—1)3F3 ;‘ =—1.
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Takum obpazowm,

. 1 -1 1 —1/2 1/2 —1/2
A*l_7 -2 0 -2 |= 1 0 1
1 -1 -1 —1/2 1/2 1/2

Brruncnum A7 ¢ mOMOMIBIO 3/1eMeHTapHBIX Tpeobpa3zoBaHmit
crpok. 3armmiem marpuiy (A | E) u npeobpasyem ee ¢ MOMOIIbIO
a/eMeHTapHbIX npeobpasosannii kK Buay (E | B). Marpuna B u
Oyaer obparHoil s maTpuisl A.

1 1-1[100 11 —-1]100
(AJE)y=( 210 |010]—|0~-1 2 [-210 ]
-10 1 (001 1 0101
11 -1]100 11-1]1 00
—|l0-12 |—210]—[01-2|2 —-10]|~
1 1 1
00 2 [-111 00 1 |[-3 3 4
1 11 11 1
L1013 53 100 1—535 —3
—(010|1 01 ]~ ([010]1 01 |=(E|AD.
001|444/ \oor|-31 )
-1/2 1/2 —1/2
Orser Al = 1 0 1 : X
-1/2 1/2 1/2

7.6. InnuBuayaabHbIE 3aJTaHUS

1. Haitnure takwe 3uadenus 4, j, k, 9T00bI mpou3BemeHmE M
Bxoama0 B dopmyay (7.1) onpemennurenss MaTPUILI MIECTOTO TI0-
psaKa CO 3HAKOM MWHYC.
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1.1. m = agia41aj3a5ka12a64.
1.3. m = 3204104601502k 063 -
1.5. m = 4470520360 %5061 A53 -
1.7.m = 42;4320460k5051 463
1.9.m = A4402;50%30650;603] -
1.11.m = allagia63a4kaj6a34.
1.13.m = A150;205405103602 -
1.15.m = (42045066035 A1kA51 -

1.2.m = aj3a14a5iak1a26a45.
1.4. m = (62041 045025051034 -
1.6. m = A5 A1304k 62054031 -
1.8.m= a16ai3a4jak1a25a32.
1.10.m = a26035A1kA5506404] -
1.12.m = 46025 051A13034062-
1.14.m = 2304k A56A5;A11A34-



7.6. Hnousudyasvrole 3adanus

2. Brerunciaure onpenennrenu marpun A, B, C.

2.1.

2.2.

2.3.

2.4.

2.5.

2.6.

2.7.

3 —1 13547
A‘( 2 32> B_<28423
2 -1 -3
c=| 8 -7 -6
-3 4 2
2-i 1 23 528
AZ( 2 z> B_<24528
3 5 —6
c=| 24 3|
-3 1 1
3—i 2 10159
A‘( -1 —1>’ B_<11259
2 1 -1
c=|2 -1 1]
1 0 1
~1 243 [ 12353
A‘( 3i i+1>’ B_<12363
6 1 11
c=( 92 5
03 7
6—i 8 21351
A‘( ~2i 1)’ B_<16273
31 2
C=|(-10 2
121
4i 3+ 2 B
= (5 55) e
2 3 2
c=(13 -1
41 3
8 9-—i 17324
A_<—1 3i+2>’ B_<27324

—13297 26153
—13397 26253

13647
28523

)
)
)

)
)
)
)
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43621
44621

6523
7623

17829
17839

—22351
—17273

—11526
—21526
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C =

136

o~
-
-
-
-
-

14 326
—-95623

—35201
35211

27802
11935

17932
13932

33253
31253

71815
71805

15326
—-96623 )’

26731
—26 741

28 802
12935 )’

25113
21113 )’
—14821

—-16821 >

—23526
—23516 )’



7.6. Hnousudyasvrole 3adanus

4

3

4

o~
) o

84434
12796

66 437
—66 337

—84 534
—12896

41432
—41332

)
)

3. Boruncnaure onpenenurenu matpurn F' u H npuBemgenunem mx
K TPEeyrOJIbHOMY BUY.

3.1. F =

3.2. F =

3.3. F =

10 2 3
21 3 4-
-10 0 1
01-1 0
11 2-1
-2 31 4
1-24 3
1 01-3
3 21 6-4
3 15 2 0
-3 445 6
1-101 4
-2 143-2
0 314 5
1-143 2
-2 0 135
2 1 435
1 1-124
0 1 532
3—-1 450

== O WWw W N
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138

1
0
3.8. F = 3
1

3.9. F =

4 30 13
—-1-12 45
3 01-10
2-11 01
0 11 45
1 3-20 1
0 1 53 1
2 2-30 1
-3 1 43 5
4-1 01-1
01 532
43-120
14 320
—-15 601
24-301
-4 3 201
-1 1 021
0 1 532
2 1-443
3—3 012
—-14 3 52
21 5 30
-34 5 01
01 5-32
45-1 10
-2 13 50
1 43-12
0 15 02
-3 24 11
5—-32 01
-3 1435
0 1532
1-1012
2 3561
-4 3421




7.6. Hnousudyasvrole 3adanus

11-3

~20 7

3.12. F = | 5. 4
13-1

12—
—2-5

BB F=| 3 o
11
-2 1

4-1-

B F=|
—2 2
-1 1

1 0-

B F=| o o~
-1 2

4.1.

4.3.

1 636 216
1 525 125
1-416 —64

4.4.

4.2.

-1 432-1
3-214 3
H=]|-4 215 0
0 132-1
2 1534
2 14 35
-1-13 01
H = 0 12-10
3 24 51
4-31 02
-3 1 4 5-1
2 1 5-3 2
H = 0-1 1 5-31.
3-2 1 5 1
1 1-2 1 3
4 3-1 21
-3-4 2 13
H = 0-1 2 141].
1-1 0 13
2 4 1-30
1 11 11
-3 4 2-21
9 16 4 41}.
—27 64 8-81
8125616 161
1 11 1
-4 52 -3
16 254 9|
—641258 —27
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1 11 1 1
1-981—-729 6561
4.5.
1 416 64 256
1-2 4 -8 16
1-864 —512
1-636 —216
1 24 8|
1-416 —64
1-3 9-27 81
1 525 125 625
1 24 8 16/.
-1 1 -1 1
636 216 1296
12144 1728
9 81-729
7 49 343|°
3 9 =27
6
8
9

4.7.

4.9.

1
1
4.11.

1
1—
1
1—
1-416 —64 256
1-636 —216 1296
4.13. 11 2
1 -864 —512 4096
1 981 7296561
1 -6 36 —216
1 749 343
1-12144 1728
1 4 16 64

4.15.

1 864 5124096|.

4 8 16].

4.6.

4.8.

4.10.

4.12.

4.14.

11 11 1
73 —-4-2 5
49 9 16 4 25|
34327 —64 —-8125
2401 81 256 16 625
1 11 1
11 -5 4 7
121 2516 49|
1331 —125 64 343
1 1 1 11
-2 4 -5 7-1
4 16 25 49 1|.
—8 64 -125 343 -1
16256 6252401 1
1 1 1 1
-4 7 11 =8
16 49 121 64|
—64 3431331 —512
111 1 1
-7 21 -4 5
49 41 16 25|.
—343 81-64125
2401161 256 625

5. Beraucnute onpenenuresns MaTpulibl C' U3 3aganus 2 pasyio-

JKEHUMEM TI0 3JIEMEHTaM BTOPOrO CTOJOIA, a OMpeaeuTe b MaTpPU-
bl F' w3 3aganns 3 1m0 3jIeMeHTaM TPEeTheil CTPOKM.

6. Boruncianre ompenenuTens.
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50123 r123 2cxl 2
rxxl2 1z32 lz1-1
6. 1. 1223 62'31x2' 6. 3. 39, 1|
rxl2x 531z 111 =«
1 = 21 3r—1 11 —x—1x2
rxr—1 10 2 z-21 1—x230
64.2_1 - 6. 5. 1 z-13/ 6. 0. 9 110l
1 1-1x 01 3z -1 4x3
lx—x4 -2 l1lx-1 3r—1 2 0
rl—-12 r 12 «x 1 z—-1 2
6.7. 12 30l 6.8. 0 23 ol 6.9. 3 29 2l
04—x2 1-12 1 1 0 1—x
-1 21 2 —12-20 —21x4
3 1lxz—1 rxl 43 310
6. 10. 0 21 x| 6.11. 291 20! 6.12. 1232
1-1x2 3 01 z3 014«
20 —1x 3 —-31 4z 4r —2 31
4—x23 2z—10 0 z21
.13. . . 14. . .15.
6.13 -1 141 6 x3 21 6. 15 xr 301
x 213 30 z1 4—-1z3
7. Berauciaure panr marpunsl npu x = 0 u npu x = 1.
50123 rl123 2e0xl 2
xxl?2 1232 lz1-1
7. 1. 1223 7.2. 3129 7. 3. 39, 1
rl2x 531«x 111 =«
1 =z 21 3z—1 11 —x—1xz2
r—1 10 2 z-21 1—230
7.4. 9.1 1 7.5. 1 z-13 1] 7.6. 2 110 |-
1 1-1z 01 3z -1 423
lex—x4 -2 lz-1 3z—1 2 0
rl—12 rx 12 =z 1 -1 2
7.7. 1z 30 7.8. 0 z3 o0l 7.9. 3 r-9 o
04-xz2 1-1z 1 1 0 1-=2
-1 z1 2 —1z-20 —21z4
3 1lxz-1 zl 43 310
7.10. 0 21 x 7.11. 21 20 |- 7.12. 1239
1-1z 3 01 =3 0l4zx
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20 —1x 3 —-31 4«x 4r —2 31
4—x23 2z—-10 0 z21
7.13. 1 141 | 7.14. +3 21 | 7.15. s 301
r 213 30 z1 4—-1z3

8. C nomompio anredbpandeckux JOTOAHEHNI HaliuTe MaTpu-
ubl, ooparubie Marpunam A u C' u3 3ananusa 2.

7.7. JonosiTHUTEJIbHBIE 324291

1. Berancimre onpeneanTenn.

abc sinacosal 1 01+
1.1. |bca|. 1.2.|sinfcosfl|. 1.3.] 0 1 ¢
cab siny cosvy 1 1—¢v—7 1
1z 22
L4221 2|, z=-1/2+1i(/3/2).
2221
111
1.5. |1 z 22|, z=cos(4/3)r +isin(4/3)r.
122 2
2. Beranciamre koadduments! npu 2° u 24 B Maorounene
2r 1 31
r x 21
J@ =171 o)
2 —11lzx
3. BeruncanTe ompeaesnTes MATPUITHI HAI TTOAeM Zio
111
110
101
4. BerauciuTe onpenesmTenb N X N-MaTPHUIIHL.
011...11
102, 29 122...2 2100...0
120.. .99 222...2 1210...0
4.1. o 4.2.1223...2. 4.3.10121...0
i;;gﬁ 222...n 0000...2
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7.7. Tonoanumenvusvie 3a0a4u

1 3 n

0 1 2 n—1
44 0 0 1 n—2

0 O 0o ... 2

nn—1n—-2... 1
5. Pemmmre ypaBnenne

1 1 2 2
-1 3-22 3 3 _0
4 4 5 5 |7
-4 -4 6 2°-3

6. JlokaxXnTe TOXKIECTBO
(a® 4+ b*)(? + d*) = (ac — bd)? + (ad + be)?,

BBIYUC/INB ONIPDEACINTEIb

a b c d
(—b a) <—d c)
JIBYMSI CITOCODAMIY: KaK OTPEeIeTUTENb TPOU3BEICHIST MATPHUIT U KaK
IPOU3BEJICHUE OIPEeAeIUTe/ e MaTPULL.

7. Buruncengga ompenenuTenh MPOW3BeIeHNS MATPUIl PA3HBIMU

crocobaMu, TOJIY9IUTe COOTBETCTBYIONINE TOXKIECTBA IS 3JIEMEH-
TOB a, b, ¢, d.

(a b> <a d> <c —3d> (a —3b>
7.1. .12 .
50 a) \bd c d ¢ b a

8. Kak m3menuTcs onpenemTesib KBAIPATHON MATPUIIHI, €CIU
BBITTOJIHSIETCSI CIEIYIOIee yCaoBue?

8. 1. Kaxawrit ajieMeHT MATPUIBl 3aMEHUTEH HA TTPOTUBOITOIOK-
HBIT.

8.2. Kaxaprit s7eMeHT MaTpUIlbl YMHOXKUTH HA (PUKCUPOBAH-
HBII 3JIEMEHT [10JId.

8.3. Kaxaplil 97eMeHT a;; MATPHUILI yMHOKHATE Ha ¢ F, r1e
C — HEHYJICBO! 3JIEMEHT I10JId.

9. Kak m3meHnTCa OmpeenTe b KBaIPATHON MATPUITLI, €CTU
BBITTOJTHSIETCSI CIEYOIIee yCaoBue?!

9.1. Crpoku 3amucath B 00PATHOM TOPSIIKE.

9.2. TlepByto CTPOKY MOCTABUATH HA MECTO TOCIETHEH CTPOKH,
a OCTaJbHBbIE CTPOKW CABUHYTH BBEPX, HEe MEHAI UX TOPIIOK.
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9.3. K xaskmoit cTpoke, HaUWHAsT CO BTOPOi, mpnbaBuThH Tpe-
OBIIYILYIO CTPOKY.

9.4. K xaxmoi#i cTpoke, HauUMHas CO BTOPOU, MpUOABUTH BCE
peabIAyIe CTPOKH.

10. Yemy paBen ompezennTesb KBAApPaTHON MATPHUILI, V KO-
TOPO# CyMMa CTPOK C YeTHBIMM HOMEpaMW PaBHA CyMMe CTPOK C
HEYETHBIMU HOMepaMu?

11. Iycts A — kBagparHas marpura Hax nojgem C komrmiekc-
HBIX YHCEJI. BaMeHHH QJIEMEHTHI MAaTPUIHI A COTIPAZ?KEHHBIMU KOM-
TJIEKCHBIMU YUCIaMU, TTOJIY9IYUM MATPUILY B KaK CBA3aHBI MEXKYy
coboit onpenenurenn marpunt A u B?

12. Tlycrs moste P mmeer xapakrepuctuky # 2. Jlokaykure, 910
OTIPEIEIUTE/Ib KOCOCUMMETPUUIECKON MAaTPHUITHI HEUETHOTO MOPSIIKA
maz nojeMm [P pasen 0.

13. Ilycte A’ — mpucoeauneRHag MaTpUIa K KBaJpaTHOH Ma-
tpurie A nopsnka n. Jlokaxwnre, 4TO:

13.1. AA = AA = |A|E,; 13.2. (AT = (AT

13.3. |4 = |A|" Y

13.4. |A'| = 0 Torna u TonbKo TOrma, Korga |A| = 0;

13.5. ecin A — cumMerpuyeckas marpuia, To ects AT = A,
To A’ TakXKe ABIAETCA CHMMETPHYECKONH MATPHIIE.

14. Ilycts Bce anmements Marpun A u A~! gapasiorcs neabvm
quciamMu. deMy paBHBI ONPEIETUTEN STUX MATPUIL!

15. Haiiure cymmy anrebpandeckux JOMOJHEHUN BCEX IIEMEH-
TOB MAaTPHUIIHI.

ag 0 0 ... O 0 0 0 a
15.1 0 a2 0 ... O 15.2 0 0 as 0
0 0 0 ... an ap, 0 ... 0 O

16. IlpuBeauTe MATPUIBI K CTYIEHYATOMY BUIY U HUCCIeAyiTe
3aBUCUMOCTH PAHTa MATPUIIBI OT MapaMeTpoB «, (3, 7.

1 1 1 a 1 0
6.1. {a B8 ~]. 16.2. |1 o 1
a? 32 4 0 1 «
1 a 2 3
16.3. |1 1 -2 =2
31 2 4
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7.7. Tonoanumenvusvie 3a0a4u

17. Tlpu KakwxX OrpaHUYEHUSIX HA MAPAMETPHI CIeIYIOINe Ma-
Tputibl obparumb? JIist 06paTUMBIX MaTPUI HaiiuTe 0OpaTHBIE.

. 1 1 1

a 0 cosa  sina o B
<—ﬁ a)’ (—sina cosa)’ 9 9 72
s BT o

18. O6paTtumsl Jin MaTpuUIlbl HaI mojeM Zs? Kcan na, To Haii-
JINTe K HUM OOPATHBIE MATPHUITKL.

140 110 112
01 4), (01 4|, [T 01
14 4 340 4 21

19. Haitanre mambosbIiliee 3HAUEHWE OMPEIEJUTENsT KBaIpaT-
HO MATPHUIBI TPETHETO MOPSIIKA, JEMEHTAMU KOTOPOU SIBISIOTCS
yncaa: 0um 1; 1w —1.

20. Mlycts A, B, C', D — kBagpaTHble MaTPUILl TOPSAIKA 7,
npuyem CD = DC w ogna u3 marpun, C win D HeBLIPOXKIeHA.
JlokaxkuTe, 9TO

A B
C D

21. JlokaxxuTe, 94TO CyMMa aaredpamdecKkux JOMOTHEHUN BCEX
37IEMEHTOB MATPWIHI HE W3MEHWTCs, €CIW K KaKIOMY SJIeMEHTY
npubABUTE OJUH U TOT K€ JEMEHT MOJIs.

22. JlokakuTe, 4TO C Omepalrmeii YMHOXKEHUsT MaTPUI] TPYIIIa-
MW SABJISIOTCS CJIEYIONEe MHOXKECTBA KBAAPATHBIX MAaTPUIL MOPSI-
Ka N HaJ mojgeMm P:

22.1. MHOXKECTBO BCEX HEBBLIPOXKIEHHBIX MAaTPUIIL;

22.2. MHOXKECTBO BCeX MATPHUII, OTIPEIeTUTETb KOTOPHIX PaBeH
eIMTHNIHOMY JIEMEHTY TIOJS;

22. 3. MHOXKECTBO BCEX MATPHIL, ¥ KOTOPBIX OMPEJIETUTETH Pa-
BeH eJUHUIHOMY SJEMEHTY TOJI WM JIEMEHTY, TTPOTUBOTION0XKHO-
MY K eIUHUIHOMY;

22.4. MHOXECTBO BCEX CKATSAPHBIX HEBHIPOXKJIEHHBIX MATPHIIL;

22.5. MHOYXKECTBO BCEX HEBBIPOKJIEHHBIX BEPXHUX TPEYTOTb-
HBIX MaTPUII;

22.6. MHOXKECTBO BCEX BEPXHUX TPEYTOJbHBIX MATPUIl C eIu-
HUYHBIMU 3JIEMEHTaMW Ha JUarOHAJIH.

23. lokaknuTe, 9TO TPYNIA BCEX CKAJIAPHBIX HEBBIPOXKIEHHBIX
MaTpuIl mopsaka n "Hajg mnojaem P nzomopdHa MyIbTUMLINKATUBHON

—| AD - BC'| .
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rpyre moJsi P.
24. JlokaxkuTe, 9TO MHOXKECTBO BCEX MATPUIT
a+bi cH+di
. ], a,b,e,d €R
(—c—i—dz a—bz)’ R ’
C OTIEPANUAMU CJIOYKEHUSI W YMHOXKEHUsI MATPUI] 00pa3yeTr HEKOM-
MyTaTUBHOE KOJBLO C €QUHULICH, B KOTOPOM KaKJblil HEHYJIEBOI
97IEMEHT 0OpaTHM.
25. JlokaxknuTe, 9TO MHOXKECTBO BCEX MATPUI] BUIA

a b
(—b a>’ a,b eR,

C omepanusaMu CI0XKEHWsT W yMHOXKEHWs MaTpull obpasyer moie,
m3omopduoe moyito C KOMIJIEKCHBIX YHCE.



8. CUCTEMBI JINMHENHBIX YPABHEHUM

8.1. CucremMbl JUHENHBIX YypPaBHEHUI, X MATPUIHAHA
3anuch

Cucmemoti k aunetnoxr ypaswenut ¢ | HeussecmHuMU
1,22, ...,2] Had nosem P HABBIBAETCS COBOKYMHOCTDH ypABHEHMI

a1121 + a2 + ... +ayr; = by

01T + a20T9 + ...+ asx; = by (8 1)

a1ty + apoxs + ... + apx; = by.
3xech a;; — snemenTh noa P, KoTopele HA3BIBAIOT K0hhuyuen-
mamu, 37eMeHThI b; Tak>ke npuHaexkar [P, ux Ha3bIBAIOT c60600-
HOLMU KOIPPUUUEHMAMU CUCTIEMDL.
Pewenuem cucmemnv (8.1) HA3BIBAIOT COBOKYNIHOCTE Cp,C2, .. .
., €] 3MeMeHTOB Tojsg P, KoTopble Tocie TOACTAHOBKH COOTBET-
CTBEHHO BMECTO &1, X2, . .., &] TPEBPAIIAIOT KaXKI0€ ypaBHEHNE CH-
crembl (8.1) B ucrurnoe pasenctso. Cucrema, nMerOmast XOTst ObI
OJTHO pEeIlleHre, HABBIBAETCS COBMECTHOT, & CUCTeMa, He MMEIOTIast
HIU OJTHOTO DEIeHUs, — HEeCO8MECTHOT.

OrnocuTesnsHO cucTeMmbl (8.1) BOSHMKAIOT CJIEIYIONINE BOIPO-
col. CoBMectHa jn cucrema? Ecian cucrema coBMecTHa, TO CKOJIBKO
ona mmeetr perntennii? Kak naiitu Bce pereHust cucremb?

Hesb 3T0i TIaBbl — OTBETUTH HA MOCTABJIEHHBIE BOMPOCHI.

13 kosddunmenTtor npu wenmssectubix B cucreme (8.1) cocra-
BUM k X [-MaTpuiy

ail ... aq
A=
Akl .- Akl
DTy MaTpuiy Ha3BBAIOT Mmampuuyet cucmemv, ypasherud (8.1).

Ecmm x wmeit monmcath cToaber cBoOOTHBIX KO3MPUIINEHTOR, TO TTO-
JIYUUM PACUWUPEHHYI0 MAMPUYy cucmemv ypasrernud (8.1):

B a11...a11b1
A=
agy - - - ag bi
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8. CUCTEMBI JINMHEMHBIX YPABHEHUM

Hewussectunie obpasyior [ X 1-marpuiry
1
x
xX=1"],
x
a cBobommbie KodddunumenTsl — k X 1-maTpuiy
by

[MepemuoxkuB MaTpuisl A 0 X, MOMyINM MaTPUILY

a11x1 + ... +ayx;

AX — a2121 + ...+ a9y
a1l + ... +aga;

Marpuna AX gsnsercs k x 1-marpurneit. Cucrema (8.1) Tpe-
6yer, uTobbl MaTpunbl AX um B 6bin paBHBI. MBI TPUXOANM K
MaTPUIHOMY YPaBHEHWUIO

AX = B. (8.2)
Ypasuenne (8.2) — ectb mampuunas 3anucy cucmemvs (8.1).

Moz saemermaprvimu npeobpasosaHuAMU CUCTIEMbL NUHETHDLT
ypasrerud (8.1) mMoHUMAIOTCS CIemyOmme TPeobPaA3OBAHMS:

1) ymHOXKEHWE KaKOrO-1Mb0 YPABHEHUS] HA HEHYJIEBOi 3/IeMEeHT
mosist P;

2) mpubaBeHwe K OJHOMY YDPABHEHUIO JIPYrOTO yDPaBHEHWS,
YMHO2KEHHOTO Ha HpOI/IBBOHbHBIﬁ JIEMEHT T10JIA P

[Tocne anemenTapHOTO TPEeObpPA3OBAHNS TIOIYIAETCA HOBAS CHU-
crema. QUEBHIHO, UTO KAXKIOMY 3JIEMEHTAPHOMY MPeodpa30BaHUIO
CHCTEMBI COOTBETCTBYET aHAJIOTUIHOE TeMEHTapHOe Mpeodpa3oBa-
HUE HaJ CTPOKAMH PACIIUPEHHON MaTpPHIBI, ¥ HAOOOPOT, KarKI0-
MY 3JIEMEHTAPHOMY TIPe0OPa30BAHUIO HAJl CTPOKAMH PACITHPEHHO
MaTPHUIBI COOTBETCTBYET HEKOTOPOE 3JIeMEeHTapHOe Mnpeobpas3oBa-
une cucrembl. [Ipumenss gemmy 6.6, c¢. 107, morygaem ciemyromnime
Y TBEPIK ICHUS.

Jlemma 8.1. 1. C nomowpto saemenmaproir npeobpa3osanuti
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8.2. Memood I'aycca

MONCHO NOMEHAMD MECTAMY A100bE 068G YPABHEHUA CUCTILEMDL.

2. Oaemenmapnvie NPeobPa3Zoeanua cucmemsv. 06paMuUMbL, MO
eCb €CAU 6 DE3YALMAME IAEMEHMAPHHLL NPeobpa3osanuli nepe-
WAL 0 NePsoti cucmemvt K0 6mopoti, mo MONCHO NOAYHUMD NEP-
BYI0 CUCTNEMY 6 PE3YALMAME INEMEHMAPHBLT NPE0bPa3osanuti Had
8mopoti.

DTta JeMma MO3BOIAET MEePECTAaHOBKY yPaBHEHWI MPUHUNCIATH
K 9JIEMEHTAPHBIM MpeobpazoBanusM cucreMbl (8.1).

JIBe cucTeMbl JTUHEHHBIX YPABHEHUH OT OJHUX M TEX YK€ Hem3-
BECTHBIX HA3BIBAIOTCA PAGHOCUADHDLMU, €CTTV KAYKI0€ PEIEHne O
HOW W3 HUX ABJISIETCS PEIeHueM Apyroit m maobopor, mubo obde
CHCTEMBI HECOBMECTHHI.

Teopema 8.2. IIpu saemenmaphvls npeobpazosaHuis cucme-
M@ NEPETOOUM 8 PABHOCUNLHYIO CUCTIEMY.

8.2. Merox I'aycca

Memoo Taycca (wmm memod nocaedosamenvHozo UCKAOUEHUA
HEeU36ECMHHIT), OCHOBAH HA TIPUBEICHUN CHCTEMbI JINHEHHBIX YPaB-
HeHUil K cTynmendaTtomy Buay. Cucrema JUHEHHBIX YpaBHEHUI Ha-
BBIBAETCS CMynenwamot, eclii ee PaciupeHHasi MaTPUIA CTYIIeH-
gatas (cMm. 1. 6). B cumy teopemsr 6.7, ¢. 107, cnpaBeamsa cie-
JIYIOIIasi TEOPEMa.

Teopema 8.3. Beakyw cucmemy AuHelHbT ypasHenul c
NOMOULDLIO IAEMEHMAPHVLT NPEOOPA30SAHUT MOHCHO NPUBECTIU K
CMYNENUAMOMY BUJY.

Merom l'aycca 3ak/r09aercst B TOM, 9TOOBI BHAYAIE CIE/IATH CH-
CTeMy JUHEWHBIX ypaBHEHU! cTyneHuaToit cucremoii. Iloce saToro
yIKe He TPeICTaBIIeT TPy/Ia pa3odpaThCs B BOMPOCE O COBMECTHO-
¢ty cryneHvaroil cucrembl. OTMETHM elne pas, YTO B CHJIy Teope-
MBI 8.2 perrenus CTYNeHYaTOol CUCTEMBI COBITQIAIOT C PENTeHUsIMHI
UCXOOHOW CUCTEMBI.

Cnemaem mBa 3amevanus. Eciu B mporecce 3jeMeHTapHBIX MTpe-
0o0pazoBaHUil TTOJIyIAEM YpPABHEHUE

0x1 4+ 0xo + ...+ 0x; =0,
TO eMy VIOBJIETBOPSIIOT BCE /MEMEHTHI 1mojist P. D10 ypaBHeHUE He
B/INSET HA TOUCK pernreHuii cucrembl. [loaTomy Takoe ypaBHEHHE
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8. CUCTEMBI JINMHEMHBIX YPABHEHUM

MOXKHO yOpaTh W3 CHCTEMHBI.
Ecnn xe mpuxognMm K ypaBHEHUIO
0z1+0z2+...4+0x; =05, b#0,
TO €My He yJOBJETBOpSeT HU oauH Habop snemenToB mojasd P. ITo-
9TOMY CHCTEMa C TAKUM ypaBHEHHEM OyIeT HeCOBMECTHOIA.

s wamoctpanun Meroga laycca paccMOTPpUM  HECKOJIBKO
NPUMEPOB.

Mpumep 8.1. Pemure nag monem Q cucremy

1+ 229 — 3x3+ by =1

x1 + 3x9 — 1323 + 2224 = —1
3r1+5xro+ 23— 214 =05
2x1 + 3xo + 4wy — Ty = 4.

O IMoap3ysach dIeMeHTapHBIMI TPeoOPA30OBAHUSIMIE, IIPUBEIEM
CHCTEMY K CTymeHdaTroMy Buay. s 3Toro meppoe ypaBHeHHe
yMHOXKUM Ha (—1) n npubaBuM KO BTopomy. 3aTem mepBoe ypas-
HeHne yMHOXKMM Ha (—3) m npubasuM K Tperbemy. Ul HakoHer,
epBoe ypaBHeHHe yMHOXKUM Ha (—2) u npubaBuM K 4eTBEepTOMY:
T, + 2290 — 3x3 + 514 =1
To — 1023 + 1724 = —2
—x9 + 1023 — 1724 = 2
—x9 + 1023 — 1724 = 2.

Bropoe ypaBHenne npub6aBuM K TPETHEMY U YETBEPTOMY:

T1+ 2x9 —3x3 + 514 =1

ro — 10x3 + 1724 = —2

0=0

0=0.

[Tocnegune nBa ypaBHEHHs MPEBPATUINCHL B YPABHEHUS BHUIA
0-21+0-294+0-234+0-24 =0.

STI/IM ypaBHeHI/IHM y,D;OB.T[eTBOpHIOT .}'[IO6LI€ 3HaAYEHUAd HEU3BECT-

ueIX. [IosToMy Ba mOCIEIHNX YpaBHEHHSA MOXKHO yOPATh.

[IpuaaamM HEM3BECTHBIM X3 U T4 IPOU3BOALHBIE 3HAYCHUS U3
moJisi: T3 = A3, T4 = A4. TOra U3 BTOPOTO ypaBHEHUS 3HATMEHUE
T9 HAXOAWTCS OAHO3HAUHO: Ty = 103 — 17y — 2. 3 mepsoro
ypaBHeHI/IH 3HaYCHUE IT1 TaKXKe HaXOJUTCAd OJHO3HAYHO:

21 = —2(10A3 — 17Ag — 2) + 3Ag — BAg + 1 = —17A3 + 29X, + 5.
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Tak kak moc/ieIHSAS CHCTEMa PABHOCUIBHA MCXOTHOM, TO (POPMYJIbI
1= =17 3+ 2904 + 5
To = 103 — 17Xy — 2
T3 = A3
Ty =N

(8.3)

[pU TPOU3BOJBHBIX A3 U Ay JAIOT HAM BCe PEIIeHust 3aJaHHOM Cu-
CTEMBL.
O T B e T: cucTeMa nMeeT DECKOHETHO MHOTO PEIEeHNi, KOTOPhIe
onpegensorces hbopmynamu (8.3). D
Mpumep 8.2. Pemure najg nosem Q cucremy
1+ 229 +3x3 — 224 =1
201 — X0 — 223 — 314 = 2
3x1 4+ 219 — x3 + 224 = —5
2x1 — 3xo + 223 + x4 = 11.
[0 Tak Kak KayKI0MY 3T€MEHTAPHOMY TPeodpa30BaAHUI0 CUCTe-
MBI COOTBETCTBYET 3JeMEeHTapHOe MpeoOpa3oBaHue PACIIUPEHHO

MaTPUIIbI 3TOM CUCTEMBI, TO BMECTO CUCTEeMbI MO?KHO OTIEpUPOBATH
C PACUIUPEHHON MaTpUIleil.

12 3 -21 12 21 12 3 21
2-1-2-3 2 0-5-8 1 0 01 -2 7 -8
32 -12 -5 0-4-108 -8]7(0-4-10 8 —8
2-32 1 11 0-7-45 9 0-7-45 9
123—21 12 3 -2 1
L |or—2 7 01 -2 7 -8
00—18 36 40 00—18 36 —40
00 —18 54 —47 00 0 18 —7

B1ech MPOM3BEIEHBI CIEIYIOIINe 3IeMEeHTapHBIE TTPE0dPa3oBa-
Hust. [lepByio CTPOKy WMCXOiHOM Marpuipl ymMHOKam Ha (—2),
(=3), (—2) u ckagbIBaIM CO BTOPOii, TpeTheil u 4eTBepToil CTPO-
KaM# COOTBETCTBEHHO. B pe3yibTare MOayunIn BTOPYIO MATPHILY.
Bo BTOpOIi MaTpuIle KO BTOPOil CTpOKe MPUOABUIN TPETHIO, YMHO-
JKeHHyt0 Ha (—1), a 3aTeM MOoJIyunBIIYIOCS BTOPYIO CTPOKY YMHO-
xkusm Ha (—1). Ipuman x Tperbeit marpune. B rperseii marpuie
BTOPYIO CTPOKY YMHOKAIW Ha 4 M 7 W CKJIAIBIBAIN C TPEThEi m
YeTBepTOii CTPOKAME COOTBETCTBEHHO. I1ONyUM/In 4eTBepTYIO Ma-
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8. CUCTEMBI JINMHEMHBIX YPABHEHUM

Tpuiy. B s1oit maTpuie Tpersio crpoky ymuokuim Ha (—1) n npu-
0aBWIM K 4eTBePTOil cTpoke. B mrore moayuniv maTyi0 MaTPHUILY.
Taxwum obpazom, HAYATBHAS CUCTEMa, PABHOCUIBLHA, CIeIYIOIIei
CTYTIEHYATON CUCTEME:
Ty 4+ 2290 +3x3 — 224 =1
To9 —2x3+ Trxy = —8
—18z3 + 364 = —40

18$4 = -T.
STa CruCTeMa nMeeT eJNHCTBEHHOE DelIeHne
7 13 43 2
T4 = 187‘7;3_97[132_ 187'%'1_3-

JIerko mpoBEpUThH, UTO ITH 3HAUEHUs MPEBPAIIAT KAXKI0e ypaB-
HEHUE MCXOMHOH CUCTeMBbl B BEPHOE PABEHCTRO.
O T B e T: cucTeMa MMeeT eIMHCTBEHHOE DeIreHne
x1 =2/3, x9 = —43/18, x3 = 13/9, x4 = —7/18. X
Mpumep 8.3. Pemure nag nosem C cucremy
1 — 2i.’L‘2 — (3 - 2i).%'3 =-1
2tx1 — x0 + 3x3 = 31
—1x1 + 3T2 + 13 = —43.
[0 Tak Kak KayKI0MY 3T€MEHTAPHOMY TPeodpa30BaAHUI0 CUCTe-
MBI COOTBETCTBYET 3J€MEHTAPHOe TPeodpa3oBaHme PACIIUPEHHON
MaTPUIIbI 3TOM CUCTEMBI, TO BMECTO CUCTEeMbI MO?KHO OTIEpUPOBATH
C PACUIUPEHHON MaTpUIleil.

B 1 —26-3+2¢ -1 1-2¢-3+21 —1
A=12i -1 3 3% | —|[0-=5 7460 50 | —
- 3 ? —41 0 5 -2—-21-5

1-20-3+2i—-1
— |0-5 7T+61 5 | =B.
00 5+4i 0

31eck Ipou3BeieHBl CIEAYIONINe 37eMeHTapHbIe MTpeodpa3oBaHMs.
[TepByio cTpory marpuiiel A ymuOXKaMM Ha (—2i), § ¥ CKJIaIbIBAIN
CO BTOPOIil 1 TPeThell CTPOKAMHU COOTBETCTBEHHO. B pesynbrare mo-
JIYIUJIM BTOPYIO MaTpuily. Bo BTOpoit mMarpuiie K TpeTheit CTPOKe
npubasuin BTOpyo. B pesynsrare nonyunan marpuiy B. Taknwm
00paszoM, UCXOHAST CHCTEMa PABHOCUIBHA CJIETYIOIIeH CTymeHYa-
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8.2. Memood I'aycca

TOW cucreme:

x1 — 2ixe + (=3 + 2i)xg = —1

—5$2 + (7 + 6i)$3 =5
OTa cucTeMa UMeeT eJIuHCTBeHHoe pemenue T3 = 0, To9 = —1, T1 =
= 1. Jlerko mpoBepuTH, YTO ITU 3HAUEHUS HEM3BECTHHIX MPEBPA-
AT KaXKJI0€ YpaBHEHHWE NCXOTHON CUCTEMBI B BEPHOE PaBEHCTBO.

O 1 B e T: cucTEMa UMEET eIUHCTBEHHOE PeIleHne X1 = 1, Lo =
= —i, x3 = 0. X
Mpumep 8.4. Pemure najg nosem R cucremy
$1—2$2+3$3—4$4:2
3r1+ 319 — Sz + 14 = —3
—2x1 + 22+ 223 —3x4 =5
3r1 + 3x3 — 1024 = 8.

0] IIpuBemem pacIupeHHYIO MATPHUILY STON CHCTEMBI K CTYITE€H-
YATOMY BUIY.

1 -23 -4 2 1-2 3 —4 2

3 3-51 -3 09 —14 13 —9

21 2 357 10-38 —119

30 3 -108 06 —6 2 2
1-2 3 —4 2 1-23 —4 2 1-23 —4 2
{o-38 —119 ) [0-38-119] [0-38-119
09 —14 13 -9 00 10-2018 00 10-2018
06 -6 2 2 00 10-2020 000 0 2

Takwum 06pa3oM, MCXOgHAST CUCTEMA PABHOCUJIBHA C/IETYIOIIei
cucTeme:
I —2$2+3$3—4$4 =2
—3x9 +8x3 — 11y, =9
10x3 — 20z4 = 18
0=2.

[Tocnemuee ypasuenne 0x1+0xo+0x34+0x4 = 2 HE MOKET OBLITDH
VI0BJIETBOPEHO HUKAKUMHU 3HAYEHUIMN HEM3BECTHBIX. [loaTOMYy cu-
CTeMa, HECOBMECTHA.

O T B e T: cucTeMa HECOBMECTHA. X
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8. CUCTEMBI JINMHEMHBIX YPABHEHUM

8.3. Teopema Kpamepa

Bepuemcsa x ncxomnoit cucreme (8.1):
anzi+apre + ... +ayr; = by
a2171 + a2 + ... + ayw; = by

a1 + apoo + ... + agjxr; = by.

DTa cucTema JUHEHHBIX yPaBHEHWIT HA3BIBAETCS KPAMEPOBCKOT,
eCJ/IN YMCJI0 yPaBHEHWI PaBHO YNCIY HEM3BECTHBIX U OMPEIeIUTE b
MaTPUIHI CUCTEMBI OTJINYEH OT HYJsd, TO eCTh k = [ u

ajl ... ayy
detA = #0.

Apy ... Al

Teopema 8.4 (Kpamepa). Kpameposckas cucmema umeem
eduHCMEenHoe pewenue, KoOmopoe onpedesiemcs PopMysaMU
i

K,i:1,2,...,k, (8.4)

2de A = det A — onpedeaumenv mampuyns, cucmemst, a ; — onpe-
deaumens Mampuyst, iy KOMopoti 6 i-m cmoabye cmoam c606001bie
xoagppuyuenmot by, ..., by, a 6ce ocmarvHvie cmosbuyv, — Kax u Y
mampuyv, A.

Ty =

®opwmyasl (8.4) maspiBatorcsa gopmyaamu Kpamepa.

Mpumep 8.5. Pemure cucremy ypaBHeHMI
T+ 209+ 323 =17
201 — 20+ 23 =9
x1 — 4x9 + 2203 = 11.

U] Berancamm onpesesnTenb MaTPUIBI CHCTEMBI
123 12 3

A=|2-11|=]|0-5-5| =
1-42 0-6-1

—-5-5
—6-1

-

Boraucium onpenennrenu A;, i = 1,2,3, rue A; — onpegenu-
TeJIb MATPUITBI, ¥ KOTOPOU B 4-M CTOJOIE CTOST CBOOOIHBIE KO-
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8.4. Teopema Kpouexepa—Kaneaau

dunments 7,9, 11, a octajabHble CTOIONB — Kak y MaTpuilbl A.
7T 23 25 2 5

Av=9-11]=| 0 10 |=(nE12| 2 0 =7,
11-42| |-25-4-2
LT3 1T 3|,
Ay=[291]|=]0-5-5=| "7 =2
1112 |04 -1
t2 7| re |,
Ag=[2-19|=|0-5-5/=| ") | =50
1-411| |06 4

ITo dopmynam (8.4) mmeewm:
A Ao Aj

Tl = =3 .%'2:—:—1 .%'3:—:2.
A ’ A ’ A
Crenaem mpoeepky. [logcTaBuM B cucTeMy 3HAUEHUS HEM3BECTHBIX
x1 =3, xg = —1, x3 = 2. [logyunwm:

34+2(-1)+3-2=7
2:3-1(-1)+2=9
3—4(-1)+2-2=11
ITockonbKy KakIoe ypaBHEHWE MPEBPATUIOCH B UCTUHHOE PABEH-
CTBO, TO TIOJIyYE€HHBIE 3HAYEHUI HEM3BECTHBIX ABJISIOTC PEIlleHneM
HCXOOHOII CHCTEMBI.
OrBer oy =3, 20=—-1, 23 =2. X

8.4. Teopema Kpouekepa—Kaneaan

Cnenytomiasi TeopeMa, 1aeT KPUTEPHUil COBMECTHOCTH CHUCTEMBI
JIMHEIHBIX ypaBHEHWIA.

Teopema 8.5 (Kpouekepa—Kanesnu). /aa mozo wmobol
CUCMEMO AUHETHOT YPasHeHUutl Obiaa COBMECTNHG, HEOOTOOUMO U
docmamouno, 4mobvl paHz MAMPUULL CUCEMBL OblA Paser paray
PACWUPEHHOT MAMPUUDL.

Ha ocnoBe 370it TeOpeMbI TIOTyYaeM CIeIYIONIIl a.A20pUMM pe-
UWEHUA CUCTEMDE AUHETUHDT YPasHeHUl.
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8. CUCTEMBI JINMHEMHBIX YPABHEHUM

[Iycts onaTh mama cucrema JIWHEHHBIX ypaBHEHUI
a11Ty] + apxrs + ... +ayr; = by
2121 + a2 + ... + ayw; = bo

ap1x1 + agoxo + ... + agxr; = by.
JIns1 perenust 9Toil CHCTEMBI TIOCTYIAIOT CIEAYIONIM 00Pa30OM.
1. Beraucagior panr r(A) MaTpumel CHCTEMBI

aiy ...0ayqy

agl ... 0k
2. Boruncisior panr 7(A) pacimpenHol MATPHIIB! CHCTEMb
B ajl ... aqg b1
A= -
agy - - - ag bi

3. Ecomn r(A) # r(A), 1o cncrema HeCOBMECTHA.

4. Ecm r(A) = 7"(121), TO cucremMa CoBMecTHa. Ilycth 1 =
= r(A) = r(A). B marpure A 3adbukcnpyeM HEBBIPOKICHHYIO KBa-
nparayio Marpuity D r-ro mopsaaka. OT cuCTeMbI OCTABUM TOJHKO
TE T ypaBHEHWil, KOTOPhIE COOTBETCTBYIOT CTPOKaM Marpunbl D.
Boamoxnbl aBa cayvas: r =1 n r <l.

4.1. Ecmm r = [, To cucrema Oymer kpameposckoii. [To Teope-
Me 8.4 cucTema nMeeT eUHCTBEHHOE PEIeHne, KOTOPOe HAXOIUTCS
o dpopmynam Kpamepa (8.4).

4.2, Ecu r < [, 70 cucrema mMmeeT Hojiee OHOTO PEITEHUs.
B seBoit wacTn ypaBHEHWH CHCTEMBI OCTABJIsSIEM TOJBKO Te HEM3-
BECTHBIE, KOIPPUIUEHTH KOTOPBIX COCTABAAIOT MaTpuiy D. Mx
HA3bIBAIOT 2AG6HUMU Heudsecmuvimu. OCTaabHBIE HEU3BECTHBHIE
Ha3bIBAIOT C80000HBIMU, WX TIEPEHOCIT B MPaBYI0 YacTh. 3aTeM
rJIaBHBIE HEM3BECTHBIE BHIPAYKAIOT Yepe3 CBOOOIHBIE.

Mpumep 8.6. CoBmecTHa U cucTeMa ypaBHEHUN

T1+ a9+ T3+ 34 =2
221 + w2+ 23 —24 =0
To + x3 + 314 = 07
0 Panr MATpUIIBI CHCTEMBI M PAHT PACIIMPEHHON MATPUITHI Ha-
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8.4. Teopema Kpouexepa—Kaneaau

XOAVM OZHOBPEMEHHO, MPUBOAA PACHIAPEHHYIO MATPHUILY CHCTEMBI
K CTYHEHYaTOMY BUIY.

3 1111 2 11 1 1 2 11 1 1 2
A=1|211-10)~|0-1-1-3-4|+—|0-1-1-3—-4
011 30 01 1 3 0 00 0 0 —4

OueBUAHO, UTO PAHT MATPHUIBI CUCTEMBI PABEH 2, a paHT pac-
IMUPEeHHoit MaTpuibl cucteMbl paBeH 3. Ilo Teopeme Kpomexepa—
Kanenmm cucrema mecoBmecTHA.

O T B e T: HECOBMECTHA. X

Mpumep 8.7. Pemmre mnamx monem Q cucremy ypaBHeHmit
T1+x9+x3=1
T1+x9—23=20
Tr1] — Ty — X3 = 0
T + x9 + 3x3 = 2.

[ Panr maTpwuilsl cucTemMbl paBeH 3 U paBEH PAHTY PACIIHPEH-
HOMt MaTpuibl. KpoMe TOro, padT COBMAJAET C UWCIOM HEM3BECT-
upIx. ITosTomMy cmcTeMa COBMECTHA M UMEET eIMHCTBEHHOE pPeIle-
ure. OupenennTeah MaTPUITH TPETHErO MOPSAIKA M3 JIEBOIO BEPX-
HEro yrjia He paBeH HYJIO:

1
—1|=-4.
1-1-1
ITosTOoMy MOXKHO OTPAHUYUTHCS MEPBBIMU TPEMsSI YPABHEHUSIMU, A
YeTBEPTOE MOXKHO OTOPOCHTE:

11
d=1]11

T1+x0+23=1

T1+x9—23=0

1 —x9 —x3 =0.
Pemas sty cucremy mo teopeme Kpamepa mam meromom laycca,
noydaeM: x1 = 1/2, 9 =0, 3 = 1/2.

O T B e T: cucTEMa COBMECTHA W UMEET €INHCTBEHHOE DEeIlleHune
$1:1/2, 272:0, $3:1/2. X
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8. CUCTEMBI JINMHEMHBIX YPABHEHUM

Mpumep 8.8. Pemure vajg nosem Q cucremy ypaBHeHUit
1+ x9 423 +14=1
1+ x9+2x3+x4 =10
1+ x9 —3 +x4=3.
[0 CocrasjisieM pacIiupeHHYI0 MATPUILY
11111
A=1[11210
11-113
Boranraem mepByro CTpPOKY w3 ABYX MOCIEIHUX:
11111
00 10-1
00-20 2
[IpubaBisiem K Tperbeil CTPOKE BTOPYIO, YMHOMKEHHYIO Ha 2:
1111 1
0010-1
0000 O
flcno, uro panr nmomyumsieiica marpunsl pasen 2. [Tostomy panr
pacmmpenHoii marpunbl A pasen 2. Marpuia cucrembl
1111
A=[1121
11-11
C TOMOIIBIO TPOBEIEHHBIX IEMEHTAPHBIX MpeoOpa30BaHMil IIpe-

BpaTUIach B MAaTPUILY
1111

0010
0000

ITostomy panr MmaTpunbl A paBeH 2 u cucTeMa coBMecTHa. Hemyre-
BOIl MUHOP BTOPOTO MOPSIIKA MOXKHO COCTABUATE U3 KOMDDUIINEHTOB
P X9 W X3 B MEPBBIX IBYX ypPaBHEHUsX. |peTbe ypaBHEHUE OT-
OpocuM, a HEM3BECTHBIE X1 U T4 canTaeM cBobomgabIMuU. [lomyaaem
cucremy

Totrz3=1—21—14

To + 2x3 = —x1 — 24.

Orciona 3 = —1, 19 =2 — 1 — 24.
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8.4. Teopema Kpouexepa—Kaneaau

O T B e T: cucTeMa COBMECTHA W UMEET DECKOHEYHO MHOIO pe-
IMEeHNit, KOTOPBIE OMPENeSTIOTCST PABEHCTBAMA Ty = 2 — X1 — X4,
x3 = —1, 1 u ©4 — 100OBIE PAIMOHATBHBIE YHUCTIA. X

Mpumep 8.9. Pemmre nax nonem C cucremy ypasHeHmit

T1 —1x9 + 3r3 —2txy4 =1
T, — 1xo + 6txy —2ix4 = 2
71 — iz — 3v3 —2imy = L + 2i.
O CocraByisieM pacIiupeHHy0 MaTPHUILY
1—-i3 =27 1
A=|1-i6i —2i 2
1—i—3-2iL+%
Borunraem mepByo CTPOKY M3 IBYX TMOCTETHUX:
11— 3 —-2¢ 1
006i—3 0 1
00 —6 0 2+3i
YMHOKUM BTOPYIO CTPOKY Ha KOMIIeKcHoe [ancio 1/(i — (1/2)):
1—73 -2 1
006 0 —2—%
00-6 0 2+3i
[Ipubasnsiem K Tperwheil CTPOKE BTOPYIO:

1—-23—-22 1
2 4 -
000 O 0

fdcHo, 9TO paHrMm MaTpHUILI CUCTEMBl M PACIIMPEHHON MAaTPHITHI
PaBHBI 2, IOITOMY CUCTeMa CoBMecTHa. HemysneBoit MuHOp BTOPO-
r0 TOPsiIKa COCTaBUM U3 KO3(MDUIMEHTOB MPUA Lo U T3 B MEPBBIX
IByX ypasuenusx. Tperbe ypaBHenne yoepem. Hewspecrunie zo n
23 OyIyT TIaBHBIMU, & 1 U £4 — cBoOonHbIME. [Tomydaem cucremy
—tx9+3x3 =1 — 21+ 2124
—1T9 + 6ix3 = 2 — 21 + 2ix4.
Orciona g3 = —(1/15) — (2/15)i, xo = —(2/5) 4 (6/5)1 —ix1 — 2x4.
O T B e T: cucTema uMeeT GECKOHETHO MHOTO PeITeHtit, KOTOPbIE
OTIPeNIeNISTIOTCsT paBeHcTBaMu Ty = —(2/5)+(6/5)i—ix; —2z4, x3 =
= —(1/15) — (2/15)i, 1 u x4 — mOOBIEe KOMIUIEKCHBIE Yncaa. X
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8. CUCTEMBI JINMHEMHBIX YPABHEHUM

Mpumep 8.10. Pemmre cucremy JUHEHHBIX ypPaBHEHUI
2x1 + 3z0 + x3 =4
201+ a9+ 323 =0
31+ 20+ 23 =1
Tl — T2 = -3
MeroznoM laycca, mo mpasmmy Kpamepa m MaTpUYHBIM METOIOM.
0 CoBMecTHOCTh JaHHON CHCTEMBI MPOBEPUM IO TeopeMe

Kponekepa-Kanennmu. 3amuiemM paciuimpeHHy0 MATPHUITY CHCTEMBI
7 TIPUBEJIEM €€ K CTYTIEHYATOMY BUTY

2314 1-10-3 1-10-3
2130 2130 0336
3211 [ l3211 7 |os110]|"
1-10-3 2314 05110
1-10-3 1-10 -3
0112 01 1 2
o5 110 00 —4 0
0000 00 0 0

Panr marpuner cucreMsr A paBen 3, paHT pacHIUPeHHON MaTPUIILI
cucrembl A takxke pasen 3. ITo reopeme Kponekepa—Kanem gan-
Has CHCTeMa JMHeRHbIX ypaBHeHuii copmectHa. [Tockonbky 1(A) =
= 7"([1) = 3 COBMaJAeT C YUC/IOM HEM3BECTHBIX, TO CUCTEMA MMEET
€IMHCTBEHHOE PEITIeHNE.

g permenna cucteMbl MeTOAOM laycca BOCHOMB3yeMCs TO-
JIYYEHHOI CTYIIeHYaTOU MaTpUlleil U 3amuiieM COOTBETCTBYIOULYIO
CTYTIEHYIATYIO CUCTEMY

r1 — T9 = -3
To+x3 =2
—4{L‘3 =0.

N3 tpernero ypasuenus: naxonum x3 = 0, n3 BTOPoro — ro = 2,
3 mepBoro — 1 = —1.

st pererns cuctembl 1o mpaBuy Kpamepa cocTtaBuM Kpa-
MepoBckyto cucremy. Tak kak 7(A) = 3, To B UCXOAHOl cucreme
BeIOEpPEM TPU ypaBHEHWS TaK, YTOOBI OMPENEUTE/Tb MATPUIILI CH-
cTeMbl OBLT OTJIMYHBIM OT HyJist. Hampumep, B3gB BTOpOE, TpeThe
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8.4. Teopema Kpouexepa—Kaneaau

U YeTBEPTOE YPABHEHUsI, MOJIYINM KPAMEPOBCKYIO CHCTEMY
2x1 + 190+ 3x3=0

3r1 4+ 220+ 23 =1 (8.5)
1 — Ty = —3,
MTOCKOJIbKY
213
A=1|321|=-12#£0.
1-10

Boruncasem onpemennresin:

0 13 203 21 0
Ai=|1 21|=12; Ay=|311|=-24;A3=132 1|=0.
—-3-10 1-3 1-1-3

ITo dopmynam Kpamepa (8.4) momyuaem:
271:&:—1 562:—2:2 xgzgzo
A ’ A ’ A

[TockonbKy MATPUYHBINA METOJ TPUMEHSIETCS /I KPaMePOB-
CKHX CHCTEM, TO MOJKEM BOCIIOIB30BATECS MPEABLIYIIeil KpaMepoB-
ckoii cucremoii (8.5). B maTpnunHOM BuIe 9Ta CHCTEMA 3aIHCHIBA-
ercs Tak: AX = B, rae

213 T1 0
1-10 T3 -3

B marpuunoii dopme permernne cucrtembl umeer Bug X = A7IB.
Haxommnwm:

1 Aqq Az Az 1 1 -3-5
A_l = K A12 A22 A32 = _—12 1 -37
Ay3 Aoz Az -5 3 1
Torma
1 1 1 -3-5 0 -1
m|=-m| 137 1 ]=12],
T3 -53 1 -3 0
oTKysa 1 = —1, 29 = 2, z3 = 0.
Orsem oz =—-1,29=2,23=0. X

161



8. CUCTEMBI JINMHEMHBIX YPABHEHUM

Mpumep 8.11. Jlana cucrema JUHEHHBIX yPABHEHMIA
T, — X0+ 2x3 — 14 =2
—221 + 29— 23+ 324 =3 (8.6)
3$1 — 2$2 + 3$3 — 4$4 =—1.
Uccnenyiite cucremy Ha COBMECTHOCTH. Kcam cmcrema OKaXKeTCs
COBMECTHOM, TO HaliIuTe Hen3BeCTHBIE MeTooM [aycca, mo mpasu-
gy Kpamepa u MaTpuaHBIM METOIOM.

[0 Uccneayem cucrtemy Ha COBMECTHOCTH:

1 -12-12 1-12 -1 2 1-12-12
-21-13 3 |—|0-13 1 7 |—|0-131T7
3 23 —-4-1 01 -3-1-7 00000

Taxk Kak paHT MATPHUIBI CUCTEMbl PABEH PAHTY PACHIUPEHHONU Ma-
TpuUIbl m paBeH 2, To mo TeopeMe Kponekepa-Kamemmm cucrema
COBMECTHaA. HOCKOIH)Ky Haﬁ,ﬂ;eHHbIe PaHT MEHBITIEe YUCIa HEn3-
BECTHBIX, TO CUCTEMa UMeeT 6eCKOHeLIHO MHOTO pemeHHﬁ.

Hna permenns cucremsr (8.6) meromom laycca ucmonb3yem mo-
Jy9eHHyI0 cTynendaryio marpuity. CoCcTaBUM COOTBETCTBYIOINILYTO
CTYNEHYATYI0 CUCTEMY

Tl — X9+ 2T3 — x4 =2

—x9+3r3+2x4=7.
B coorBercTBUM C YWCIOM ypaBHEHMI CTYIEHYATOW CHCTEMBI BbI-
6I/IpaeM JBE T'JIaBHbIC HECU3BECTHBIC. B Ka4deCTBE TVIaBHBIX HEN3BECT-
HBIX MOXKHO BBIOMPATH Te€, /i KOTOPBIX MUHOP 2-TO MOPSIKA Ma-
TPUIIBI CTYMEHYIATON CHCTEMBI, COCTABJIEHHBIN U3 KO(DDUITHEHTOB
[pU 9TUX HEU3BECTHBIX, OTJAUYEH OT HYy/s. B WacTHOCTH, TJIaBHBI-
MU HEU3BECTHBIMH BCETrJa MOXKHO BbI6I/IpaTB HEU3BECTHBIE, KOTO-
pbi€ IEPBBIMU BCTPEYAIOTCA B YPABHEHUAX CTyHquaTOﬁ CUCTEMBI.

[Iycts 21 u x9 — T/IaBHBIE HEU3BECTHBIE, TOTIA L3 U L4 — CBO-
6omuble HemzBecTHBIE. IlycTh T3 = «, x4 = [ — TPOUBBOIBHBIE
guciaa. lTorma

r1— 219 =2—2a+p0
—$2:7—30é—ﬁ.

Haxoanm riasHbBIe HEM3BECTHBIE:
xo=-T+3a+p
1 =-54+a+20.
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8.4. Teopema Kpouexepa—Kaneaau

OreeTix; =—b+a+206, 10 =—-T+3a+ 0,23 =a, 14 = f3,
rae «, 3 — Ja1o0ble YnCIa.

Hna pemenns cucremsr (8.6) no npasuny Kpamepa meobxomm-
MO BBIODATH B UCXOJHOMN CHCTEME JBe TJIABHBbIE HEM3BECTHBIE (Tak
KAK PAHIW PABHBI 2) M COCTABUTH KPAMEPOBCKYIO CHCTEMY OTHOCH-
TeJHHO ITUX HEM3BECTHLIX. B MaTpHIle MCXOMAHONH CHCTEMBI

1 -12 -1
A=1-21 -13
3 -23 -4
BeIOEepeM HenyseBoit Muaop A mopsiaka 2 = r(A). Ilycrs MuHOp
—-1-1
ey

cocTaB/ieH u3 KO3 DUIIMEHTOB MpPH T9 W T4 B IMEPBOM W BTOPOM
ypasuenusx. Torma ro u x4 — T/IaBHBIE HEU3BECTHBIE, & L] U L3 —
CBO60,B;HLI€ HEU3BECTHHBHIE. OCTaBI/IM B CUCTEME ypaBHeHI/IH, COOTBET-
CTBYIOIIIME CTPOKAM MUHOPa A, U TPUIAJINM CBOOOIHBIM HEU3BECT-
HBIM 3HAYEHUd T1 = @, T3 = (3, T1e 1 § — IPOU3BOJIbHBIE YUCIIA.
Torma cucrema
—T9—x14=2—a—203
{x2+3x4:3+2a+6

SIBJISIETCS KPAMEPOBCKOM OTHOCHTENBHO TJIABHBIX HEM3BECTHBIX X9
n x4. Haxomuwm:

|2—a-28-1]
Al_‘3+2a+ﬁ3‘_9 o« —5p,
|-12—-a-28]
A2_‘ 1342048~ 2Tt h
OTKYy/1a
Ay 9 1 ) Ay 5 1 1
R A Ly N R

I =, r3 = ﬁ,
e a u 3 — a0bble ucia.
Oreer z; =a, x2 =—(9/2) + (1/2)a + (5/2)5, x5 = 5,
x4 =5/24 (1/2)a — (1/2)3, rue «, f — no6bie uncaa.
[TockonbKy st perernst cucreMbl (8.6) MATPUYHBIM METOIOM
HYZKHO COCTABATH KPAMEDPOBCKYIO CHCTEMY, TO UCIOIB3YeM KpaMe-
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8. CUCTEMBI JINMHEMHBIX YPABHEHUM

POBCKYIO CHCTEMY
—To—xTy=2—a—20
{x2+3x4:3+2a+6
OTHOCUTE/IbHO TJIABHBIX HEU3BECTHBIX X2, T4. B MATPUYHOM BHUIE
sTa cucrema 3anuckiBaercs AX = B, rie

_(—1-1 e _(2—a-—-23
A_<1 3>’X_<w4>’B_<3+2a+ﬁ>'
Haxomguwm:
A—1:l ApnAgy _ 1 (31
A\ Aig Ago —2\-1-1)"
Torma
w2\ ,1p 1( 3 1\ [(2-a-23) _
<u>‘”4'B_ 2<—L4><3+2a+ﬁ B
1(9-a-58\_ (-3+ia+38
s\s-ats) = frja-10 )

9.1 +5ﬁ 5
To=——+—a+ =08, x4 = —
2 R R D)

rjae «, 3 — nobble ducia.

Oreer z; =a x2 =—(9/2) + (1/2)a + (5/2)5, x5 = ﬁ,
xy =5/24+(1/2)a — (1/2)6, rae «, 3 — narobble duca.

Mpumep 8.12. VccnemyiiTe cucremy Ha COBMECTHOCTH B 3aBU-

CUMOCTH OT mapaMeTpa «. B caydae coBMeCTHOCTH HAIUTe perre-
HUS CUCTEMBI

OTKY/1a
1

1
50& 565 €Tl =, T3 = B,

T1 —args+x3=1
2x1 — 3x9 + 223 = —2
—3x1 + 290 — axrg =0.

O HUccnemyem cucteMy Ha COBMECTHOCTH. Ilycts A — pacrm-
peHHada MaTpUIa CACTEMBI.

. 1l -1 1 1 —«a 1 1
A= 2 -32 -2]—10-34+2a0 0 -4
31 —a0 01—-3a 3—a 3
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8.4. Teopema Kpouexepa—Kaneaau

Ecim =3+ 2a =0, To ectb o = 3/2, 10
15211 15211
A-000-4|—~ (052 3
052 3 000—4

B srom ciydae panr marpunbl A cHCTeMBl ypaBHEHHi paBeH 2,
a panr pacrmmpennoit Mmatputp cnctembl A pasen 3. Ilo Teopeme
Kponekepa—Karmnenmm cucrema mecoBMecTHA.

[Tycrs « # 3/2. Torna

1 —« 1 1 1 —« 1 1
A= [0-3+20 0 —4|—|0 1 0 |~
01—-3a 3—a 3 01 -3a3—a 3
l—a 1 1
—(01 0 4/(3 = 2a) = B.

003-a(B+6a)/(3—2a)

Ecmm a = 3, 10

1-31 1
A— 1010 —(4/3)
00 0—(23/3)

B sTowm citygae paHr MaTpUIThl CHCTEMBI PABEH 2, 8 PAHT PACIIUPEH-
HOM MaTpuIlsl crncteMbl paser 3. [To Teopeme Kporexkepa—Kanemmm
CHUCTEMa HECOBMECTHA.

IMycts o # 3. Torma paHr MaTPUIIBI CHCTEMBI PABEH PAHTY pac-
MIUPEHHON MaTPUILI CUCTEMBI U paBed 3. B aTtom ciydae cucrema
COBMECTHA W MMEET €JIMHCTBEHHOE peIleHne. SaluIieM CTyIeHYa-
TYIO CHCTEMY, COOTBETCTBYIOIIYIO CTYIeHYATOi MaTpuie B:

T1 —are+x3 =1

Ty = 3755
(3 —a)xs = gfgg
13 3T0i1 crucTeMbl HAXOIUM:
5+ 6« 4 —2a% —3a+4
B BB P T3 2 T Bosaaoa) &)

OrBerT eutm o € {3,3/2}, TO cucTeMa HECOBMECTHA; €CJIH
a & {3,3/2}, To cucremMa uMeeT eIUHCTBEHHOE DEIIeHUe, OMpeie-
ngemoe (opmynamu (8.7). X
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8. CUCTEMBI JINMHEMHBIX YPABHEHUM

8.5. O1HOPOAHBIE CUCTEMBI

JluneiiHoe ypaBHEHWE HA3BIBAETCST 00HOPOOHBIM, €CIU B HEM
cBoboaHbIN KO3d dutmenT pasen myso. Cucrema

a11r1 + apexs+ ... +ayx; =0

ag1r1 + agar2 + ... + apz; =0,
B KOTOpO# BCe ypaBHEHHUs OJHOPOIHLIE, HA3LIBAETCHA 00HOPOOHOT
cucmemoti aunetnur ypesHerut. OgHOPOIHAST CHCTEMa, BCEra
COBMECTHA, TAK KAK OHA MMEET PEIIeHWe T = Lo = ... = I =
= (0. DT0 permenne HAZHIBAETCA HYAECDHLM.

g OZHOPOOHLIX CHCTEM IPEeACTaB/IIET OCOOLIA MHTEpec BO-
IIPOC O CYIIECTBOBAHUU HEHY/IEBLIX PElIeHui.

Teopema 8.6. 1. OdnopodHas cucmema AuHetiHbIL YpasHeHUT
UMEEM HEHYAEB0E DeWeHUE Mo20a U MOAbKO mozda, Ko2da pana
MAMPUYDL CUCTNEMDL MEHDULE YUCAT HEU3EECTNHDBLL.

2. Ecau wucao ypasnenuti 6 00mopodnoti cucmeme MEHbULE HUC-
AG HEUZBECTMHBIT, MO IMA CUCTNEME UMEEM HEHYAECBOE PEULEHUE.

3. Odnopoduas cucmema n AUHETHWT YpasHeHull ¢ N Heus-
BECTNHBIMU UMEEM HEHYALE0E PeWeHUue Mo2da U MoAbKo moz2da,
K020a onpedesuments MaMpPUYbE CUCMEMbL PAGEH HYAO.

Mpumep 8.13. Pemmre 0gHOPOAHYIO CUCTEMY
Ty — 2o+ x3—24=0
Ty — 22 +x3+ 34 =0
1 — X9 +x3 — 924 = 0.

U BerameamMm paHr MaTPUITBI CUCTEMBI

1-11-1 1-11-1 1-11-1
1-113 |~ {0004 |~ 10004
1-11-9 000-8 0000

Panr marpunst cucremsr pasen 2. [losromy cucrema nmeer HEHYIe-
BbIe perenus. Tperne ypasuenue oropocum. Hemssectrnie x1 u x4
CUMTAEM TJIABHBIMU, & T9 W T3 — CBOOOIHBIMU. [Tomoxnm xo =
x3 = (3. Torma moaygaem cucremy

T —w4=a— 0

T+ 3$4 = — ﬁ
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8.6. Undusudyaavhoie 3a00HUA

Pemas cucremy, vaxogum x4 = 0, 1 = o — 3.
OrBemzy=a—0, 29 =a,23=0,24=0,tnean § —

TTPOM3BOJIbHBIE YHUCIIA.

X

8.6. InnuBuayajabHbIE 3aaHUS

1. Uccnenyiite cucremy wa coBMecTHOCTH. COBMECTHYIO CHCTe-
My perute MerogoMm laycca, mo nmpasuiny Kpamepa, marpuaabimM

MEeTOIOM.
—3x1 + 229 = —8
1.1. 5x1 + 4xo + 3x3 = 15
2x1 + 190+ x3 = 6.
—2x1 4+ 20+ 33 =7
T, + 219 = =2
—x1 + 9 + 223 = 4.
—x1+ 3x9 + Txg = —H
1.5. 21‘2 — X3 = 3
1] — 2$2 - 8$3 =T.
3r1+ 19 —x3 = —4
—2x1 +x3 = 4
201 + Txo + 3r3 = 11.
—2x1+3x9+2x3=6
2x9 + 13 =2
1 + 229 + 23 = 0.
4$1 — 3$2 + 5$3 =13
1.11. < x1 4+ 2z + 623 = 10
—x1 + 2o —x3 = —3.
—x1 + 229+ 223 =5
1.13. ¢ —3x1 + 4z9 = 13

xr1 — 21‘2 — X3 = —5.

—3x1 + 229 =12
1.15. 201+ 190 — x3 = —4

T, + x9 — 223 = —9.

1.4.

1.6.

1.8.

3x1 —4xo + 23 = —10

1.2. < 21 + 523 =3

—x1 +To —x3 = 2.

—x1 + 229 + 423 = —8
{5$2 +x3=—6

—x1 + 2o + 4x3 = —T.

4$1 + 5$3 =—-10
{2$1 + 29+ 3x3 = —5

—5x1 + T2 —x3 = 3.

—3x1+x3 =3

2$2 + 3$3 =2

—$1—$2—$3:0.

T, + 223 = —1

1.10. < 31 — 29 +4x3 = —5

2x1 — 2x9 + x3 = —6.
1+ 229 + 323 =3

1.12. ¢ =321 — 229+ 23 =05

1+ 29+ 23 =0.
3r1 — x9 + 223 = —2

1.14. 4y + 3r3 = —1

T, + 3x9 + 23 = 3.

2. Uccnenyiite cucrembl HA cOBMECTHOCTH. COBMECTHBIE CHCTe-

MBI permuTe MeTosioM laycca.
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8. CUCTEMBI JINMHEMHBIX YPABHEHUM

Jixy + 29 —x3 = —1 22‘351—902+(1—i)x3:2
2.1. ¢ 221 —ixo + 223 =1 — 2 —x1+To+ix3=—-3+1
—x1 4+ 3T — T3 = 3, (—1 + Qi)xl + x3 = 4.
1x1 — 229 + 323 = —1
201 — 3xo + i3 =1
(2+1d)xy — bzy + (34 i)y = —3,
201 —xo +txz3 = —2—21
—x1 + 2ixo + 3x3 = —3
3r1 —ix9 +x3 = —1.

2.2.

(2—i)$1—|—$2—£€3:—1—’i
.%'1—(2+i).%’3=1—Qi
3r1 —x2 + 2ty = —1,

2.3.

T, — 2129 + 3r3 = 2

—ix1 + T2 — (1 — ’i)xg = -2

(1— i)ay + (1 — 20)z2 + (2 +i)z3 = 5.
—561—|—(1—2i)$3:—4 (1—i)$1—2$2:—1—’i
201 — 19+ x3 = 21 r] —2x9 + i3 =10
—3x1 + 0 — 2ix3 =0, 3r1 —1xo + 223 = 2 — 31.
ixl—xg—i—(l—i)xg:l—i

2x1 +1ix0 —3x3=1— 3

—3z1 + 22 — (2 + Z')m'g = —3 — 4,

T — 2ix9 + 3 = —3

—ix1 + 229 = -3 +1

(1 + i)xl — (2 + 2i)$2 + x3 = 4.

—2x1 + 19 — (1 + i)xg =21

—x1+ixe —x3 =4

—x1 + (1 — 1)1'2 —ix3 = 2,

—2x1 + 3tz —x3 = —1

—1x1+ T2 — 2203 = —4— 2

3x1 —txe + x3 = 4.

2.4.

2.5.

2.6.

—2ix1 + 10 —x3 = =31
$1+(1—2i)$2—|—2$3:—1—i
2x1 —ixo + 2x3 =1,

2.7.

—_—— T ——— T/
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8.6. Undusudyaavhoie 3a00HUA

3r1 —2ixo+3x3=1—1
{$1+4i$24$32+’i
2x1 + 2ixe — x3 = 5.
4$1—i£€2—|—(1—i)$3:2
{ix1+xzi
(4—|—Z)$1—|—(1—1)$2+(1—Z)$3 :5,
(1—21)1‘14—1‘2—1‘3:—1—1
{xl(li)x2+2x31+i
—3x1 + 19 — (2+i)$3 = —2i.
2i$1—$2+(1—i)$3:3
x1— (14 2i)xe =2+ 21

—2x1 + 49 —tx3 = —6 — 21,
iwy — (24 )72 — 25 = —1
{Qixl — 2x9 + 3x3 = 41

1x1 + tx9 + 43 = 3.
$1—4i$2+(1—i)$3:2+’i
—3x1+x9 —tx3 =24+ 21

4z, — (1+4Z)$2 + x3 :4,

1 —dtxg + a3 =0

1x] — 209 — 33 =3+1
—2x1 4+ (1 — 2i)x3 = =3+ 2i.

(2+i)£€1—$2—|—2$3:—2—3’i
2.11. ¢ 1 —dixo +ix3 =2+ 1
—2$1+$2—(1—i)$3:3—|—2’i,
2%’1—1‘2+(3i—1)1‘3=4+i
—x1 +4x9 —ix3 =2
3z —5.%'2+(4i—1).%’3 =3.
—$1+2i$2—(1—|—i)$3:2—i
3r1 —4xo + 123 =4
211 —|—(2’L—4)$2 — T3 = 3,
(i—1)$1—|—2$2—$3:3i—2
xl—(i—i—2)x2—|—2x3:2—2i
—3x1 + xo — dixg = —10.
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8. CUCTEMBI JINMHEMHBIX YPABHEHUM

(i+2)1‘1—21‘2+31‘3=—2—3i
2.13. 221 — (2i—}—1)$2 =—-1—-2
—3x1 + 229 — (1—21')1'3 =4+,
4r1 — 290 +ix3 =1 — 21
—I +(4+2i)1‘2 =-3
3$1—|—4$2—|—’L'$3 = 4.
—3z1+ 22— (1 —i)zg =2
2.14. {2$14$2+’i$33i
—I1 —3.%'2—(1—21')1'3 :47
—ix1 + 229 — 303 = —2 — 41
21’1—(1—1)1‘2+i$3=2—i
xl—ix2+4x3:1—i—5i.
(3—1)1‘1—.%’24—4.%’3:3
2.15. {xlixg—i—xgli
—21‘1+21‘2—(1—i)x3:1+i,
1r1+ 220 —3x3=1—1
(1—i).%'1+4.%’3 =2
T, + 2x9 + 3 = O.

3. Uccnenyiite cucrtemy Ha coBMecTHOCTh. COBMECTHYIO CHUCTE-
My peruTe MeTogaoM [aycca.

T1+x9—T3—x4=3
3. 1. 201+ 20+ 2203 — 314 =6
3x1 — a9 +x3 — 224 = 4.

T1+ 229 — 203+ 14 =5
2x1 + 2o + 3x3 + 224 = —2
3r1 + 3x9 + x3 + 34 = 3.

{$1+2$2—|—3$3$41

3.2.

3.3. 2x1 4+ 3x9 — 4xg + 4xy = —6

21 — 3xo + x3 — 4y = 3.

201 +3x0 — 33+ 24 =0
x1 — 4x9 + dxg — 2x4 = —8
3x1 — X2 + 223 — x4 = —8.

3.4.
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8.6. Undusudyaavhoie 3a00HUA

3r1 4+ 4xo + 3x3 — 4y = 12
4x1 + 59 — 323+ 14 =2
221 + 3x9 — dxs + 2004 = —2.
1+ x9 + 203 — 314 =4
1+ 3x9 + 4 = —5

2x1 4+ 4xo + 2203 — 2204 = —1.

{3.%’14—1‘221‘34—41‘416

3.5.

3. 6.
3.7. ¢ x1+3x9 +2x3+ 324 =6
201+ x0 — x3+ 224 = 9.
T1 + 229 — 223+ x4 = —6
2x1 4+ 2o + 3x3 + 224 = 2
3r1 + 319 + x3 + 3x4 = —4.
21+ 5z + 23 +3x4 =0
4z 4+ 629 + 33 + by = —3
dx1 + 29 — 3 + 14 = —4.

3.8

3.9.

2x1 + bxo + 4wy + x4 = —7
1+ 319 + 223 + 14 = —4
T, + 229 + 223 = —3.

201 4+ 2x9 —x3+ 24 =3
4x1 +3x9 —x3+ 224 =3
—x1 4+ bro — 3x3 +4x4 = 1.
221 4+ 319 — x3 + Sy = —8
1+ x9 +5r3 — 214 = 6

1
1
1
1
1

3.10
3.11

3.12

201 + a0 +4x3 — 4y = 3
T+ 3x9g — 623 + 224 = 4
3r1 — 2x9 + 223 — 224 = 2.
3x1 +4xo 4+ 3x3 — 4y = 11
4x1 +5x9 —x3 — 204 =7
—x1 — To + 4y — 224 = 4.

3.13

3.14

T+ a9 —T3—24 =1
201+ 2o+ 3x3 + 204 =4
3x1 — 4xo + 3 — 314 = —8.

3.15
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8. CUCTEMBI JINMHEMHBIX YPABHEHUM

4. Uccrmemyiite cucremy Ha coBMeCTHOCTH. COBMECTHYIO CHCTe-
My perute MerogoMm laycca, mo nmpasuiny Kpamepa, marpuaabimM

METOIOM.
3r1 4+ 2190 — 43 =8
4.1. Q 2z1 +4x9 — D3 =7
1 — 220 + 23 = 1.

2x1 — x9 + 423 = 6
4.3. ¢ 3x1 — 29+ a3 =—4
5xr1 — 2x9 + dxg = 2.
3x1 + 229 — 43 =8
4.5. 2x1 +4x9 — bz =1
5$1 + 6$2 — 9$3 =0.
41‘1 — 71'2 — 21‘3 =1
4.7. 2$1 - 3$2 - 4$3 =6
2x1 — 4x9 + 223 = —5.
1 —5x2 + 23 =3
4.9. ¢ 314+ 220 —23=17
42?1 - 3$2 = 10.
7$1—2$2—$3:2
4.11. 6.%'1 — 4.%'2 — 5.%'3 =3
x1 + 229 + 4$3 = —1.
3r1+ 20+ 223 =1
4.13. ¢ 221 + 229 — 323 =9
Tr1 — X9 + dry = —8&.
221 + 320 +4x3 =5
4.15. 1+ 29+ dr3 =4

3x1 + 4xo 4+ 923 = 9.

T1+x2+a3=1
4.2. ¢ 1 — 9+ 223 = —5H
2x1 + 3x3 = —4.
3x1 — 3x0 4+ 223 = 2
4x1 —dxo + 223 =1
1‘1—2.%’2:—1.
{3$1+$2+2$33

4.4.

4.6. < 2x1 4+ 229 + 523 =5
5x1 + 3xo + Tz = 2.
5.%'1 — 9.%'2 —4.%'3 =6
$1—7$2—5$3:1
dxy — 229 + 3 = 5.
5$1 - 5$2 - 4$3 =-3
T1 — X9 +5xr3 =1
42?1 - 4$2 - 9$3 = —4.
4r1 — 320+ 23 =3
T1+x9—23=4
3x1 — 4xo + 223 = —1.
6x1 4+ 3xo — Dz = 2
921 +4x9 — Tx3 =3
3r1 + x9 — 223 = 1.

4.8.

4.10.

4.12.

4.14.

5. UccnenyiiTe cucrteMy Ha COBMECTHOCTH B 3aBUCUMOCTU OT

mapamerpa «. B ciydyae cOBMECTHOCTH HAWINTE PENIeHUs CHCTEMBI
x1+(n—Tzwg+23=1
1+ ary + 23 = —1
(n—8)x1 + 22 + azz =1,
rae 1 < n < 15 — Homep BapuanTa.
6. Marpunsl A u B Ha3bIBAIOTCS MEPECTAHOBOYHBIMU, €CIN
AB = BA. Haiigure Bce marpunsl B mag mosem R, mepectaHo-
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8.7. Honoanumenvhoie 3adavwu

BOUHBIE ¢ MaTpureit A.

6.1. A=

6.4. A=

11 1-1 2-1
o1)  62A=(57 ) e3a=({T;)
—11 —-12 01
1) s Aa=(T7) 66 A=(")
0-1 —-11 —-21
1 1 . 6.8.A: 2 1 . 6.9.A: _11 .

8.7. lommosHUTEJIbHBIE 3a/1a9U

1. Permure cucremy ypaBHEHUiT B 3aBHCHMOCTH OT 3HAYEHWS
mapaMerpa o.

1.1.{

1.2.

1.3.

1.4.

1.5.

1+ 2o+ 223 =«

21 + 2x9 + ax3 =4

1+ axe + 3 = .
r1+axatas+ (a—1xyg=1
1+ xo+ (a0 —1D)zg+ 24 =2
1+ (a—1)zg+ 23+ 24 =2
1+ 29+ 23+ x4 =1.

ary +r2+r3+74 =1
T1+tarvy+w3+ws =1
T1+x2+aryt+ry=1

T+ 9 + a3+ axy = 1.
I+a)ry+zo+23=1

1+ 1+ a)rs+23=a

1+ 22+ (1 4+ @)z = o

(1+ )z + 29 + 23 = ® + 3
71+ (14 a)ze + 23 = ® + 302
71+ 22 + (1 4+ a)rs = a* + 3a.

2. CKOJIBKO PEIIeHuii MMEeeT COBMECTHasl CUCTeMa JIMHEAHBIX
YPAaBHEHUI C M HEU3BECTHBIMU HaJ[ KOHCUYHBIM IIOJIEM MHOPAIKA ¢,
€C/TM PAHT MATPHUILI CHCTEMBI PaBEH 77
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8. CUCTEMBI JINMHEMHBIX YPABHEHUM

3. Jlana cucrema ypapHeHui Haj mogem R

a11x1 + a1ar2 + azrs =0

a1 + a2 + azzrs =0

az1r1 + azaws + agzrs = 0,
KO3 DUIHEHTHI KOTOPOW YIOBIETBOPSIOT CAEAYIOMINM YCAOBHUSIM:
a11, a2z, G33 TMOJOKUTENbHbIE, BCE OCTATBbHBIE KO3(DMUIMEHTH OT-
pHUIIATEIbHBIC, B KaXKJ0M YPABHEHUH CyMMa KO3 (PUIMEHTOB TI0-
JIoKUTeNbHA, JoKaxKHUTe, 910 T1 = T9 = w3 = ( aBagercd eauH-
CTBEHHBIM peIJ_IeHI/IeM CUCTEMBI.

4. Tokaxure, 910 cucrema Haj moaeMm R
ax +by+cz+dt=0
br —ay+dz—ct=0
cx —dy+az+bt=0
dr+cy—bz—at=0
UMeeT €INHCTBEHHOE pellleHue, eciu a, b, ¢, d — meficTBUTebHbIE
qucia, He BCe PaBHbBIE HYJIIO.
5. Cucrema uajg mojiem R

ay+bxr=c
cxr+az=2»
bz+cy=a

nMeeT eIMHCTBEeHHOe perenne. /lokazkure, ato abe # 0, n HaiiguTe
pellleHne CUCTEMBI.

6. PemuTe cucTeMbl TUHEHHBIX YpaBHEHWH HAJT ToJIeM Zg.
lz; + 1oy +1ag+ 1oy =1

6.1. {1z + 12z =1
TazQ + Taz4 =0.
Tml + TazQ + Tazg + Taz4 =1

6.2. { 1z + 1oy =1

lzg + 124 = 1.
7. Pemure cucTembl JIMHEWHBIX YPaBHEHUI HA TOJIeM Z3.
Tﬂ:l —i—Tﬂ:g +Tx3:T 53:1 —}—Tazg —}—Txg:T
7.1. 02z +1axg + 1o =1 7.2. 8 221 + 1lwg + 223 =2
219 + 223 = 1. 2x1 + 229 + 123 = 0.
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8.7. Honoanumenvhoie 3adavwu

8. Pemmnre cucrembl MHEHHBIX ypaBHEHWI HAI mToIeM Zs.

1z + 219+ 423 =1 1z 4+ 1zg + 123 =2
8. 1. Txl —{—§$2 —{—ng =2 8. 2. §$1 +§$2 +Z$3 =1
1z +4x9 + 123 = 3. 3z + 223 = 0.

9. Pemute cucreMy JUHEMHBIX YpaBHEHUI HAI moeM Zry.
§x1 —1—5362 + ng + 6364 =0
Txl —|—T,I2 + §x3 =0
Exl + 6x2 + §x3 + Zx4 =0.

10. Pemmre cucremy JmHEHBIX ypaBHeHWH HaJ 11ojieM Zi7.
3r+2y+52=1
2r+5y+3z=1
bx + 3y + 2z = 4.
11. Pemwure cucrtemy NWHEHHBIX OJHOPOIHBIX yPABHEHUN HAT
moseM R mpu BCEBO3MOXKHBIX 3HAUEHNWSAX TIapaMerpa .
(2=XNz1+x2+23=0
1+ (2—-Nze+23=0
x1+ w2+ (2—N)zxz =0.
12. [Ipn KaKuX 3HAYEHHSX A\ OJHOPOIHAS CHCTEMa HAJ IOJEM
R umeer HeHyJIEBBIE PelTeHNUs?
“AXx1+z9+...+x2,=0
1 — A9+ ...+x, =0

r1+xo+...— Az, =0.

13. Tlycte panr MarTpuilbl OJHOPOIHONW CHCTEMBI JIMHEHHBIX
ypaBHeHuii pasen (n—1), rje n — 4uciao Hem3BecTHBIX. JokaxkuTe,
YTO JIOOBIE JIBA PEIIEeHUsT ITOM CUCTEMBI TPOMOPIMOHATBHEI.

14. Haiinure ycaoBus, mpu KOTOPBIX B JIFOOOM PEIIeHWH OJ1-
HOPOIHON CHUCTEeMbI JIMHEHHBIX ypaBHEHWH k-s1 HeM3BeCTHAs PABHA
HYJIIO.
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8. CUCTEMBI JINMHEMHBIX YPABHEHUM

15. Haiinnre BCe perenunst CUCTEMBbI, TPUHAIIeXaIme Z.
2x1 +3x0 — 1123 — 1524 =1
41 — 610 + 2003 + 314 = 2
2x1 — 3z + by + Txy = 1.

16. Uccnenyiite cucremy JUHEHHBIX ypaBHeHn HaJL mojem R.

x1 + axo + a’xg = a?

16.1. < 1 + bxy + b%x3 = b3

xr1 + cxo + 023:3 =3,

T1+x9+x3=1

16.2. { ary +bry +cr3 =d
{a%l + b2y + Py = d2.

ar1 +bros+crs=a-+b+c
16. 3. {bxl +crogt+ars=a+b+c

cr1 +bxrg +taxrs=a+b+c.
17. Pemmire cucrempb! JnHeitHBIX ypaBHennit nayg rmosem R.
1+ 29 +2x3=0

T1+x2+T3=0 _
17.1 (“””1“”2““4:1’ 17.2 retas =y
Lo tast oy =c 2. B
_ Tgg + 100 + 1 =0
To+ 23+ x4 =d. Z100 + 21 + 9 = 0.
T+ X9 + T3+ x4 = 20
T1+To —x3 — T4 = 2b
17.3. T1 — X9+ T3 — Ty = 2cC
L$1—$2—$3+$4:2d.
1+ 229 4+ 323+ ...+ nxy, = a1
17.4 nry+x2+2x3+ ...+ (n— 1)z, =a

L2x1+3x2+4x3+...+xn:an.
18. Nmeercsa cucrema ypaBHeHM
*x1 + *xTo + *xz = 0
*x1 + *r9 + *xxr3 =0
*x1 + *To + xx3 = 0.
JIpa cTymeHTa MO OUYepean BIUCHIBAIOT BMECTO 3BE30YEK UHC/IA.
JlokaxkuTe, YTO HAYNHAIOIINI BCeraa MOKET JOOUTHCS TOTO, YTOOBI
CHUCTEMAa MMeJa HEHYJEBOe pellleHue.



9. MHOT'OYJIEHHI

9.1. IlocTpoeHne KoJbIla MHOTOYJIEHOB

ITycts P — mnpomsBosibroe mosie. HyseBoit n eqmunynbIil 2ute-
MeHTHI Tosist P OyZieM Ha3bIBaTh TakKe HyJIeM W enuHuIei n 06o-
3nadaTh yepe3 0 m 1.

[MocTponm KosbIo A, 37eMeHTaMU KOTOPOTO SIBJISTIOTCST HECKO-
HEJHBIE TTOCTET0BATETHLHOCTH

f:(anflaafna)7 fZE]P (91)
371eMeHTOB To/1sd [P ¢ KOHEYHBIM YMCIOM HEHYJIEBBIX 97eMeHTOB. B
KazKJIOW TaKOW MOC/IeJ0BATEIBHOCTH, HAYWHAA C HEKOTOPOTO HOME-
pa, BCe YJIEHBI PABHBI HYJIIO.
Hge mocnenosarensuoctu f = (fo, f1,...) 1 g = (90,91,---)
CYUTAIOTCA PABHBIMU B TOYHOCTU TOTrJa, KOTIA fZ = g; 1715 BCEX 1.
Beegem ma MHO:KecTBe A OmEpaIuio CIOXKEHUS:

f+rg==,froo s furo) + (90,91, Gns--2) =

:(f0+907f1+gl7---7fn+gna---)- (92)
Ecnn B mocnenosarensuocT f HyJIeBBIMEA OYIYT G/I€HBI, HATHHAS
c HOMepa k, a B MOC/IeI0BATEILHOCTH ¢ — C HOMepa [, TO B TO-
CeIOBaTeILHOCTH [ + g HYJEBBIME OYIAYT BCE UIEHBI, HAYNHAS C
momepa max{k,(}. Ilosromy f+ g € A u cjoxKeHne ONpeEIeHO HA
MHOXKeCTBe A.
Brenem ymuOXKeHME HA MHOXKECTBE A:

fg:h:(ho,hl,...,hs,...),
he= Y figj, s=01,.... (9.3)

i+j=s

B wacrnocru, ho = fogo, h1 = fog1 + f190, he = fog2 + f191 +
+ f290. h3 = fogs + f192 + fag1 + f3g0, - -

Ecnu B8 mocnenosarenbuocT f HyJeBBIMEA GYIYT WIE€HBI, HAUN-
Hast ¢ Homepa k, a B ¢ — ¢ HOMepa [, TO B MOCIEI0BATEIHLHOCTH
h = fg nynesbiMu OyayT BCe 4jieHbl, HaunHas ¢ HOMepa k + [. Tlo-
9TOMY YMHOYKEHHUe oTpejesieno Ha MuoxkecTe A. Hecmoxuo moka-
3BIBAETCS CJIEYIONIAs TeOpeMa.

Teopema 9.1. IIycmv P — nose. Mnuoowcecmeo A ecex nocae-
dosamenvrocmeti (9.1) ¢ onepayuamu caoowcenus (9.2) u ymmo-
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9. MHOT'OYJIEHBIL

orcerua (9.3) ABAAEMCA KOMMYMAMUSHBIM KOADUOM C EOUHUNHDIM
aaemenmonm (1,0,0,...).

[Mocnemosarenspuoctu (a,0,...,0,...) CKIAJABIBAIOTCS W YMHO-

JKAIOTCA Kak demMenTwl mojst P. Ilostomy orobparkenue

v:ar— (a,0,...), a €P
siBJisieTcs m3oMopduzmom nosist P u momoist

o(P) = {(,0,...) | a € P}
KObIla A. DTO MO3BOJISET OTOXKIECTBUTH IMOCIEI0BATETBHOCTH
(a,0,...,0...) C COOTBETCTBYIOIIMMH 7I€MeHTaMu 1107151 P, To ecTh
noa0KUTh @ = (a,0,...) mua Bcex a € P. Tem cambiv none P cra-
HOBWTCS TIOITIOEM KOMbIIa A.

O6oznaunm nanee (0,1,0,...,0,...) yepe3 x u HA30BEM X — ne-
pemennoti nad P unn weuzsecmuoti nad P. Ucnonb3ys BBeIeHHYIO
Ha A omepanuio ymuoxenuns (9.3), Haxoaum:

r=(0,1=f1,0,0,...,0,...), 22 =(0,0,1 = f5,0,...,0,...),

3 =1(0,0,0,1 = f3,...,0,...), ...,

2" =(0,0,0,0,...,0,1 = f,,0,...,0), ....

Kpowme Toro, (0,...,0,a = ¢,,0,...) = (a,(()),(i,...)(0,0,...

..,0,1 = f,,0,...) = az” = z2"a = (0,0,...,0,1 = f,,0,...
(a,0,0,...).
Nrak, ecin f, — mocaeaHuil OTJIUYHBIN OT HYJIsSl WI€H MOC/Ie-
nosarenbHoct f = (fo,..., fny-..), TO B HOBBIX 0603HAUEHUSIX

f:(fO,fl?"'vfnaO?"'):(fo""afnflao,"')_{_fnxn:
:(f07f17---7fn—270,---)—i—fn_lx"*l—i—fnx":... =

:fo—i—f1x+f2x2+...+fnx”.

Takum 06pa3oM, KaxKablil 3/IeMEeHT Koablia A NpuHUMAaeT B

f=fo+ ha+ for® + ...+ faz".

[Tocrpoernoe Kombilo A HA3BIBAIOT KOALUOM MHOZOYACHOE HAOD
nonem P or ozxHoil nepementoil x u ob6osnavaior yepes Plx]. De-
MeHTHI KosibIta P[] HaspIBAIOT MHO20UAEHAMU (MTA NOAUHOMAMU).
Vcnonb3yercs TakKe 3aliCh MHOTOUJIEHA MO yOBIBAIOIMM CTere-
HSM , TO €CTh B BUJE

f(z) = apz™ + a12™  + ...+ ap_12 + ap. (9.4)
DJIeMEHTHI ag, G1, - . - , Gy € [P HA3BIBAIOTCS KOIPPUUUEHMAMU MHO-
eounena f(x).
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9.2. Jleaumocmsb MHO20UAEHOB

Hyanesoti mHo20uAeH — 9TO MHOTOUIEH, BCE KOIDDUITMEHTHI KO-
TOPOTO PaBHBI HYJEBOMY 3jeMeHTy ross P.

Ecmm B 3ammcu (9.4) snement ag # 0 m n > 1, 10 ap HA3BIBAIOT
cmapwum Koshhuyuernmom, a HaTyPaATbHOE TUCTIO N — CMENEHHIO
muozousena f(x). Crenens mMuOorowrena f(z) obo3Hadar0T Yepes
degf. Muorousnens! cremenu 1,2, 3 HA3BIBAIOT COOTBETCTBEHHO AU~
HetinbMU, Keadpamuurvmu (AT K6a0pammumu), KYyouveckuMu.

Ecm f(x) = a € P, a # 0, o degf(z) = 0. Hynesomy
muorouneny f(z) = 0 npucsanBaioT CTeneHb —oO W CUUTAIOT, YTO
—oo0 < n anga kKaxgoron =0,1,2,... .

Teopema 9.2. Ecau P — noae, mo 6 xoavue Plx] cmenens
CYMMbBL MHOZOUAEHOB HE NPEBOCTOOUM HAUOOALUWLYI U3 cmenenel
CAARAEMBIT, G CMENEHb NPOUSBEICHUA MHOLOYAEHOE DPABHA CYMME
cmeneneti comnooicumeneti, mo ecms

deg(f(z) + »(r)) < max{degf(z),degp ()},
deg(f(z)p(r)) = degf(x) + degp(z).

B wactrOoCTH, 13 TeopeMbl 9.2 U CBOICTB YMHOXKEHUS B KOJIbIIE
P[x] Ha HysneBOii 37€MEHT BBITEKAIOT COOTHOIIECHHST

—00 + (—00) = —00, —00+n =n+ (—o00) = —o0.

9.2. /leamMOCTh MHOTOYJIEHOB

[Tycts P — npoussosibroe moste, 0 u 1 — Hy/I€BO U e IMHUIHBIHI
anemenTtsl iosist P, P* = P\{0}. Corsacro Teopewme 9.1, P[z] — kom-
MYTaTUBHOE KOJIBIIO ¢ eaunuteii. [1o anamornu ¢ KompuoM Z mesbix
quces B KoJble P[x] MHOTOUIEHOB MOXKHO PACCMOTPETH BOMPOCHI
JeTUMOCTH.

ToBopgar, uro muozousen g € Plx| deaum mmozousen f € Plz],
eC/IM CyIIECTBYET Takoii MHorouseH ¢ € P[x], uro f = gp. B arom
clydae TOBOPAT Takke, 910 f deaumes na g. MuOTOUIEH ¢ HA3BI-

BAIOT deAumenem MHO20MAEHA [, & @ — wacmubim. 3ammuch f:g
o3Havaer, 4To [ JeauTCda Ha g, a 3anuch g|f — g memut f.

Jlemma 9.3. Jlaa HeHYyseevx MHO204AEH08 Had nosem P cnpa-
8E0AUBL CAEYOUWUE CEOTICMEa:

1) fIf;
2) ecau g|f u flh, mo glh;
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3) ecau glfy u glfa, mo gl(frio1 & faps) dan mobuz @1 u 9y €
€ Pla);

4) alf, daa scex a € P*;
5) ecau g|f, mo ag|f dasn ecex a € P*;
6) ecau g|f, a flg, mo f = ag, 2de a € P*;

7) ecakutli deaumenv mmozousena [ AsafeMCA desumenem
MHozounena af daa xascdozo a € P*, u naobopom.

Teopema 9.4 (o gesennn ¢ octarkom). I[Tyems P — noae u
g — Henyaesoli muozounen xoavua Plx]. Tozda xascdomy mmozo-
waeny f € Plx] coomsememeyem eduncmeennas napa muozouse-
noe q u r € Plx|, das xomopwzr f = gq+ r u degr < degg.

Urak, amaa moboit mapsl MHOTOUIEHOB f U g, g # 0, cyIecTByeT
eJMHCTBEHHAs Tlapa MHOTOYJIEHOB ¢ W 7, TaKast, 9t0 f = gq+ 1 u
degr < degg. MHOro4/IeH ¢ HA3BIBAIOT HENOAHDIM YACTIHBIM, & T —
ocmamxom om deaernus f va g. B wactaoctu, f meaurcs Ha g Torga
U TOJHKO TOTJIA, KOTUIa OCTATOK OT jenenns f ua g pasen 0.

Mpumep 9.1. B xomsie Q] pasaennts muorounen 23 — 12 +

+x+1maz?—1.

O Ha mepBom 9Tare HaI0 JOMHOKHTH JeJATeNb L2 — 1 Ha & 1
BBIYeCTDb U3 fAemumoro: @2 —x? +x+1—x(2?2 —1) = —22 4+ 22+ 1.
Tenepb HAJIO0 TOBTOPUTH ITOT NMPUEM U YHUUTOKHUTE CTAPIITHN YIeH
(—22). Jlenenue ya06HO 3aMMCHIBATE YIIOM:

23 —2? 12?1
x> —T z—1

C—x? 4241
— z? +1
2z.
Orser 28 —2?2+z+1=(22-1)(x—1)+ 2. X

Mpumep 9.2. B kosbue Zs[x] Haiigure HenmosHoe YacTHOE W
OCTATOK MPH JeJIeHUN MHOTOYJIeHa
flz)=Ta* + 20 + 222 + T2+ 14
ra maorowten g(r) = 13 + Ta? + 4z + 4.
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9.2. Jleaumocmsb MHO20UAEHOB

O Pasgennm f(x) na g(x).
Izt 223 4 202+ 1 —i—Z‘ T3+ 122 + 40 + 4
To' + T+ 22’ + 40 | Tw+1
_Tx3+§x2+ 2x +4
123 + 122+ 40 +4
222 + 3x.

Otrsert gq(r)=1r+1— memommoe wacTHoe, r(x) = 22 +
+ 3z — ocrarok, f(z) = g(z)(1z + 1) + (222 + 3x). X

Ecnu muorousnen d menut mHOTOUWIEHB f u g, TO d Ha3bIBa-
ercs obwum deaumenem f u g. Ecniu, kpome Toro, d menurcs Ha
JI000# IPyToit 0bIIMii TeInTelh MHOTOUWIEHOB [ U ¢, TO d Ha3hIBa-
ercst Hauboavwum obwum deaumenem. MHOKECTBO BCeX HANDOIh-
mux oOIMuX JleJiuTesieli MHOTOUIeHOB f u g obo3HadaeTcss |depes
HO/(f, g). Cormacuo 1. 6 semmbl 9.3 Bce HAMOOIBINITE OOIITHE JTE-
JINTEJIN IBYX MHOTOUIEHOB f W ¢ OTJIMYAIOTCS JAPYT OT JApyra Ha
meryseBoit anement monsa. Cpean Bcex HOJ muorownenos f u g
BBIJIEIUM TOT, y KOTOPOro crapimit ko3ddurment pasen 1, u 060-
suaunm ero vepes HOI(f, g). fcno, uro HOO!(f, g) onpenenen
OTHOZHAYTHO.

HO/ MHOro4/IeHOB HaXOAUTCs C TIOMOIIBIO aaropuT™a EBKiu-
J1a, KOTOPHIT OCHOBAH Ha MHOTOKPATHOM TPUMEHEHUN TeoOpeMbl O
JIEJIEHUN C OCTATKOM.

[Iycrs f w g — nsa muorounena naz nonem P. Ecau g|f, To

g € HOZI(f, g). Mycrs g we mennt f. Torma MoXKHO Hamuicarh 1ie-
MOYKY PABEHCTB.

f=9q +r1, degry < degg,
g =T1q2 + 12, degry < degry,
1 = T2q3 + T3, degrg < degrg,

(9.5)
Tn—3 = Tp—2qn—1 + Tp—1, degrp_1 < degr,_o,
Tn—2 = Tpn—1Gn + Tn, degr, < degr,_1,

Tn—1 = Tnqn+1-

Kaxoe u3 paserncts (9.5) 0CHOBaHO Ha TeOpeMe O JeJTeHUN C
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octatkoM. [ToCKOIBKY CTEneHn 0CTATKOB CTPOTO YOBIBAIOT:

degg > degr; > degry > ... > degr,_1 > degry,
TO Yepe3 KOHEUHOEe UNCIO TIATOB TOJIKEH MOSBUTHCS OCTATOK, PaB-
Hbli Hy 0. B nmenouke pasencts (9.5) nmenenue 6e3 ocraTka 3amm-
CaHoO B IOCIeHell CTpoKe.

Anroputm EBKnma g MHOTOUIEHOB f W ¢ 3aKII0UAETCS B
HAXOXKJIeHNH paBeHcTB (9.5).

Teopema 9.5. HOJL 406mz Henyiesur MH0O204AEH068 — GCe-
2da nenycmoe mmoorcecmeo. Ecau glf, mo g € HOI(f,g). Ecau
g we deaum f, mo nocaednuti omauukovili om HYAS 0CMAMOK 6
aazopumme Eexauda npunadaeocum HOI(f, g).

Ormernwm, uro f € HOZI(f,0), rue f — Heny/neBoit MHOTOUIEH,
a HOJI(0,0) — mycroe MHOXKECTBO.

Mpumep 9.3. Haiitn HOT! (2® — 1,22 + 1) B xompme Q[z].

U Ioctpoum anroput™m EBkanma Ajad STHX MHOTOUIEHOB.
Brauane mpousBegem mesenne.

o —1z? 41
23 +a|x
2?41l [z -1
R A R |

—x+1
—x—1
C—z—1 | 2
AN b S
-1
-1
0.

Temeps 3amuireM paBeHCTBA.
$—1= 22+ 1z 4+ (—z—1),
2?4+1=(—z-1)(-z+1)+2, (9.6)
—r—1=2(—3z—1).
Nrak, 2 € HOM(2®—1,2%+1). fcwo, aro HOT (23 —1, 22 +1) = 1.
Orser HOMY 23 —1,22+1)=1. X
Bsaummno npocmuie MHo20uAeHb — STO MHOTOUIEHBI, V KOTO-
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9.2. Jleaumocmsb MHO20UAEHOB

peix HOMI! pasen 1.
Teopema 9.6. 1. Ecau d € HOII(f, g), mo cywecmeyrom ma-
Kue muo20useHbl © U P, wmo d = of + g.

2. Mnozouaenv. f u g 63aummno npocmov, mo2da U MOALKO Mo-
2da, k0204 CYWECMBYOM MaAKUE MHOZOYAEHDBL © U 1, YMO GHNOA-
naemcea pagencmeo 1 = of + hg.

Teopema 9.7. Ecau npoussedenue mnozo0usenos fg deaumcsa
Ha Muozounen h, npuvem f u h 63auMHO NPOCMbL, MO MHOZOUAEH
g deaumca na mrozouner h.

Mpumep 9.4. Bripazure HOO (23 — 1,22 + 1) B xonbue Q[z]
Yepes UCXOTHBIE MHOTOUJIEHBI.

O s muorounenos 23 — 1 u 2 +1 anropuryv Ekmuia cocro-
uT u3 Tpex paseHcts (cum. cucremy (9.6)). V3 BToporo n nepporo
PaBEHCTB TOJIy1aeM:

2=a2’4+1—(—z—-1D(-z+1) =

=22 4+1—((2®=1)— (@?+ Da)(—z+1) =

=P -1z -1+ @+ 1)1 +z(—z+1)).

Orser 1= (1/2)x —1/2)(x3 - 1)+ (1/2 + (1/2)x —

—(1/2)2?) (2 4+ 1). X
Mpumep 9.5. B xombie Q[z] maitnure HOL(f(z), g(z)) u BBI-
pa3mTe ero Yepe3 MCXOAHBIe MHOTOUIeHH, ecmn f(x) = 3zt 4+ 823 4

+62% + 3z —2m g(z) = 32* — 23 — 922 — 37 + 2.
O Cocrasum anroputm EBksimma muorowrenos f(x) n g(z).
Pasnenum muorousen f(z) na muorowieH g(x):
30t 4+ 823 + 622 + 3w — 2‘3x4—x3—9x2—3x+2
3zt — 2% — 922 — 32+ 2‘1
923 + 1522 + 6z — 4.

f(x) = g(z) + (923 + 1522 + 62 — 4).

183



9. MHOT'OYJIEHBIL

Paznennv 3g(x) wa r(x) = 92° + 1522 + 62 — 4:
92 — 32® — 272? — 9z + 6 |92® 41522 + 6z — 4

9z% + 1523 + 622 — 4z T — 2
_ —182% — 3322 — 52 + 6
—1823 — 3022 — 122 + 8
—32%2 4+ Tz —2.
3g(x) = r1(x)(x — 2) + (=322 + Tz — 2).
Hemmv r1(x) na ro(z) = —322 + Tz — 2:
923 41522+ 62 — 4 |— 322+ T —2
923 — 2122 + 6z —3xr —12
362 — 4
3622 — 84x + 24
84x — 28.

ri(xz) = ro(x)(—3z — 12) + 28(3z — 1).
Hemawm ro(z) va ra(z) = 3z — 1
=322+ Tr— 2| 3x—1

— 3%+ —x +2
_ b6 — 2
6xr — 2
0.

ro(x) = r3(x)(—z + 2).

Urak, agroputm EBknnna muorounenos f(x) n g(x) nmeer Bu:

f(@) = g(x) +ri(2)

39(z) = ri(x)(z — 2) + ro(x)

r1(z) = ro(z)(—3z — 12) + 28r3(x)

ra(x) = r3(x)(—z + 2).

[Mocneanii HeHyIeBoit ocTaToK B asropurme EBkiana sBiser-

cst HanbobiM o6mmm neanrenem f(xz) u g(z), To ecth 28r3(z) =
= 84x — 28 e HOZI(f(x), g(x)).

Hpsurasice B aaroputve EBkinma cHuU3y BBEPX U TOCTIEIOBA-
TeJIbHO 3aMeHsst octaTku, BeipazuMm HO/L uepe3 mcxoHblie MHOTO-
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9.3. Henpusodumbie MHO20MAEHDL

anenbl: 84x — 28 = 28r3(x) = ri(x) + ro(x)(3z + 12) = r(z) +
+ (3g(x) —r1(x)(z —2))(Bx +12) = g(x)(9z + 36) + r1(z)(—322 —
— 6z +25) = g(z)(9z + 36) + (f(z) — g(z))(—32? — 62 + 25) =
= f(z)(—32% — 62 + 25) + g(x)(3x2 + 15z + 11).

Orser 84z —28 ¢ HOL(f(z),9(z)),

84x — 28 = (—3z% — 62 + 25)f(x) + (322 + 15z + 11)g(x). K

9.3. HenpuBoamMble MHOTOYJIEHBI

[Mycts f — mpoOW3BOMBHBIN MHOTOUIEH HAJ TojeM P cremenn
> 1. Torna f genutcs wa a m af, TAe @ — HEHYJIEBON SIEMEHT
nonst P. Ecim f npyrux penmreneit B8 kosbie Plx] He nveer, To f
HABBIBAETCS HENPUGOOUMbLM MHO204AeHOM Had nosem P. [Ipyruvu
cIoBaMu, MHozowaeH f cmenenu > 1 HA3BIBACTCS HENPUBOIUMBLM
nad nosem P, ecin ero Heb3s MPEJICTABUTH B BUJIE TTPOU3BEJICHUST
JBYX MHOTOYJIEHOB HaJ, rmojieM P MenbInnx cremnereii. MHOTOWIEH,
KOTOPBKIil He sIBJISIETCS HEMPUBOAMMBIM Haf mojieMm P, HaswbiBaeTCs
npusodumvim 1ad nosem P.

[TpuBOAMMOCTH MHOTOUWIEHOB 3aBUCHT OT Tojd. Hampuwmep,
muorounen 2 — 2 = (z — v/2)(x + v/2) menpusoaum max Q, Ho
npusoauM Has R. Muorounen 22+ 1 = (z — i) (x + i) menpusognm
Hag Q u R, vo npusogum max C.

Jlemma 9.8. Muozousenn, nad nosem P obaadarom caedyrousu-
MU C80UCMBaMuU.:

1) mmozouaenv nepsoti cmeneny HENPUEoIUMbL;

2) ecau f menpusodum, mo af wenpusodum dasn ecex a € P*;

3) ecau f nenpusodum, mo dasa 106020 mrozousena g aubo f
deaum g, aubo f u g 63auUMHO NPOCMbL;

4) ecau npoussedenue fg deaumcsa na HenpueoduMvl MHO20-
waen h, mo aubo f deaumca na h, aubo g deaumcs Ha h.

Teopema 9.9. Beaxuti muozousen f wad nosem P cmenenu
n = 1 moocrno npedcmasums 6 sude npoudsederus HENPUBOOUMBIL
nad P mnozousenos. Ecau umeromes d6a maxux paznoicenus
f=p1p2 s = P1ya- -y,
mo s = t u npu nodxodawels wymepauuu V; = a;p;, a; € P*,
i=1,2,...,s.
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Muorouiten, ctapmmit K03 UIUEHT KOTOPOTO papeH 1, Ha3bI-
BAETCST YHUMAPHBIM.

Teopema 9.10. 1. Had a106vim nosem YyHUMAPHLL HENPUBO-
JUMBLT MHO20YAEHOE BECKOHEUHO MHOZO.

2. Had 41066iM KOHEUHBIM NOAEM CYULECTNEYIOM HENPUBOOUMbLE
MHOZOYAEHDE CKOAD Y200HO BBLCOKOT CMENEHU.

[Iycts p — wempuBoOmuMBIi genurens MuHorounena f € Plz].
Ecmu p* nemur f, mo p*t! me nemur f, 10 p mazosenm k-xpammoim
HENPUBOJUMBLM MHodcumesem. Ecau k = 1, To p Ha3BIBaeTCS npo-
CMBLM HENPUBOOUMBLM MHONCUMEAEM MHOTOUTEHA f.

ITo Teopeme 9.9 KaxKABIH MHOTOUJIEH TPEICTABUM B BUJIE HETTPHU-
BOJIMMBIX MHOTOUJIEHOB [ = 19 - -+ 5. Ecam BeIHECTH 32 CKOOKM
crapriie Ko3pUIMEHTH BCeX HEMPUBOANMBIX MHOXKHUTEe, a 3a-
TeM coOpaTh COBMAJAIOIINE MHOXKHUTEIN BMECTe, TO MPUJIEM K Ka-

HOHUYECKOMY PA3AOHCEHUN) MHO20UAEHA

ki k .
f=apyph?- - phn.

B sTtom paznoxenun Bce p; — yHUTApHBIE HEMTPUBOANMBIE MOTIAPHO
B3aUMHO TPOCTBbIE MHOTOUJIEHBI.

[Ipu paccMoTpenun map HEHYJIEBBIX MHOTOUIEHOB f U ¢ y100-
HO J00ABJISATH K X KAHOHUYIECKUM PA3JIOKEHUAM HYJIEBBIE CTere-
HU HEMPUBOAWMBIX YHUTAPHBIX MHOTOUIECHOB C TOH IEIhI0, ITOOBI
MHOTOUJIEHBI f 1 ¢ OBLIN 3aMUCAHBI B BUJIE TPOW3BEIEHNUsT CTEMeHel
OJTHUX U TeX Ke HeMPUBOAUMBIX YHUTAPHBIX MHOTOYJIEHOB.

Teopema 9.11. Ecau nenyaesvie MHO20YAEHDI

ki k . o .
f=api'ps?---pir, g =bpipg Pl
2de p; — ynumapnuvie nenpusodumvie nad nosem P nonapro pas-
aunnve mmozounens, a,b € P*, ki, l; € NU{0}, mo HOI(f,g) =
=p" - pm . 20e m; = minf{k;,;}.
Hampuwmep, st MHOTOU/IEHOB

f=x(z+ 1)3(35 — 1)2(1'2 +1) € Rz],

9= (e +1%— 1"z - 3)(+1) € Rla]

HOI'(f,9) = (z +1)*(z — 1)*(z* + 1).
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9.4. Ipoussodnas MHO204NENG

9.4. ITpon3BogHAA MHOTOYJIEHA

[Iycts P — mose Hy/neBoit XapaKTEPUCTUKU. ITO O3HAYAET, UTO
no=a+a+...+a#0ecP
n pas

ans Beex n € N u a € P*.

g Muorodiena

f(z) = apx™ + a1zt + ...+ ap_17 +ay,
creniern n > 1 mazg momem P ompemesnm ero npouseodnyio
f’(m) = nagz" '+ (n— Darz" 2 + ...+ an_1.

Tak kak P — mose HyseBoil XapaKTepuCTUKH, TO nag # 0 m f/ —
MHOTOYJIEH cTereHn 1 — 1.

Jlemma 9.12. ITycms P — noae nysesoli wapaxmepucmur,
f u g€ Plx]. Tozda:

1) ¢ =0 0dan ecex c € P;

2) (cf) = c(f'), 2de c € P;
3) (f+g9) =1+
4) (f9) =19+ fg;
5) (f¥) = kfB=D ' 20e k € N.

Teopema 9.13. 1. Ecau p — k-xpamnwiti nenpugodumviti MHo-

ACUMEA MHO20UAEHE [ HAOD NOAEM HYAEBOT TAPAKMEPUCTNUKL, MO
on asasemea (k — 1)-kpamuvim mmoocumenem npouseodnot; f'.
B wacmuocmu, ecau p — npocmoti Henpusooumuili MHONCUMEND
MHo020uAeHa [, MO P 63aUMHO Npocm ¢ npoussoonoti f.
2. Ecau f = aplf1 - pls — Kanonuveckoe pasaooicenue mmozo-
waena f nad nosem nyaesoti raparmepucmuxu, mo HOII(f, f/) =
= p]flfl o -pfs_l. B wacmmocmu, mnozounsen f we codeporcum
KPAMHBLET MHONCUMeEAET mo20a U moabko mozda, ko20a [ 63auMHo
npocm co ceoeti npoussodnoti f.

Mpumep 9.6. OupegennuTs KparTHble HENPUBOAUMBIE MHOKMH-
temm muorodatena f(z) = 28 — 2% — 22° + 223 + 2% — 1 € Q[z].

[J Haxogmm mpou3BOIHYIO

f'(x) = 82" — 625 — 102 + 622 + 20 =
= 22(42% — 32 — 52 + 3z +1).

Tak kak f(x) me memarca ma x, 1o HOI'(f(2), f'(x)) =
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9. MHOT'OYJIEHBIL

= HOO!(f(x),42% — 32* — 523 + 3z + 1). C momompio anropnrva
Eskmuaa maxommM, uro HOO!(f(x), f'(z)) = a* — 2 — 2z +1 =
=(@*-1)(z—1) = (- 1)%(z®+2+1). o Teopeme 9.13 xpaTHbI-
MW HENPUBOAMMBIMU MHOXKUTENSIMU MHOTOUIeHa f () sBJISIOTCS
x — 1 xparroctn 3 n 2 + x + 1 kparnocrn 2. Pazmenns f(z) na
(z—1)3 (22 +2+1)2%, momyuny nonmoe paznoxenne f(z) Ha Hempu-
pommveie MuokuTenn: f = (v — 1)3(z? + 2 4+ 1)%(z + 1).
Orser x—1kparaocru 3, x°+ x + 1 kparnoctu 2, x + 1
kpataocTn 1. X

9.5. Kopau mMHOro4jieHa

ITycts P — mose n muoro4sIeH
f(z) = apz™ + az" '+ +ap_ 1z +a,
Hazg nomeM P ornmden ot mysaeBoro. g snementa ¢ € P cymmy
apc + a1+ .+ an_1c+ay
Oyaem o6o3HadaTh Yepe3 f(c) n Ha3bIBATH 3HAUEHUEM MHO20UAEHA
f(x) mpu z = c¢. Ecmm f(c) = 0, T0 37IeMEHT ¢ HA3BIBAIOT KOPHEM
mrozounena f(x).

Teopema 9.14 (Besy). Suaemenm ¢ € P asasemca xoprem
nenyaeozo muozousena f(x) € Plx] moeda u moavko moada, xo-
2da (x — ¢) deaum f(x).

Jlenenne MHOTOUIEHA HA OJHOYICH YA0OHO MPOU3BOAUTE C TI0-
MOmBIo cxembl [opHepa. IlycTh HAm0 pa3geJuTh MHOTOUIEH

f(z) = apx™ + a1zt + ...+ ap_17 + ay,

Ha (z — ¢). Haitnem xosaddunments Henoaroro wacrHoro ¢(x).
Muorounen g(x) uMeer crenenb n — 1, 1 €ro MOXKHO 3aMHUCATH TAK:
q(z) = box" L+ b1z 2 . 4 by oz + by,
st naxox gernst Ko3duimenTos MHOroUIeHa ¢(x) CoCTaBIsieTCst

caemaytomnas TabIna.

ap aq ag
clby=ayg | by =a1+boc | ... | bp = ar + br_1c
an—1 Gn

b1 =an_1+by_2c f(C) = an +by_1c

Jl1s1 ee cocTaB/IeHUs HAJIO B MIEPBYIO CTPOKY BBITINCATH KO utim-
eHThl geauMoro f(x), B mepBoii KJIeTKe BTOPOil CTPOKU 3aMUCHIBA-
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eTCst 3JIEMEHT ¢, a BO BTOPOil KjieTke — by = ag. OcTaabHble KIeTKI
BTOPO# CTPOKW 3ATOJTHSIIOTCSA TI0 TTPUHITAITY

| b, = ar + br_1c |

7 o | (9.7)

br_1c+ap = by

B nocsemeit KieTke BTOpoit CTpoKu moydaercs octatok f(c),
B OCTAJIbHBIX KJIETKaX — KO3 MUIMEeHTH 9acTHOTO ().

Mpumep 9.7. B konbie Clx] pazgenants MHOTOUIEH

f@)=22° + (1 +20)2* + (2+i)2® + (1 + di)z + i

Ha MHOTOUIEH ¢(z) = o + 1.

(] ITpumenum cxemy [opmepa.
21420 0 | 244 | 1+44 )
—1 | 2 1 —i | 147|243 | 3—1
Tax kak ¢g(r) = = + i, TO TEPBBIil ITEMEHT BTOPOil CTPOKN PaBEH
(—1). Bo Bropoit kiaerke cront Koaddunment by = ag = 2, ocraab-
HBbIE KJIETKU 3aM0IHSIOTCS 10 dopmysie by = ap + bx_1c. OctaTok
f(e) =3 —i, qactroe q(x) = 2z* + 3 —ix? + (1 + i)z + 2 + 3.

Orser: f(z) =22+ 2% —ix? + (1 +i)z+2+3i)g(x) +3—i. K

Mpumep 9.8. Ucnonn3ys cxemy Loprepa, Borunciaure f(—5),
ecmm f(x) = 225 — 323 + 222 — 1.

O Tak kaxk npu jgenennu Ha (x + 5) muorowren f(x) = (x +

+5)q(x) + r, tme q(z) — HemoaHOE YACTHOE, ' — OCTATOK, TO OYe-
suHO, uT0 f(—5) = 7. CocraBum cxemy loprepa nenenns f(z) Ha

(x +5):

2 0 | -3 2 0 -1
-5 | 2| -10 | 47 | —233 | 1165 | —5826

Orser f(—5)=—b826. X
Mpumep 9.9. Paznoxure muorounen f(z) = vt + 223 4+ 322 +
+ 52 + 1 no crenensm x — 1.

O Paszgennm mo cxeme [oprepa Ha (x — 1) moouepemno f(x),
NepBoe HEMOIHOe 9aCTHOE, BTOPOE HEMOJIHOEe 9acTHOe u T. 1. [lory-
gaeMble TIPU 3TOM OCTATKHU SABISIOTCA KoM PUIMeHTAME HCKOMOTO

189



9. MHOT'OYJIEHBIL

Pa3/I0KeHUS:
112 3 5 1
1113 6 |11 | 12
1111141021
111|515
111716
111

Nckomoe pasziozkenne mMuOTOUIeHa f(T) nMeeT BHI:
f@)=(@x—-D*+6(x -1 +15(x—-1)2+21(z - 1) +12. K
Diement ¢ € P naswpiBaeTCa k-KpamuuiM KOPHEM MHOZOUAEHA

f(z) € Plz] nmm xopuem wpammocmu k, ecmn f(z) menmrces Ha

(z —c)¥, 5o we nemmures Ha (z — ¢)* 1. Kopenn xparnoctn 1 Ha3HI-

BaeTcs npocmoim koprem. Ilpu k = 2 roBopar o deotinom kopme, a

npu k = 3 — o mpotirom.

Jlemma 9.15. Oaemenm ¢ asasemcsa k-xpamuvim  KopHem

HeHYAe6020 MHuozouseHa f(x) mozda u moavko moezda, koz20a

f(a) = (z = o)fq(x) uqlc) #0.
Teopema 9.16. 1. Ecau ci,co,...,¢, — KOPHU KpamHocmed
k1, ko, ..., ky muozousena f(x), mo

f@) = (z—c))" (m—cp)™ - (z—c,) " q(x), qlei) £0, i=1,...,m
2. Yucao xopmeti, paccMampusaemouls 6Mecme ¢ UL KpamHo-
CMAMU, HE NPEBOCTOOUM CMENEHU MHOZOYAEH.
Mpumep 9.10. Haiigure KpaTHOCTH KOPHSA & = 2 MHOTOYJIEHA
f(z) = 2° — 52* + 7% — 222 + 42 — 8 € Rlz].
O Hemum f(x) Ha (x — 2), 3aTeM MOIyYHBIINECS YACTHOE JIe-

auM Ha (z — 2) W T. 1., MOKAa He TOJYYUTCS HEHYJIeBO#l OCTATOK.
Hlenenue ynobHO MpOU3BOIUTE O cxeme [opHepa.

1] -5 7 -2 14| -8

211 -3 1 0 4 0

211 -1 —1 -2 10

211 1 1 0

271 3 [7#£0

Urax, f(z) nemares ma (z — 2)3, Ho me gemmres ma (v — 2)4.

OTBeT x=2— KOpeHb KpPATHOCTH 3. X
Teopema 9.17. Ecau ¢ — k-xpamuwili KopeHv MHO204AEHG

f(x) nad noaem nyaesoti xapaxmepucmuru, mo ¢ — (k—1)-xpam-
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noli Kopenv npoussodnot f'(x). B wacmmocmu, ¢ — npocmot xo-
pens muozouaena f(z), ecau f(c) =0 u f'(c) # 0.

Mpumep 9.11. Oupenenure a u b Tak, 4T0OBI MHOTOYJIEH
f(z) = ax* + ba® + 1 nmen = = 1 koprem KpaTHOCTH > 2.

O Yucno 1 6yaer kopHem MHOrousieHa f(x) He HUXKe BTOPO
KPaTHOCTH, eC/aV 3HadeHusi MHOrodaeHa f(x) u ero mpomsBoaHOIl
f'(z) = 4az® + 3bz? npu x = 1 pasuel mymo. IIpupasnmsasg f(1)
u f'(1) x Hy/II0, IPUXOJUM K CUCTEMe ypABHEHUIL:

at+b=-1
da+3b = 0.

Pemas 3Ty cucremy, nomydaem MCKOMbBIE 3HAYEHUS @ ¥ b.
Orser a=3,b=—4. X
Mpumep 9.12. Onpenennre K03 PUIMEHTH @ U b MHOTOUIEHA

f(x) = (a—2)z* +2(b+ 1)z — 3z + 1 Tak, uT06BI & = —2 cTam

JBYKPATHBIM KOpHEM MHOTOUIeHa f(x).

O Tlockonbky o = —2 AByKpaTHbIN KOpeHb MHOTOUIeHa f (),

TO JIOJZKHBI BBINOMHATHCs yeosus: f(—2) = 0, f/(—=2) = 0. Tak

kak f'(z) = 4(a — 2)z3 + 6(b+ 1)x? — 3, T0

(a—2)16—16(b+1)+6+1=0 | 16a — 16b = 41
{ 4(a—2)(~8) +6(b+1)4 —3 =0, { —32a + 24b = —85.
YMHOXKAsA MepBOe ypaBHEHWE Ha 2 W CKIAJIBIBAs €ro CO BTOPBIM,
MOJTy YU M:

l6a—16b=41 , 3 47
—8b = -3, 816
Orser a=47/16, b= 3/8. X

Oycts f(z) = 2™ +a12™  + a2 + ...+ ay 22® +ap_17+
+ @,, — MHOTOYJIEH CTEMEHU N CO CTapIuM KO3 PUIUEHTOM, PaB-
abIM 1. JlomycTum, 9TO 3TOT MHOTOU/IEH UMEeT 1. KOpHEit ¢, Ca, . . .
., ¢pn. Torma mo Teopeme 9.16
fle)=(z—c1)(x—ca)...(x — cp).
[Mepemuokast JuHEiTHBIE MHOXKWUTENIN B TMPABOil 9acTU W NPUBOLIS
Mo J00HBIE YJIeHBI, a 3aTeM MPUPABHUBAs KOIMMOUIIUEHTHI TPU O/I1-
HAKOBBIX CTEMEHSX X, TOJyJIaeM CJIeTyIOIe PABEHCTBA, Ha3bIBaE-
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MbIe opmyaamu Buema:
[ ay =—(c1+co+...+cpn)
as =cicp +cies+ ...+ ciep +cocs + .o+
+coCn + ...+ Cp_1Cy = Zl§i1<i2§n Ciy Ciy
(9.8)

ag = (_1)k Zl§i1<i2<...<ik§n Ciy Cig =" " Ciy,

[ an = (=1)"cica -+~ cp.

Ecmu muorousnen f(x) He gBIsieTCs YHUTAPHBIM, TO €CTh €ro
crapmuii Kosddunuent ag # 1, To B paBercTBax cucrembl (9.8)
YHUCI0 a; HAJO0 3aMEHUTh Ha YuCio a;/ag, i = 1,2,...,n.

Hasn =2 u P =R sru dopmynasl n3BECTHBI U3 MIKOJIHHOTO
Kypca mMaremaruku. [ToBTOpUM BBIBOA 3TUX (HOPMYJT JJIsT MHOTO-
YJIEHA TPEThEl CTEINeHn:

f(@) = 2% + a12® + agw + a3 = (x — c1)(z — c2) (z — ¢3) =

=23+ x2(—03 — ¢y —c1) +x(c1ea + cre3 + cacg) — creacs.

ITpupasuuBas k03 UMMEHTH TPU OJWHAKOBBIX CTEMEHSX T, T0-
Jlydaem:

a1 = —(c1 +ca+c3), ag =cica+ crc3 + cacs, ag = —cicacs. (9.9)

Mpumep 9.13. Haiiaure muOrowaeH nasg mojaem R Tperneit cre-
MEeHN, UMEIOMINi JIBYKPATHBIM KOPHEM 9HCIO 3 U TIPOCTHIM KOPHEM
ancio (—2).

O Muorounen f(z) = 2%+ a12? + asx + az mMeer KopHu: ¢ =
=3, =3, c3=—2.Tlo dopmynam (9.9) nomyuaem:

a1 =—(3+3-2)= -4, as=9—6—6=—3, azg = 18.

Orser f(r)=a3—42?—3z+18. X

9.6. Muorousaensl Hag C u R

Crenyromyio TeopeMy Ha3bIBAIOT OCHOBHO TeOpeMoil anredpsb
KOMIIJIEKCHBIX YUCEJI.

Teopema 9.18. Bceaxuti mrozousen cmenenun = 1 nad noaem
C umeem mouno n xopHe.
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9.6. Mnozounenn nad C u R

Teopema 9.19. Henpusodumvimu 1ad nosem KOMNACKCHHLT
YUCEA ABAANOMCA MOALKO MHO204AEHDL NEPBOT, CMENEHU.

I/ITaK, HaJ TOJIEM KOMIIJIEKCHBIX YUCEeJI Kaﬂ(ﬂblﬁ MHOTOYJIEH CTe-
meHu 1 > 1 pa3jokuM B MPOU3BEJEHNE MHOTOUIEHOB TIePBOii CTe-
nean. Ecin f(z) € Clz] u degf(z) = n, To

f(@) = ao(e —cr)(@ —c2) -+ (& = ),
rie ag € C*, ¢ €C, i=1,2,...,n.

Mpumep 9.14. Paznoxure nan momem C Ha HETpUBOIUMBIE
MHEOKHETenH MHorounen f(r) =zt + 23—z — 1.

[0 Crpymnmupyem ciaaraemble CIeQyIOMmuM 00pa3oM:
1=+ ) —(z+ 1) =(+DE*-1)=
=(z+1)(z -1 +z+1).

Permum ypasrenne 22 +z + 1 = 0.

1 1 1 V3
SR O AL
12 =7y 1 27"

Orser: 2+ —2—1=(z+1)(z—1)(z+1/2—i(v/3/2))(z+
+1/2 +i(V3/2)). X

IIpousrosnkroe nosie P HazwiBaeTcst as2ebpauvecky 3aMKEHYMbIM
NnoAeM, €CIN KaXKIbI MHOTOUJIEeH crermernn n > 1 wag momem P
UMeeT XOTs1 OBbI OJINH KOPeHb. B 3ToM ciydae KayKIblil HEHYJIEBOil
MHOTOUJIEH HAJ aJreOpamvdeckKu 3aMKHYTBIM TOjeM OyaeT UMeTh
POBHO CTOJIBKO KOPHE#, KAKOBA €ro cTeneHb. Temnepb yTBEpKICHUE
Teopembl 9.18 MOXKHO CHOPMYIUPOBATH TaK: NOAE KOMNAECKCHOLT
YUCeA GA2eOPAUYECKU 3AMKEHYMO.

[Tone R meficTBUTE/NBHBIX YNCET HE SIBIASETCS aJIredpamdecKn
3aMKHYTHIM. Muorounen 2241 He nMeeT efiCTBUTEILHBIX KOPHEIH.
Onnako R comep:kutcs B moje KOMIIEKCHBIX unces. [ToaTomy Besi-
KUl HEHYJIEBOI MHOTOUJIEH C TeHCTBUTEIbHBIMU KO3 PUIMEHTAME
UMEET CTOJIBKO KOMIIJIEKCHBIX KOPHEl, KAKOBa ero CTeleHb.

Teopema 9.20. 1. Ecau z = a + bi — Kopenv mHo20uAEHA
f(z) € Rz], mo conpascennoe wucao z = a—bi maxoice acraemcA
KopHem muozousena f(x).

2. Mnozousen nwewemnoti cmenenu Had nosem R umeem deti-
CMBUMENDHBIY KOPEHD.

Teopema 9.21. Henpusodumvimu nad noaem deticmeumens-
HOLT YUCEA ABAANOMCA MHO20MAEHDL NEPEOT, CMENEHU U MHO20YUAE-
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HOL 6MOPOTE CMENENU ¢ OMPUYAMEALHBIM QUCKPUMUHGHINOM.

Teopema 9.22. Kaowcdwii muozousen cmenenu n > 1 ¢ deti-
cmeumessbHuLMU Kodpduyuernmamu pasasczaemca wad R 6 npous-
sedenue M MHO20UACHO8 NEPEOTl CMENEHU, COOMBEMCMEYIOUUT
deticmeumenvrvim kopram, u (n —m)/2 nenpusodumuz nad R
MHOZOUAEHO8 6MOPOTE CMENEeHU, COOMEEMCMEYOWUT NAPAM KOM-
NACKCHLT CONPANCEHHDLT KOPHET].

Mpumep 9.15. Paznoxure nan momem R Ha HETpUBOIUMBIE
MHOXKHTEH MHorownen x4+ 3 — 8x — 8.

U I'pynnupyst ciaraemble, 1MoJIyYaeM:

42 -8 —8=23z+1)-8x+1)=(z+1)(z*-8) =
=(z+1)(z—2)(z% + 2z +4).

Muorounen 242244 uMeer oTpuUIATEIBHBIH AUCKpUMUHAHT [ =
=4 — 16 = —12, nosromy menpupoaum Hax R.

Orser z*+23-82—-8=(z+1)(z—2)(2®>+22+4). X

Mpumep 9.16. Paznoxure wan nonamu C u R wa HempuBoau-
MBIe MHOYKHTeN MHOTOUMeH f(x) = 2% + 4.

) Bmavane mam moseM KOMILIEKCHBIX YWCeN HaiileM KOpHU
MHOrowIeHa 4 + 4:

zp = vV—4 = {/4(cost + isinm) =
2 2
= V(eos T i TEEE ke Z01.2.3,
4 4 ) )
N

xo = \/i(cos% + isin%) = \/_(— + z—) =141,

3 3
T ﬁ(cos% + isin%) = V2(cos(m — %) + dsin(m — %)) -

= V/2(—cos— —|—zst) =—-1+1,

X9 = ﬁ(cos% + isin%) = V2(cos(m + — ) + isin(m + — ))

=V2(— cos T isinZ

T3 = \/i(cosif7T + zsm%) = V2(cos(2m — %) +isin(2m — %)) -
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9.6. Mnozounenn nad C u R

= \/5 cosE —z'sinE =1-—1q.
4 4

[Tonygaem paszmoxenne:
fl@)= (- 0+))(z—-(-1+)) (@ - (-1-d))(z—-(1-1i) =
=(x—-1—-di)(z+1=d)(z+14+0)(z—141).

[TepeMHOXKIM CKOOKHM, OTBEUAIOININAE COMPAKEHHBIM KOPHSIM:
(z—1—d)(z—1414)=(x—1)2?—i>=2>-22+2,

(x+1—i)z+14+0)=(x+1)?—i*=2®+22+2

Han morem R momyuaem pazmoxenne: f(x) = (2 — 2z + 2)(2? +
+ 2z + 2).

OreeT f(z)=(@—-1—-di)(z+1—-di)(z+1+i)(xr—1+1)
ran morem C; f(x) = (22 — 22 + 2)(2? + 2z + 2) max nomem R. X

Teopema 9.23. /[aa mHozousena

flx) =apx™ + An_12" '+ ..+ a1z + ag

¢ yeavimu Kosphuyuernmamu a, # 0, an_1,...,a1, ag # 0 payuo-
HAADHOE “UCAO P/q ABAAEMCA KOPHEM MO20a U MOALKO Mo20a,
Kxo02da p deaum ag, a q OEAUM Qy,.

Mpumep 9.17. Haiigure Bce kKopun Muorounena f(r) = 1624+
+ 823 — Ta? + 22 + 1.

[0 Bocnomwayemcst Teopemoii 9.23. CoctaBuM MHOKECTBO BO3-
MOXKHBIX DaIMOHATBHBIX KOpHEeil p/q MHOTOUTeHA f(T).

pe {*1}, g€ {1,2,4,8,16},

P 11 1 1
Le {ﬂ, el i—}.
p 21 TR 16

st HaxoXKIeHns KOPHEil nucmoip3yeM cxemy lopHepa:

6] 8 | 7 2 1
1 16 | 24 | 17 19 20 #£ 0
1 |16 8 | 1 1 0
1 |16 | 24|25 | —24#0
12 [16] 0 | 1| (3/2)#0
—(1/2) [16 | 16 | 9 | —=(7/2) #0
/4 [16] 4|0 140
—(1/4 [ 16 | 12| 4 0
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9. MHOT'OYJIEHBIL

rak, waitnens kopun x1 = —1, 9 = —(1/4). Tlo Teopeme Besy
1
f(x) =4(z +1)(z + Z)(zm;2 — 3z +1).

Haxomum ocraibHEIE KOPHH, permnasi ypasrenne 422 — 3z + 1 = 0:
3—iVT 3+iV7
r3 = ————, T4 = ———.
8 8

Orser z1=—1,29=—(1/4), 23 = (3 —i/7)/8,
rq = (3+1iV7)/8. X

Mpumep 9.18. HaiinuTe BCce KOPHU MHOTOUIEHA

f(z) = 32" — 5a® + 322 + 42 — 2,

€C/IM U3BECTeH OJWH U3 KopHeit x1 = 1 + 1.

O Tak kak ko3dduiments MHOrOUIeHa f(T) ABASIOTCS J€ii-
CTBUTEILHBIMU YUCTAMHU, TO BTOPBIM KOpHEeM MHOroUneHa f(z) 6y-
JIeT 9WCJI0, COMPSXKEeHHoe X1, TO ecTh To = 1 —¢. [To Teopeme Besy

muOrouneH f(x) genures Ha (z — x1) u Ha (T — T2), TO €CTh HaA
MHOTOYJIEH

(x—z)(x—22) = (2 —1—=4d)(xz —141) =
= (-1 -?=a2>-20+1+1=2>-22+2.

_32* — 523 + 322 + 42— 2|x% — 20 +2
3z* — 623 + 622 322 +2 -1
Co2® — 32 +4x— 2
3 — 222 + 22

2?4222
—x% 42z — 2
0.

Permast ypasuenue 322 + x — 1 = 0, HAX0AUM OCTATbLHbIE KOPHH:

—-1—-+/13 -1+ +v13
BE= g M=

Orsemr a9 =144 20 =1—14, z3 = (-1 —+/13)/6,
r4 = (—1++/13)/6. X
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9.6. Mnozounenn nad C u R

Mpumep 9.19. PazioxnTe HA HEMPUBOANMBIE MHOKUTEIN HAI
noasivnt R 1 C mmorounens f(z) = a1 —323+222 420 —4n g(z) =
=2t 4+ 322 +9.

O Haiizem Bce Kopuu MHOTOUIeHa f(T):

1 =—-1, 20=2, z3=1414, x4 =1—1.
Taxk kak HenmpuBoanMBIME HaJT ToaeM C SBISIOTCS TOTBKO MHO-
rOUJIEHBI TIEPBOii CcTemenn, T0 ucKoMoe pasnoxenne Hax C nmeer
s f(x)=(z+1)(x—2)(z —1—1i)(x —1+419).

HemnpuBoanmvbie MHOrOWIEHB! HAJT To1eM R J0/IKHBI HMETH J1€ii-
creurenbHble Koadduimentol. [Tosromy (x+1) n (z—2) — Henpu-
Boumble MHOXKuUTenu f () nax momem R. Tlepemuoxknm

(z—1-d)(z—14+i)=(z—1)2? -2 =2>—-22+2.
Torma f(z) = (z + 1)(z — 2)(2% — 22 + 2). TTockoabKy HermpuBo-
JVMBIMH HaJ 1MojieM R SIBJISIFOTCST MHOTOY/IEHBI MEPBO CTENEeHN W
BTOPOIf CTENEHN ¢ OTPUIATEIHHBIM JUCKPIMAHAHTOM, TO MOy €H-
HOe pas3jioxkeHue u OyIeT UCKOMBIM Haj moseM R.

[IpeoGpasyem muorowien g(x):

glz) =2+ 322 +9 =2+ 622+ 9 — 32° =
= (22 +3)? — (V32)? = (2% — V3x + 3) (2> + V32 + 3).

Tax Kak AUCKPUMHUHAHTHI IMOIYYEHHBIX KBAIPATHBIX TPEXUIe-
HoB orpuratensisl, 10 ¢(z) = (22 — v/3x + 3)(2% + 3z +3) —
MCKOMOE pazjIoxkenne Ham moiaem R.

PaznoxuM Kaxkaplil 13 KBAIPATHLIX TPEXUJIEHOB Ha HEIPUBO-
numMble MHOXKUTen Haf moitem C:

xz—\/§m+3:<w—@>(x—@)7

—V3 =31 —V3+ 31
w2+\/§x+3:<x—7\/_ Z)(x—i\/_—i_ 1).
2 2
Torma pa3sjioxkKeHHe Ha HENPHBOAMMBIe MHOXKHUTeaH HaJ moreMm C
FMeeT BUJI:
V3 -3i V3 + 3i V3 +3i V3~ 3i
g(z) = <m— >(x— )(x—i— ><w—|— )
2 2 2 2

O 1 B e 1: passnoxenne MHOrOUIeHOB f(z) U g(x) Ha HENpHBO-

JMMBbIe MHOXKATEIN Haj mojieM R:

f@) = (z+1)(z - 2)(a? — 22 +2),
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9. MHOT'OYJIEHBIL

9(z) = (v* — V3z + 3)(2® + V3z + 3).

Pazyioxkenne muorounenos f(z) u g(z) Ha HENPUBOANMBIE MHO-
sxurenn Hajg mojgem C:
f@)=(z+1)(z-2)(x—1-1)(x—-1+1),
V3 —3i V3 —3i V3+3i V3 —3i

X

9.7. aauBuayajabHbIE 3aJaHUS

1. B konbue Z4[z] HaiiiuTe HEMOMHOE YACTHOE M OCTATOK TIPH
nenennn f(x) Ha g(x).

1.1 f(z) =22* +12° + 32 + 2, g(x) =122 + Tz + 1.
1.2, f(z) =T2* + 123 + 32 +3 g(x) =122 +2z +1
1.3. f(z) = Ta* + 222 + Tz + 3, g(x) = 12® + 22 + 2
1.4, f(x) = 32* + 123 + 322 + 2, g(z) =122+ 3z +2
1.5 f(z) =22 + 122 + 3z +3 g(x) =Ta3 + 22 +1
1.6. f(z) =22* + 122 + 22 +3 g(x) =122 + 2.

L7 f(z)=Ta* + 22 +1 g(x) =123 + 1.

1.8 f(z) =22+ 12® + Tz +1, g(z) =123 + Tz + 1.
1.9, f(z) =T2° 4+ 223 + 322 + 1, g(x) =12% +22% +3
1.10. f(x) =225 + 323 + 222 + 3z, g(v) =123 + 22 +1
111, f(z) = 20 + 322 + 22 + 3, g(x) =123 + 1z +2
1.12. f(z) = 32* 4+ 223 + 12 + 3, g(z) =122 4+3z +3
1.13. f(x) = 22* + 122 + 22 + 3, g(z) =123 + 322 + 3.
1.14. f(x) = Ta® + 123 + 32 + 2, g(x) = 123 + 1.
1.15. f(z) =1o% + 22 + 122 + 2,  g(x) = 12° + 3.

2. Ucnonssyst anropurm Eskinna, waitnnre HOJ(f(z), g(x))
¥ BBIPA3HUTE €r0 Yepe3 UCXOAHbIe MHOMOWICHHL.

2.1. f(z) =a* 4+ 223 — 2% — 42 — 2,
g(z) =2t + 23 — 22 — 22 — 2.

2.2. f(z) =25+ 32t + 23 + 22 + 32 + 1,
g(x) =2 + 223 + 2+ 2.

2.3. f(x) = 28 — 42° + 112* — 2723 + 3722 — 352 + 35,
g(x) = 2% — 32 + 723 — 2022 + 10z — 25.
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9.7. Undusudyaavhoie 3a00HUA

3.1
3.2.
3.3.
3.4.
3.5.
3.6.
3.7.
3.8.
3.9.
3.10.

A f(x)=3 x + 5t 16x — 622 — 5x — 6,
g(z) = 32 — 423 —x—2.
5. f(z) = 323 — 222 +x+2
g(x) = a? —fﬂ+1
6. f(z) =2* —dz? + 4z + 1,
gx) ==z —m—l
7. f(x) =4 4—235 — 1622 + 52 + 9,
g(z) =223 — 22 — b + 4.
8. f(z) =2 — 223 + 1222 — 27 + 12,
g(x) = 23 —53: — 3z +17.
9. f(z) = 3z* — 523 + 42?2 — 22 + 1,
g(z) =3z 3 — 22 +z— 1.
0. f(z) = 22* +3x —32% - bx + 2,
g(z) = 223 —l—x —z—1.
1. f(z) = x6 ot + 423 — 37 + 2,
g(x) = a® +2.
2. flx)=a® —zt 4+ 23 — 22422 -2
g(z) =25 — 1.
3. f(x):x5+6x —32% — 1122 + 7,
g(z) = 2* —2x +1
4. f(z) =2® — 2t + 2% — 20 + 1,
g(z) =2t -1

f(z) =2* — 223 + 422 — 62 + 8

f(z) =22° — 523 — 8,

f(x) = 423 + 22,

f(x) =23 —2% -2,

f(x) = 2* — 323 + 622 — 102 + 16,

f(z) =5zt — 723 + 822 — 32 + 7,

f(x) =2° + (1 +2i)a? — (1 + 3i)z? + 7,

flx)=2°+ (1 —2i)a* — (3+1d)z? + 7,

f(z) =%+ 2iz® — (1 +4)2% — 3z + 7 +1,
f(x) = 2% — 3iz® — 422 + 5ix — 1,

. f(x) = 225 + 423 — 5z + 2,

To=1+1.
To = —3 + 1.
.%'02—1—2.
z0=1—2i.
.%'ozi.
.%'0=3i.
$0:—2—i.
.%'02—1-1-21'.
xo_—’i.
.%'0=1+2i.
$0:2’i.
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3.12. f(x) = 42 — 32* + 222 — ba, zo =2+ i.
3.13. f(z) =32* —ixd + (1 - 20)2® + 2z — 1, x0 = 3i.
3.14. f(z) = ba* + 2iz® + bx — i, zo=1+1.
3.15. f(z) = 32* — 23 + 222 — dx + 1, To = 1.

4. Ucnone3yst cxemy Toprepa, paszioxknre muorowieH f(z) n3
3amannst 2 no crenensm (r + 1).

5. Onpenenure k03 duUIUEHTH A, b, ¢ TaK, YTOOB MHOTOUIEH
f(z) mmen x = 1 KOpHEM KPATHOCTH TPH.

5.1. f(z) = ax* + b2 + ca? — 22 + 1.
5.2. f(z) = az® + ba® — 2cx + 2.

5.3. f(z) = 2a2® — bx? + cx — 1.

5.4. f(z) = 2% — ax® + 2bx + ¢

5.5. f(x) = —ax* + 2bx3 — ca? + 22.
5.6. f() = ax* + 2b2® + 3cx — 3

5.7. f(z) = 2az® — bx® + cx — 4.

5.8. f(z) = —2az* + 3bx? — 2cx + 3.
5.9. f(z) = ax* — 2bx? + cx — 2.
5.10. f(z) = az® — 3bz® + 2cx — 4.
5.11. f(z) = 3ax3 + 2bx? — 4cx — 1.
5.12. f(z) = —2ax* + ba3® — 2cx — 6.
5.13. f(z) = az* — 4bz® + cx — 2.
5.14. f(z) = 4ax3 — 2bx® + 3cx — 4.
5.15. f(x) = —2az® + 2bx? — 6ex + 1.

PP
=== = O 000 O W
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9.7. Undusudyaavhoie 3a00HUA

6.14. f(z) = —3z* + 523 + 822 — 20z + 16.
6.15. f(z) = —a* + 523 — 422 + 152 + 25.

7. Haiigure Bce kopun muorownena f(z) B nose C, ecin usse-

CTEH OJINH W3 KOPHEN Z7.
7.1. f(x) = 2* — 62 + 142% — 62 + 13,

7.8. f(z) = 2t — 223 4+ 322 — 22 + 2,
7.9. f(z) = 2* + 223 + 722 + 302 + 50,
7.10. f(x) = 2* + 423 + 922 + 162 + 20,
7.11. f(z) = 2* — 223 — 2% + 22 + 10,
7.12. f(x) = 2* + 423 + 1722 + 162 + 52,
7.13. f(x) = 2* + 1122 + 102 + 50,

7.14. f(x) = 2* + 223 + 1022 — 62 + 65,

7.15. f(z) = 2* — 423 + 62 — 42 + 5,

1‘123—21'.
1 =14+1iV3.
r1 =3+ 2i.
1‘1=i.
$1:—2i.
1‘1221'.
$1:2—i.
1‘1=1+i.
r1 =14 3.
r1 = —2+1.
r1 = —1+41.
] = —2+4 3i.
$1=—1+2i.
] = —2+4 3.
$1=2—i.

8. Pazyiozkure muorowrens! f(x) n g(x) Ha HEMPUBOJUMBIE MHO-

sxuresn Hag mogsavu R u C.

8.1. f(x) =t — a3 — 2% — 1 — 2, g(x) = 2%+ 27.
8.2. f(z) =t + 223 + 22 + 82 — 12, g(x) = 2* + 16.
8.3. f(x) =at — 423 + 722 — 62 + 2, g(z) =2+ 81
8.4. f(x) =a® + 22 + 23 + 22+ 20 + 1,

r) =z* — 222 + 16

f
f
g
8.5. f
8.6. f
g
f
g
f
f

8.7. f(x)=a®—62*+92° — 22+ 62 —9
x) =zt — 222 + 4.

8.8. f(x) = x* — 523 4 1522 — 452 + 54,

8.9. f(x) = x* — 72> + 1922 — 23z + 10,
g(z) = 24 + 422 + 9

g(x) = 162* + 1.

g(x) =251
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8.10. f(z) = 2° + 52* — 623 — 22 — 5z + 6,

8.11. f(z) = a* + 223 — 222 — 62 +5, g(z) =a* — 2%+ 1.
8.12. f(x) = a* + 23 — 42® + 4x + 16,
r)=2"—23 22 +1, ga)=2*+1

8.14.

i

f
f
g
8.13. f
f
g
8.15. f

r) = 2% —62% + 1022 — 62 +9, g(z)=2%—1.

9.8. lomosmHUTEIbHBIE 3a/1a9N

1. Haiigure BCe Takue 3HAYEHWS @ U P, YTOOBI MHOTOUJIEH
f(x) = 23 + 222 + ax — 3 gemmncs wa mworouwnen ¢(z) = x2 +
+ 3x + p.

2. C moMOIIBI0 MPOU3BOIHON ONPEIENINTE KPATHBIE MHOKUTEN
muorouatena f(z) = x5 + 625 + 9% + 1223 — 4822 + 48z — 16.

3. Ilpu xakoM ycoBum MHOrodnen x* + px? + ¢ memurcs Ha
MHOTOUIeH 22 + ma + 17

4. Tokaxxure, 9T0

Iz -1z -2)..Iz—p—1)=TaP ' -1
B KOJIbIle Zp|x] A5 JIF060T0 IPOCTOTO YHCIA P.
5. Haiimure Muorowren f(x) u3 ycmoBust
zf(z—1) = (z - 5)f(z).

6. JokaknTe, 910 MHOTOUIEH Tt — 22 4+ 3 HempUBOANM Ha

7. dokaxkwure, uto moboii muorowsen f(x) € Rz], degf(z) >
mpuBoANM Haz moiem R.

8. Iycte f(z) = z(x — 1)(x — 2)...(x —n) € Q[z]. Ckonbko
KopHueit y Mmuorounena f'(z)?

9. MokaxmuTe, aro Muorounen f(z) = 2° — 2x + a € R[x] npn
at060Mm a € R nmeer va nnrepsase (1;00) He 6O/bIIIE OHOTO KOPHSI.

10. Toxaxmure, uto muorodnen f(z) = 1o?+1r+1 nenpusognm
HaI TofeM Zo, HO TIPUBOAWM HAI ToaeM Z3.

11. VkaxuTe 9UCI0 PA3IUYHBIX MHOTOYJIEHOB cTernenu n > 0
B KOJIbIIE Zao|z].

Q.
3

7
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9.8. onoanumenvhoie 3adavwu

12. Tlepeuncanre Bce MHOTOUJIEHBI CTENEHN 2 U3 KOJIbIa Zg|x).
VkaknTe HEMPUBOANMBIE HAI TIOJIeM Zo.

13. Tlepeuncanre Bce MHOTOUJIEHBI CTENEHN 2 U3 KOJIbla Z3[x].
VkakuTe HEIPUBOIUMBIE HAJ TIOJeM Zs.

14. TlepeuncanTe Bce HEMPUBOAMMBIE MHOTOUJIEHLI CTENEHW 3
u3 KOabla Zso[z).

15. VkaxuTe 9uC/I0 PA3JIUdHBIX MHOTOYJIEHOB cTernenu n > 0
B KOJIbIIE Zp|X], TZIe p — TMPOCTOE FHCIIO.

16. Haiigure Takume 3navenus a u b u3 moist R, 910661 MHOTO-
anen f(z) = az" ! + ba"™ + 1 nemncs ma (z — 1)2.

17. Jokaxkute, 9To mpu 1 > 2 g MHOrOwIeHa f(r) = x
—na"t 4 na™ ! — 1 uncio 1 sBasieTcst KOpHEM KpaTHOCTH 3.

18. Pazmoxmure Muorouten h(z) = 2™+ 2™ 1 4+... +x+ 110
cTerneHstM x — 1.

19. Hokaxkure, uro muorounen f(x) = x™ — 1 e umeer Kpar-
HBIX KOpHEIl.

20. Tpn kaxom sHadenwn a muorowren ¢(z) = 2° — 3z + a
MMeeT KpaTHble KOPHU?

21. Ilycts P — xomeunoe mose. J[okakurte, 9TO CYIIECTBYeT
Takoe m # 1, 9TO 3HAYEHWS] MHOTOWIEHOB X W " paBHBI TPH
JIF000M BHAYMEHUU X U3 mojst P.

22. Haiianre MHOrOYIeH HanMeHbInei crenern u3 koabia Clz],
KOTOPBIN MMeeT OBOIHON Kopenb 1 m mpocTwie Kopum 2, 3, 1 +
+ ¢. Haitanre MHOrOuWIeH HamMeHbIneil cremenn u3 kosbla Rz,
KOTOPBIil IMeeT TaKue Ke KOPHMU.

23. CymMma JBYX KopHeii ypaBmenus 23 — 22 — 7z + X\ = 0
paena 1. Haiigute A u KopHU ypaBHEHUS.

24. Tycrs f(z) — muOrounen u3 konbna R[z]. Jokaxkmure, 1o
f (x) UMeeT XOTs Obl OINH JefiCTBUTE/ILHBIN KOPEHb, €C/IN CTAPIINii
K03duIumenT n cBOOOIHBIN KO3MDMUITNEHT UMEIOT pa3Hble 3HAKHM.

25. [Tycrs f(x) — mHOTO™WIEH U3 KOIbIa R[x] i1 BCce KOpHE 9TOTO
MHOTOYJIEHA SIBJISIIOTCS YMCTO MHUMBIMHU, TO €CTh UMEIOT BUI i,
rae a € R a # 0. Jokaxkute, 9r0 Bce KOpHN npon3Boanoii f/(x),
KPOMeE OJIHOTO, TAKKe SIBISTIOTCS IMCTO MHUMBIMA.

26. Haitane Bce maphl JeiCTBUTEIBHBIX UNCeT a 1 b, 1T KOTO-
peIx MEOTOueH f(x) = z*+ax?+b mMeeT weTHIpe JEHCTBHTETBHBIX
KOpHS, 00pa3yomnx apudMeTndecKyo IPOrpeccuio.
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10. THTEPIIOJIAIN 1
N PAIIMOHAJIBHBIE TPOBN

10.1. Nurepunonasanuonnasa ¢dpopmyaa Jlarpamxka

Hrumepnoaayus — 3T0 KOHCTPYKTHBHOE BOCCTAHOBIEHNE (DYHK-
WM OTIPEJEIEHHOT0 KJIACCA, B JAHHOM CIydae MHOTOYJIEHA, 110 W3-
BECTHBIM €e 3HaUeHusIM. 3a7auy 00 WHTEPIOISIIUN MOXKHO chop-
MyIUpoBaTh Tak. Jlama TabauI@a, B KOTOPOi 3HAUYECHWSAM HE3aBU-
CUMOIi TIEPEMEHHOI comocTaBIeHbl 3HaueHns GyHkiuu. Tpedyercs
Hafitn Gynkumio (MHOrO4IEH) ¢ TaKoil Tabauneit 3HaYeHWil.

Bonee Touwno, mycts ai,as,...,0p+1 — TONAPHO PA3JIUIHBIE
snemenTwl, b1,ba,...,byy1 — TpOM3BOSIBHBIE 37eMeHTHI mojs P.
Tpebyercsa moctponts MuOrOouneH f(x) € Plz] crenenn < n, Ta-
Koit, uro f(a;) = b; nns Beex i.

HecnoxxHO TpOBEpUTH, UTO HY:KHBIMH CBOHCTBAMHU 00J1a/1aeT

MHOTO4YJIE€H
n+1

f(@) = ij@j(x), (10.1)
B KOTOPOM =
(—a1)--- (@ —aj1)(@—aj41) (& — ant1)
aj —a1)--(a; — aj-1)(a; — aj1) - (@ — any1)

pj(x) = ( (10.2)

®opmyna (10.1) mHocuT Ha3BAHWE UHMEPNOAAUUOHHOT HOPMY-
avt Jlazpanorica.

Mpumep 10.1. B konbue Q[z] waiianre muorounen f(z) cre-
nean < 3, ecm f(—1) =1, f(0) =5, f(1) =3, f(2) =2.
OO0 CocraBuM TabJIHITY.

al a9 as ayq
T -110| 1] 2
flx)y| 1 | 5| 3|2
by | by | b3 | by
Brauane naiinem ¢;(x) mo dopmyre (10.2):
or(z) = (x —a2)(x — a3)(z — aq) _ z(x—1)(z —2) _
(a1 —az)(ar —az)(ar —as)  (=1)(=2)(=3)
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10.1. Hnumepnossyuonnas popmyaa Jlazpamnorca

z(x? —3x+2) a®—32%+2

—6 6
o) = (x —ay)(x —a3)(z — aq) _ (x+1)(xz—1)(x—2) _
(az — a1)(az — a3)(az — a4) 1(=1)(-2)
(@ -1D(@@-2) 2 —22? -z 42
= 5 ,
(@ -a)r—a)(r—as) (x4 Dw@—-2)
@3(1.) - (ag — al)(ag — ag)(ag — a4) o 2 1(—1) -
2 — 2% — 2z
-
 (z—a)@-—a)(—a3z) (+Dz(x-1) *-=
pal) = (a4 —ay)(ay — ao)(agy —as) 3:2-1 6

Teneps mo dbopmyiae (10.1) moxywaem:
f(x) = bip1(z) + bapa(z) + b33 (w) + bapa(r) =
x3 — 322 + 2 23 =222 —x 42 a3 — a2 — 2% 3 —x

= 2 =
6 +5 > +3 — + 6
1 5 3 1 1 3 1 5 1
_3(_ Lt 9o 9o 1 2(L 9 A _
= 62 2+3>+x (3-5+3) +( 3 5t 3)+5
7 1
:6x3—3x2—6x+5.
Mposepra: f(—1) =1, f(0) =5, [(1)=3, f(2)=2
Orser f(z)=(7/6)z>— 322~ (1/6)z +5. X

Mpumep 10.2. B konsre Clz| maiinnre muorounen f(z) creme-
HI MeHbIIedi win paBHoii 3, nig koroporo f(—1) = 1424, f(0) = 1,
F) =2—3i, f(1) = 1.
[0 Bamummem Tabauily 3HAYEHU MHOTOUIEHA.
k 1 2 3
ag -1 0 1
b = f(ak) 1+20 |1 |2—-3¢
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10. UHTEPIOJIALINA 1 PAITUOHAJIBHBIE TPOBU

Bocnonssyemcst marepnoasnuonnoit hopmy.oit Jlarpamxa (10.1).
Buauasie no dpopwmyse (10.2) waxogum:

2) = x(x —i)(x—1) :xg—(l—}—i)xQ—}—ix
A e (T )
(z4+D)(x—i)(z—1) 2°—ix? —x+i

S T T A
(x)_(ﬂ:+1)x(x—1)_x3—$
T i -y —2i
x+ Dx(x —1 23+ (1 —i)2? — iz
@4(35):( )(~ ) ( )‘
2(1 — i)l 2(1 - 1)
Teneps f(x) = bip1(x) + bawa(x) + bzps(x) + bapa(x) =
P-4 iz o i —a i
=(142i L
A2y i
x?’_x x3+(1—z)x2—m
2 3 1 =
LS v 2(1 — 1)
:(_347_2)(953—(1+i)x2+ix)—i(m3—i$2—x+i)+
2i 144
+_(3J; —Z)(fﬂg—w)+%($3+(1—i)x2—i$)=
~3—i . 342 1+ 2+4i 1
3 B 2 _ _
= He ) e (S g
1-3i . 3+2 1—i 3.2 -
+x( - +i— 5 + . >+1_x +iz®— (1+i)z+ 1.

Urak, f(z) =23 +iz? — (1 + i)z + 1.

[Ipoeepra: f(—1) = —1+i+14+i+1=1+2i f(0) =1,
Fl)=—i—i—i+1+1=2-3i, fQ)=1+i—1—i+1=1.

Orser f(z)=a3+iz?— (1+i)z+1. X

B ra. 9 Beemennl mMuorowaeHbl HaJ mojieM P Kak GeckoHed-
HbBIC TTOCJIEJOBATECIHOCTHU C KOHECYHBIM YMCJIOM HeHyJIeBLIX JJIEMEH-
TOB. STI/I TIOC/IEeJ0BATEC/IBHOCTU CKJIAJBIBAIOTCA 1N yMHO)KaIOTCH 10
dopmynam (9.2) u (9.3), c. 177. D10 Popmaavro-arzebpauneckut
B3I, HA, MHOTOYJICH.
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10.2. Payuonasvhoie dpobu

Ho mo6oit muorounen f(z) € Plz] onpenensier dynkuio
frar— [f(a),

CTABAIIYI0 B COOTBETCTBHE KaXKJOMY 3/eMeHTy a € P amement
f(a) € P. Tosromy wmmHOrouseH f(x) MOXKHO pACCMATPUBATH
KaK QYHKIMO f. DT0 GynKyuonaavuodi 632440 HA MHOTOUIEH.
Cuestyromasi TeopeMa TMOKa3bIBAET, YTO HaJ OECKOHEYHBIM I10-
jieMm bopMaTbHO-aMredpandecknii U PyHKIIMOHATBHBIN B3T/ISIIBI HA
MHOTOUJIEH COBITAJIAIOT.

Teopema 10.1. Muozouaenv, f u g Had beckoneuHbviM nosem
pasHvL Mo20a U MOoALKO Mo20a, k0200, PaGHDL ONPEICAAEMDBIE UMU
pynxyuu f u g.

Hanx xomeunbivm nogsvm cnryanns wHasi. Pasawarbie MHOTO-
YJIEHBI MOTYT OTIPEIENATH OAHY 1 Ty e dhynkuuio. [Ipneenem nmpn-
mep. Iyers Zs = {0,1} — KoHeuHOE TIOE W3 JABYX 3JE€MEHTOB U
f(z) =2 +1, g(z) = 22 + 1 — ABa Pa3TUUHBIX MHOTOUIEHA HAT
nonem Zso. Tak xak f(0) =1, f(1) =0, g(0) =1, g(1) = 0, To xak
dbyskunu f(z) n g(z) coBnagaror.

10.2. PanmmonanbHbIE JIpOOM

Pavyuonasvras dpobe wam nonem P — sro dbyHKITHSA
f(z)
ol@) =Tz
rae f(x) n g(x) — muorownens: Han nonem P u g(xz) # 0. Ipobs
©(x) nmeer cpoeii 06.1aCTHIO ONIPEIEIEHNST BCE T€ JIEMEHTHI o € P,
s KoTopeix g(xg) # 0. Takum 06pasoM, 061aCTh OMpeIeseH st
@(x) momydaercsa B pesyJsbraTe yaadeHus u3 mous P Bcex KOpHei
MHOrowIeHa ¢(x).
JIBe panuoHaIbHBIE IPOOH
fi(z) fa(x)
A= 5w 2
CUUTAIOTCS PABHVLMU, €CIN WX 00JIACTH ONpe/IeIeHNsl COBIAIAI0T 1
fi(zo) _ fa(xo)

g1(zo)  g2(zo)
I Ii0boro xg m3 obsactu onpenenenus. Ilociemmee paBeHCTBO
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10. UHTEPIOJIALINA 1 PAITUOHAJIBHBIE TPOBU

nepenuniineM B BUIE!

f1(@o)g2(x0) = fa(w0)g1(x0)- (10.3)
B 6eckoneunom mosie P snemMeHT xp MOXKET NMPUHUMATH HECKO-
HEYHO MHOTO 3HavYeHWit u3 obsactu onpexesenus ¢1(x) n pa(x),
nosromy ycaosue (10.3) BBumy Teopemnr 10.1 paBHOCHMIBHO paBeH-
CTBY MHOTOYJICHOB
fi(x)ga(x) = fa(x)g1 (). (10.4)
O6parno, ecm BoimonaseTca pasenctso (10.4), To maas mo6oro
xg € P mmeer mecto pasenctro (10.3). 1o o3mauaer, 9To parmo-
HaJIBHBIE T1po0H @1 (T) U 2 (T) MIPUHIMAIOT OJTMHAKOBbIE 3HATCHMUSI
B obmieit obsactu ompemenenus. [loaToMmy parmoHagbHBIE IpOOH
©1(z) m p2(x) MOKHO CUNTATH PABHBIMH, €CJIN BBITOJHSIETCS pPa-
sencreo (10.4).
Yepes P(x) 0603HAUMM COBOKYTHOCTH BCEX DPAIMOHATBHBIX
npoGeit wax momem P. Crokennme u yMHOXKEHHE DAIMOHATBHBIX
Ipo0eit oTpenes MM CIeyIONMMI PABEHCTBAMU:

ﬁ+é _ [1i92+ fagn

(10.5)

g1 92 9192
oS Nif2 (10.6)

g1 92 9192

Hecmoxuo mpoBepuTsh, 9T0 PE3yIbTaT CIOKEHUSA U YMHOKEHUS
apobeit He M3MeHNTCs mpu 3aMmeHe japobeit Ha pasuble. CiiegoBa-
tespHO, paBeHcTBa (10.5) m (10.6) ompezmensior GuHApHBIE ajre-
Opanueckue omnepanuu Ha P(z).

Teopema 10.2. Mwnoosicecmeo P(x) ecexr payuonasvnux opo-
beti nad noaem P ¢ onepayuamu caoorcenusa (10.5) u ymmoorcenua
(10.6) asasemca noaem.

Hysnesbiv ssementom B none P(x) 6yger 0/1 =0, rae 0w 1 —
HYJIEBOW W eJMHUYHBINA 37eMeHTH moja P, MpOTHBOMOMOKHBIM K
f/g snementom 6yzner snement (—f)/g = —(f/g). Dnement 1/1 =
= 1 sBstercst equananeiM B P(z). Ecim f /g — nenynesoit anemenr,
to f # 0 u apobs g/f Gymer obparHbiM dmemenToM K f/g.

Pammonanbuas 1poOb HA3BIBAETCS NPasuAbHOT, €CIH CTEIEHb
ee UNCANTENST MEHBINe CTeTleHn 3Hamenarens. VI3 Teopembr o je-
JIEHUW C OCTATKOM CJIEIyeT, 9TO 410664 PayuoHaidbHad dpoby ecmb
CYMMA MHO20YACHA U NPABUALHOT IPOOU.
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10.3. Pasaoorcenue payuoraavroti dpoou Had C u R

Teopema 10.3. Cosoxyntocmo ecex npasusbHur dpobeti A6-
asemes nodkoavyom noas P(x).

[TpaBusibHas paumonasbHas apobh f/g HasbiBaercst npocmet-
wet Hag moaeM P, ecam ee 3HAMEHATEIb ¢ SABJISIETCS CTEIEHBIO
HEIIPUBOIUMOro Haj P MHOrouTeHa p, To ectb g = pF, k > 1, n
CTEIIEHb YUC/IUTEId f MEHBIe CTEeTIEHU P.

Hanpuwmep, wag nmomem C HEeNMPUBOAUMBIMU SIBJISTFOTCST TOJIBKO
MHOTOUJIEHBI TIepBoii crenenu. [losromy wazm momem C mpocreiiu-
Mu OyayT apobu:

A
(x —c)k’

Hazx monem R HenmpuBOANMBIMU SBJISIIOTCS MHOTOUJIEHBI TIEPBOii
U BTOPOI CTENEHU C OTPHUIATENbHBIM JUCKpUMuHAHTOM. [TosToMy
npocreimumu Hal moeM R OymayT apodu:

A - QAHB -, p?—4q <0, A,BER, pg,cER.
(x—o)*" (22 +pr+q)

Teopema 10.4. Bceakasa payuonasvHas dpobv npedcmasuma 8

sude CYMMb, MHO20UAECHG U Npocmetiwus dpobet.

k>1, AeC, ceC.

10.3. Pazjoxkeunune panumoHajabHOl apobdbu mam C m R

Hag momem C menpupoguMbiMu OyayT TOJBKO MHOTOUIEHBI
[IePBOI CTEIEHU, MO3TOMY KazKJblii MHOIOYJICH g(w) nag C pas-
JIO?KVUM B TIPDOM3BEAECHUE

g(x) =a(x —ec) (@ — ) . (. —cp)
pocreitmuyu 6yayT apobu A/(x — c)F, k > 1, A, ¢ € C. Cre-
JIOBATEJIbHO, TIPABUIbHAS pannoHaibHast apobs f/g wam momem C
JTOTTYCKAET PABIOKEHTE:

_ An Arz A,
~alx —c) * (x —c1)? et

An Agg Aok,
+ T
x—co (T —c2) (x — co)k2
Aml Am2 Amkm
5 + ...+
T—cCm (T —cm)
Hax R wenmpwBOAMMBIMI SIBASIIOTCS MHOTOYIEHBI TIEPBOI CTe-
IIeHW U MHOTOYJIEHBI BTOPOi CTENeH’ ¢ OTPUNATENTbHBIM JIUCKPH-

) km

+ 9=

+ (T — cp)m”
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10. UHTEPIOJIALINA 1 PAITUOHAJIBHBIE TPOBU

muHauTOM. ITosromy Kaxkzabiii muorounen g(z) wax mnonem R pas-
JIO?KUM B TIDOM3BEAECHUE

gz) =a(z—c)" .. (—cp) (@2 +pra+q)t . (B2 +pr+q)'t.
[Ipocreitmumu nag R 6ygyT apobu:

A Bz +C
(x—c)f" (a2 +px+q)

e p? —4q < 0, ¢,p,q € R, A,B,C € R. CrenoBateinHo, Tpa-
BUJIbHAS palnuoHaj bHast Apodb f/g Haja monrem R momyckaer pas-
JIOJKEeHNe:

A A A
f_ n 12 N 1k1k ‘+
g alx—c) (z-c) (z =)
A A A
+ ml + m2 5 . mkmk o+
T—cm (T —cp) (. — cp)im
Bz + Cpy Biox + Ci2 By, x4+ Chy,
24+piz+q (P+pr+a)? 0 (@@ +pr+q)h
Byx+ Cy Bz + Cio By, x + Cy,
22+ px+ @ (xz + prx + %)2 o (xz + prx + C]t)lt .

Mpumep 10.3. Paznoxkure B CymMMy MHOTOYJEHA W TPOCTEH-
mux apobeit Hag mogem R pammonaabayO ApPoOH
2 4+ar+1
22 +2x+1
[ Ucxommas pannonaakHast Apobh HempapuabHas. Pazmoxnm
ee B CyMMYy MHOTOY/IEHA U MPABUIBHON Apodu:

a3 4+ +1]z2+22+1
23 4222+ r—2

— 227 +1
2% —4x —2
4x + 3.
3
> +xz+1 Ce_o4 4r + 3 .
22 +2x+1 2 +2x+1

Mpasuasayto 1pobs (47 +3)/(x+1)? paznoxkum B cymmy Tpo-
CTEATINX:

4z + 3 A B Alx+1)+B Ax+(A+ B)

@r1? 7241 @r1? @+l? @ty
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10.3. Pasaoorcenue payuoraavroti dpoou Had C u R

[TpupasuuBaem K03hGUIHEHTH TPU OJUHAKOBBIX CTEIEHIX HEM3-
BectHoro: 4 = A, 3= A+ B, orkyna B = —1.
3

?4+x+1 4 1
= (r-2)+ — 5
2 +2x+1 z+1 (z+1)

Mpumep 10.4. Paznoxkure B cymMMy mpocTeimux apobeit Ha
mosieM R parmoHanbHy0 Apo0h

20 — 1
(x+1)2(x2+2x+1)
00 Muorouwnen x2 4+ x 4+ 1 uMeeT OTpPUIATETLHBINH IUCKPHMMU-

HAHT, ModTOMYy HempuoguMm Haa R. Mmeem
2 — 1 A B Cx+D
(z+ 1222 +x+1) z+1 * (x+1)2 +x2—|—x+1 B
A+ 1)@ +2+1)+B@?+ax+1)+ (Cx+ D)(x +1)?
B (x+1)222+2x+1) )
[IpupaBHUBaEM YUCTUTEH
20 —1=A(x+1)(x*+2+1)+B@*+z+1)+ (Cx+ D)(z +1)2
IIycts x = —1. Torna —3 = B, 10 ectb B = —3.
Mycrs z = —(1/2) +iv/3/2. Torna

o(4ri) 1 (030 ) o) ().

2 2

X

OrserT:

1 4/3\2 1 V3
eiimc(he ) e n(4 ) -
+iV3=C 2+z 5 + 2+z 5

1 V3 1 V3
(- o4+
C( 2 ' )+ D)
[IpupaBuuBag neiicTBUTEIbHBIE I MHUMBIE YACTH, TTOTYIAEM:
—2=(=1/2)(C + D C+D=4
(=1/2)(C + D) ” D=3 C=1
V3= (V3/2)(-C + D), —-C+D =2,

Mycts £ =0. Torma —1=A—-3+3un A=—-1.
Ornen 2 — 1 e e B S
C(r+1D2(@24+z+1) x4+l (z+1)?2 0 224x+1]
Mpumep 10.5. Pazmoxkure panumoHAJTBHYIO APOObH
4 3 2
T z° — 3z — 2z
)=
3 —3x — 2
B CyMMYy MHOTOYJIEHA U TPOCTEHIuX Apobeir Ha momem R.
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10. UHTEPIOJIALINA 1 PAITUOHAJIBHBIE TPOBU

O Tpeacrasum apo6s F(z) B BUge CyMMbI MHOTOYJIEHA U TTPa-
BUJIBHON panmoHaabHoi apobwn. [Iast 9Toro pasmeanM YucanTesb
Ha 3HAMEHATEJIb:

at +ad =322 —2x|ad —3x—2
ot — 322 -2 z+1

23
3 =3z -2
3x + 2.
3x+2

Cnenosarensro, F(z) =z + 1+ m
Paznoxxum Ha,ZL R muoOrounen z3 — 3z — 2 Ha HEPUBOINMbIE

vaokuTenn: 15 —3r—2 = (z+1)%(x—2). IpeacTtaBnM NpaBuIbLHYIO

paImoHaIbHYI0 AP0Ob B BUE CYMMBI MPOCTEHIINX IPobei:

srv2 A B C
(z+1)2(z—-2) (z+12 2+1 2-2

_ A(m—2)+B(x+1)(x—2)+C’(m+1)
(z+1)*(x - 2)
Torna 3x +2 = A(r —2) + B(z +1)(z — 2) + C(x + 1)%. lpugasas
sHavennss © = —1, x = 2, x = 0, nonyuaem: A = 1/3, C = 8/9,
B=-8/9.
-8 8

1
O : Flx) = 1 K
reen Fla)=a+l+ar sy T op =2
Mpumep 10.6. Pazmoxkure panmoHAJTBHYIO APOObH
x? — 22
G pu—
@)= @D

B CyMMYy mpocTreimmux napobeit max momrem R.

O IpencraBum mucxomuyio ApoOb B CAEAYIONIEM BHIE:
% — 2z Axz + B Cx+ D E

@ 1P@—1 @12 241 Tr-1

 (Az+B)(x —1)+ (Cax+ D)(2* + 1)(x — 1) + E(a? + 1)?

- (22 +1)*(z — 1) '
TomaxQ—Qx:AxQ—Am—i—Bx—B—i—(Cx—i—D)(x —2?4r—1)+
+ Ex' +2E2? + E = (C+ E)2*+ (-C+ D)3+ (A+C — D +
+2E)2? + (~A+ B -~ C + D)z + (—B — D + E). llpupanuusas
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10.3. Pasaoorcenue payuoraavroti dpoou Had C u R

K03 DUINEHTHI PN OIMHAKOBBIX CTEMEHAX X, MOIYIUM CUCTEMY
C+E=0

—-C+D=0

A+C—-D+2E=1
—-A+B-C+D=-2
|\ —B—-D+ E =0.
Pemas cucremy, nonyunm: A = 3/2, B = —1/2, C = 1/4, D =
—1/4, E = —1/4.

3z —1 z+1 1

OrBem: G(x)ZQ(xQ—l—l)Q+4(x2+1)_4(x—1)' X

Mpumep 10.7. Paznoxxure panmonaabHyiO ApoOH

3z —1
= Gy

B CyMMy mpocTreiimux apobeit maz momem C.

] Pasnoxkum 3mHaMenarenb Apodu B MPOW3BEICHUE HEITPUBO-
JUMBIX MHOTOWIeHOB HaJI moaem C:
(2% +1)% = ((z +i)(x — 1))* = (z +1)*(x —0)°,
Flz) = 3x—1 _ A n B n C n D _
(x+9)2(x—19)?2 (41492 z+i (x—19)? (x—1)
Az — i)’ + Bz +i)(z — )2+ Cx + i)+ D(x — i) (z +1)?
(z + 1) (x —i)? ’

3r—1=A(x —9)?+Bx+i)(z —i)> + C(x+14)* + D(x —i)(x +i)*

Monarast x =4, x = —1, © =0, x = 1, moxyaunm:
3i—1=-4C C—l—gi —3i—1=—4A A—1+3'
- 1 73 _4 47 - 9 _4 417
~l=—;—Zi-Bi—1+%i+Di, B-D=—zi
1 3 1 3
2:(— —') —92i) +2B(1 —i (———')2' 2D(1 +i
4+4z (=2i) +2B(1 —1i) + 11 i+2D(1+1),

B(1—i)+D(1+i) = —%.
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10. UHTEPIOJIALINA 1 PAITUOHAJIBHBIE TPOBU

Perrraem cucremy

B—-D=-1 —i
2¢ ) B:—Z,Dzi.
B(1—i)+ D(1 +1) = -3, 4 4
14 3¢ ) 1-3:¢ )
Orper F@) =% " ievd T d@ip  dw=i)

10.4. aauBuayaabHbIE 3aJaHUS

1. B xonbue R[z| naiigure Muorounen f(x) manMensieil cre-

[IeHU 110 JAHHON TabJINIEe ero 3HAUYEHUINA.

11 x -170(1]2
e T s T 15
L9 x 0112 3
F@ 152579
T 211|214
LS =63 38
x -1(11|121|4
L4 =y T T[4 =30
x -3 —-111]|2
LS ey =30 [0 =5
x -4 -3]-1]1
L6 st T3
x -2101112
LT @ 1176
L8 x —111]|2 4
F@ |2 [o[1/2]27
x -1(0|1]|4
L= Ts 4513
x —170(1]5
L0 =y T T2 13 3
T —21-110 1
L =y == 19 T1a |13
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10.4. HniusudyasrvHvie 3adarus

L12. f”(m) 3_43 0_1 (14 1_2
1.13. f"(:v) :?8 g L 2_8
1.14. fc(m) ;1 - L 2
115, ff(x) :3 ;- ; g

2. B xompre Clz| maiigure muorounen g(x) HanveHsleil cre-
[IeHU 110 JAHHON TabJINIle ero 3HAUYEHUMN.

91 L% 1 |1 -1
F@) | 3| —2+i | 2+1i
2.2 i(x) :é—i :;—i i
2.3. ;C”(m) 3——1|—z — 1—1—1—2‘
2.4. jf(x) = 0_1
2.5 ;E“(x) ::—21' :11 jl—z
—1 29 1
2.6. ;Cf(x) 3— 3 —Zﬁ—z 5— 3
2.7. ;C”(m) (il—i—z' 1—2 T
2.8 i(x) T (2J T
2.9 ;E“(x) :ﬁll—i—z z :;z
2.10. ;(Cﬂ) :3—21' 1 Zl—z
2. 11 ;E“(x) (121' 1—2—2 2—8
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10. UHTEPIOJIALINA 1 PAITUOHAJIBHBIE TPOBU

1 ‘ 2
2.12. jf(x) e e g
1 '
2.13. ?(m) 9 (11_21' 2—2—22'
2.14. f‘“(:c) ;:_22 g 1—1+i
1 12
2.15. “;f(w) T e e S

3. Paznoxnre panmonanbuyio apobs F(z) B cymmy mpocreii-
mux apobeit mag moaavu R u C.

3.1 Fla) = (z —219)62(_m3+ 2)% 3.2 Fz) = (z +?;9)62(_$1— 3)*
3.3, F(x) = m 3.4 F(@)= +3?§ _;3_ k
3.5. F(z) = CEL (j+ o 3.6. F(x) = = 5)x(+ 2 e
3.7. F(z) = %. 3.8. F(z) = wjg—;i
3.9. F(x) = (m—;;(351+4)2‘ 3.10. F(2) = -—gp R
3.11. F(z) = m- 3.12. F(z) = ﬁcﬁ
3.13. F(z) = ﬁ. 3.14. F(z) = (@ _1;62(;?; 2)%
3.15. F(x) = %

4. Paznoxnre pannoxanbayo n1pobs K (z) B cymMMy mpocreii-

mux apobeit mag moaem R.

4.1. K(z) = ﬁﬁ
4.3, K(z) = %
4.5. K(z) = 7436(36;5”;;2
4.7, K(z) = %
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222 — 1
42 K@) = oo
z?2 -1
44 K@) = e
322 —
22 —2x+1



10.4. HniusudyasrvHvie 3adarus

522 — 6z + 1 2 — 2z
5r? — 4x 622 — 1
4.11. K =—— 4.12. K =+
(=) (22 4 3z + 5)? (z) (22 4 22 + 2)?
z? -2 222 + 1
—x2+3

5. Paznoxknre pammonanbusie npoou F(x) m G(z) B cymmy
MHOTOUJIeHA U mpocTeitiux apobeit Hax moasyvu R u C.

20t —3a3 — 222 + 42— 5

51. F =
(@) 3 —2x2 —x+2 ’
20t + 1122 —z + 1
G p—
() x4 4+ 42
3zt + 423 — 22 — 352 — 6
5.2. F =
(@) B4r?2-—z-10
G() x4+ 323 — 222 — 22+ 3
T) = )
x4 — 222 +1
—rt =203 4+ 222+ T+ 6
5.3. F = ,
(z) 34+ 222 —x—2 ’
G() 2t + 2 — 224+ 20+ 3
T) = .
i+ ad—x—1
—2rt — 3 4622 — 22— 1
5.4. F = ,
(z) +a2-—x-—1 ’
G() a4 4ad — 72?2 — 250 — 21
T) = )
x4 + 323 — 22 — 132 — 10
—3z* — 222 - 23z -3
5.5. F =
(@) 3+ 2410 ’
—3at — 2 + 922 + 32 + 2
G(az): x x° 4+ 9z° 4+ 3x + .
xd+ 23 — 322 — 5 —2
—at 4 823 — 2422 + 422 — 31
5.6. F =
(z) 3 —2x2 4+ 2x —1
G(x):2x4—x3+2:c2+x

x4 — 23+ 2 —1°
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—20% + 822 — T2 + 1

5.7. F =
() 2% 42 $ 623
— —4
Glz) = " +;” .
x4—4:r3 —{?:356 —i2—4:6—4
3z* + 13z° + 2z2% — 11z — 12
5.8 F =
(z) 3 +4x2 —x—14 ’
G( )_ 2t —brd 4+ 222 —x—1
o ot =529 1027 — 00 + 3’
3z* —11z° + 162 — 92 + 1
5.9. F =
(@) f3—33x2+3m—1
-2+ 2x° —x+5
G = )
() x4—4x3—:§2—x—2
—z* +2z° +2x — 4
5.10. = ,
() 3 — 222+ —2
G(m)— -+ 2 —20 42
_:c44—7x3é{—185622—20:6+8'
—x* 4+ 2z° 4+ + 5+ 1
5.11. F(z) = 31 ;
G(x)_2x4+x3—x2—x—2
B 4x4+%x3—22x—1
z* +4x° +8x° +9x + 2
5.12. I =
() 3+ 32 +4dx+4
G(x) 2t — 3 — 622 —4r —8
T) = .
:U44+ 6:633—{— 13:622—1— 122 +4
22 — 9x° + 142 —z — 3
5.13. F = ,
(@) 4x3—25x2+8x—4
xt—x*+x—4
G = .
() m;1+2x§’+m2—24
z* +5x° + 11z° + 4z + 1
5.14. I = ,
(@) 23+ 522 +9x+5
G(x): 24 —dx+1
:U44+ 2:633— 3x254x+4'
22 — 3x° +102x° — 122 + 3
5.15. F =
() 3 —x24+4x —4 ’
G(ﬂ:) _ 224 + 323 — 322 — 2

xt 43— 32—z + 2
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10.5. Jlonoanumenvusie 3a0auu

10.5. JJonostTHUTEIbHBIE 320291

1. BeiBeiuTe nuTEpHIONANINOHHYO (hopMyay JlarpaH:ka mocpe-
CTBOM DeEIIeHnd CUCTEeMbI ypaBHeHI/IﬁZ

-1
ap+a1x1 + ...+ ap127 =y
-1
ap + a1z + ...+ ap_1xy =Yy

ap+ a1x, + ...+ an_1x2*1 = Yn-
2. B konbne Zs[z] naitanre muorounen f(x) HanMenbInedi cre-
[IeHU 110 JAHHON TabJINIle ero 3HAUYEHUMN.

12 011213

o3 D R I Tl P N ) I Bl
f(z)y|1/11]0 flz)y 22|44

3. B konbre R[z] naiianre muorownen f(x) HaumenbImeii cre-

[IeHU 10 JAHHON TabJINIE ero 3HAUYEHUIA.

T 01112]...]n

ST e e 2 |
z 01112 |...|n

32 fxy|[1]al|a®|...]a" ack

35 | 0]1 2 o n

CUF@ 1213 . 1]

4. Haitnure f(z) € Clz] mo Tabauie 3HadeHMiA.
T 1€ | e | ... | €net 2k s 21k
F@) [ 12 3 " , € = COS =/ =+1sIln = =.

5. Mycrs f(z) € Rz], degf(z) = n € N. IIpeanonoxkum, aro

fla+1) € Z npu dbuxcupoannom a € Z u mobom i € {0,1,2,...
.,n}. Jokaxkure, uro f(b) € Z npu m060m b € Z.

6. Iycrs f(z) € Rz], degf(z) = n € N. IIpeanonoxknm, aro
£(0), £(1), £(4), £(9),..., f(n?) € Z. Noxaxwure, uto f(m?) € Z
mpu Jrobom m € Z.

7. BuuncnuTe ciaenyronme CyMMbl, 3Hasl, 9TO «, (3,7 — KOPHHI

MHOTOWIeHa ().

1 1 1
7.1. =23 — 3z — 1.
2_a+2_ﬂ+2_7, p(r) == x
1 1 1

'a2—2a+1+62—2ﬁ+1+w2—2v+1’

7.2
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o(r) =23 + 2% - 1.
1 1

2 —30a+2 F_33+2 2_37+2

o(z) =23+ 2% —dx + 1.

8. Paznoxure panmonaabayto apodbb F'(x) B cymmy MHOrOUIE-
Ha U HpOCTeI?'IIHI/IX npobeit Hag monem Zs.

s =9 =
23 + 4a? +2w+3. 8.2, F(z) = 4{ +3f —i—%x‘
202 + 3 + 1 202 + 3z + 4

9. Hax nonewm Z,, paznoxnre 1/(zP —z) na mpocteiimme npo6u.

10. Paznoxkure na npocreiimme apodbu was nogem C.

10.1. 1/(z3 = 1). 10.2. 1/(z* —1). 10.3. 1/(z* — 4).
10.4. 1/(z* +4). 10.5. 1/(z° —1).

11. Tlyers f(z) = apz™ + ap—12" 1 + ... + ap — MHOTOUMEH C
nesnbivu Koadbdunuentavu, u nycrs f(0)f(1) — Hewernoe aucio.
Joxaxkure, uro ypasaenue f(x) = 0 He UMeeT IeJbIX PeIIeHHuii.

12. Penmre B kosbrie R[z] ypaBHenune

a(w —b)(z —¢) N (x —a)(z —c) C(ac —a)(z —b)

(@a=b)a—c)  ~(b=a)b—c) (c—a)(c-Db)

13. Jokaxkure B Kosble R[z] ToxxmecTBo

pE D@ a0 LE—aE-b) _
(a —b)(a —c) (b—a)(b—c) (c—a)(c—0b)

14. Ilycrs o, B m v — ocTaTKu OT JejeHus MHorowiena f(x) €
€ Rlz| na x — a, x — b w & — ¢ coorsercrBenno. Haiinure ocrarok
or nenenns f(z) Ha (x —a)(z — b)(xz — ¢).

15. dna vmorounena f(z) = ' + aga® + ... + a9 € R[z]

uzsecrro, uro f(1) = f(-1), f(2) = f(-2), ... f( ) = f(=5).

Hokaxknre, uro f(z) = f(—z) maa mobdoro z € R.

7.3.

8.1.F(z) =




1.1.1. ¢!
Ba

(Ba)~!
1.1.2. 7!
Ba

(Ba)~*
1.1.3. 7!
Ba

(Ba) ™t
1.1.4. a7}
Ba

(Ba)~!
1.1.5. o7}
Ba

(Ba)~!
1.1.6. o7}
Ba

(Bo)~?

OTBETBI

123456789
314857629
123456789
497283516
123456789
846179352
123456789
971654328
123456789
794853126
123456789
786359142
123456789
532176498
123456789
324691785
123456789
621394785
123456789
379415268
123456789
183265479
123456789
143765829
123456789
315794628
123456789
375829164
123456789
751938246
123456789
743961582
123456789
231694758
123456789
312684795

]
J

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

af =
(af)? =
B2 =
aff =
(af)? =

52 =

[
[

123456789
638245197
123456789
589324671
123456789
271398465
123456789
432759618
123456789
723658941
123456789
987352416
123456789
873254619
123456789
163752489
123456789
742395816
123456789
143758962
123456789
173956284
123456789
825476391
123456789
318269547
123456789
834197625
123456789
523147698
123456789
156829473
123456789
129753846
123456789
927846351
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OTBETHI

1.1.7. o7}

Ba
(Ba)~!

1.1.9. o1

B =

(Ba)~t =

1.1.11. o1

B =
(Ba)~! =

1.1.12. a1 =

222

f
[

123456789
245836179
123456789
493715628
123456789
583167492
123456789
684925317
123456789
916274385
123456789
247693581
123456789
425791638
123456789
856917234
123456789
578923614
123456789
389241567
123456789
567348291
123456789
974512368
123456789
731285694
123456789
653812749
123456789
563821749
123456789
765938241
123456789
856942317
123456789
867523914
123456789
273165498

af
(af)?
5—2
af
(aB)?
5—2
af

(af)?

af
(aB)?
6_2
af
(aB)?
6_2
af

(aB)?

af

123456789
987153264
123456789
462957831
123456789
576289413
123456789
325689147
123456789
528947361
123456789
498516732
123456789
536219478
123456789
169358247
123456789
951246783
123456789
936817524
123456789
467295138
123456789
526147389
123456789
127693485
123456789
124357689
123456789
317452689
123456789
578129346
123456789
234576819
123456789
526147389
123456789
578432691

J

)

)

)

)

)

)

)

)

)

)

)

)

)



OTBETHI

123456789 123456789
Po=|l6o573428)" @’ =|360487215
- 123456789 - 123456789
Be)™ =\ g6742503)° P =|237064185)"
1114, a1 [123456789) g (128456789
842169735 746923518
123456789 123456789
Po=|sog134672)" @ =|503846271
- 123456789 - 123456789
Be)™ =\ 95617832)° P =l|er3as1289)"
1115, a1 _ [123456789) g (128456789
547316298 856432179
123456789 123456789
Pa=|c3104682)° @ =|732465810
- 123456789 - 123456789
Be)™ =\ 493627185)° 7 =|soe3sa712)"
1.2.1. a = (12843)(5)(67)(9) = (13)(14)(18)(12)(67) meuwernas. 5 =
= (17324)(5896) = (14)(12)(13)(17)(56)(59)(58) =meuernas. 1.2.2. a =
— (137289)(46)(5) = (19)(18)(12)(17)(13)(46) wermas. B = (16892)(374)(5) =
—  (12)(19)(18)(16)(34)(37) wermas. 1.2.3. a = (1457)(23)(6)(89) =
— (15)(17)(14)(23)(89) mewernas. § = (198576)(243) = (16)(17)(15)(18)(19)(23)(24)
mewermas. 1.2.4. a = (156893)(27)(4) = (13)(19)(18)(16)(15)(27) wer-
mas. B = (139785)(24)(6) = (15)(18)(17)(19)(13)(24) wermas. 1.2.5. o =
— (128053)(467) = (13)(15)(19)(18)(12)(47)(46) mewernas. 8 = (154)(23)(6879) =
= (14)(15)(23)(69)(67)(68) wermas. 1.2.6. a = (1657)(204)(3)(8) =
— (17)(15)(16)(24)(29) mewernas. B = (1793)(26)(485) = (13)(19)(17)(26)(45)(48)
gernas. 1.2.7. o = (17842)(35)(6)(9) = (12)(14)(18)(17)(35) wueuerHas.
B = (198653)(274) = (13)(15)(16)(18)(19)(24)(27) wnewernas. 1.2.8. «
— (18256)(3794) = (16)(15)(12)(18)(34)(39)(37) mewernas. 8 = (145)(2893)(67)
—  (15)(14)(23)(29)(28)(67) wermam. 1.2.9. a =  (1674)(2)(3895)

(14)(17)(16)(35)(39)(38) wernas. 8 = (193)(254)(68)(7) = (13)(19)(24)(25)(68)
mewermasz. 1.2.10. o = (168245793) =  (13)(19)(17)(15)(14)(12)(18)(16)
gernas. B = (174653)(29)(8) = (13)(15)(16)(14)(17)(29) wermas. 1.2.11

= (132498567) = (17)(16)(15)(18)(19)(14)(12)(13) wermas. (B =
(17236)(45)(89) =  (16)(13)(12)(17)(45)(89) wermas. 1.2.12. o =
(1948627)(35) = (17)(12)(16)(18)(14)(19)(35) meuernas. B = (134756)(2)(89) =

(16)(15)(17)(14)(13)(89) wermas. 1.2.13. a = (1472)(3)(56)(89) =
= (12)(17)(14)(56)(89) meuernas. B = (16753924)(8) = (14)(12)(19)(13)(15)(17)(16)
HewerHas. 1.2.14. o = (14238)(596)(7) = (18)(13)(12)(14)(56)(59) uernas.
= (1762)(39)(45)(8) = (12)(16)(17)(39)(45) wmeuernas. 1.2.15. «
(15)(2734)(6)(89) = (15)(24)(23)(27)(89) meuermas. 8 = (1982)(364)(57)

o ne

S
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OTBETHI

= (12)(18)(19)(34)(36)(57) wernas.

12345678 12345678
1.3.1.0 = = .ol = (876)(52)(341), 77! =
7 45132786>’T (21456378) 7 (876)(52)(341), =
= (31)(65)(543)(412), or = (15786)(24)(3), 70 = (15)(26783)(4). 0?7 uerHas,
12345678 12345678
2 -1 . 1.8.2. = = .
(o) (o) HEYeTHasA 3 o 15263874) T (32786514)
ol = (8642)(51)(54231), 7~1 = (48)(56)(731), or = (1258637)(4), 70 =
12345678
= (1326457)(8). o027 wernas, (70)?7(r0)~! 4ernas. 1.3.3. 0 = 43572816)’

12345678) 4
62751438
= (18675423), 7o = (15276843). o027 uermas, (70)27(70)~! newernas. 1.3.4.
_ (12345678) _ _ (12345678)
25136874)° 62547831/
= (81)(86)(753), o = (18257)(364), To = (12736)(458). 027 uernas, (10)27(10) ™1
12345678) __ (12345678

= (86)(741)(532), T—1 = (463)(51)(7653), or =

= (18652)(41)(13), 7!

Q

gernag. 1.3.5. ¢ = o1 = (874)(65321),

23576184 47563218)°
771 = (541)(726)(6531), or = (17284)(36)(5), 7o = (17864)(25)(3). 027 wmeuer-
12345678 12345678
nag, (10)?7(ro)~! wermaa. 1.3.6. ¢ = 65?27438 7= 46135827
o~ = (6134)(752)(23), 7! = (7862)(134), or = (124)(368)(57), To =
12345678
=(w?xﬁ”wﬂﬂJﬁTHﬂmﬂmHJT@QﬂT@_lQMHMLL3J.J::(46?52378>,
12345678 1 1
= ) = (63)(542)(641), = (721)(4653), =
T 97536418)" ° (63)(542)(641), T (721)(4653), o1
= (1653274)(8), 7o = (1324657)(8). 027 meuernas, (70)27(r0)”! meuwernas.
12345678 12345678 1
1.3.8. = = ) = (76)(834)(521),
7 25831764/ " (62534178) 7 (76)(834)(521)
771 = (521)(6253)(341), or = (176253)(48), 7o = (124567)(38). 027 Heuernas,
12345678 12345678
2 -1 . 1.3.9. = = .
(ro)*r(ro)™" meernaz 7 46752318)" " 15732846
o7l = (541)(1736)(62), 7! = (86)(734)(52), or = (1475683)(2), To =
12345678
= (1342867)(5). 0?1 uwernag, (10)?7(r0)~! wernaa. 1.3.10. 0 = 37:6542 1),

12345678\
21354876

= (17238456), 7o = (13654827). o%7 meuernad, (70)?7(7o)~! uernmas. 1.3.11.

12345678 12345678

- (75234618>’T - (46517238

= (46)(72)(831), =1 = (856)(241)(4852), oT =

>, o1 = (31)(7345)(52)(21), ! =
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OTBETHI

= (26)(753)(41), o = (1347265)(8), To = (1362745)(8). 027 wernas, (10)27(10) ™1
ermas. 1.3.12 12345678\ 12345678

YeTHad. D . 0O = =
54836172/’ 48325617

=1 = (4187)(82)(271), o = (138756)(2)(4), 7o = (156437)(2)(8). 027 werHas,

12345678 (12345678
37451682)° 7~ \36254718)"
-1 = (872)(3154), v~ (276)(423)(4531), o = (14)(268)(37)(5), To
(12)(35)(4)(678). o027 wmewernas, (70)27(70)”! mewermaa. 1.3.14. o
12345678 12345678
35276418)" 24816537/

(56)(783)(421), o (15438)(27)(6), To

>. o1 = (2834)(651),

(ro)?r(r0)~! medernas. 1.3.13. 0 =

Q

-1

(312)(546)(751), 71

(18726)(34)(5). o027 mneuernas,
12345678 12345678\
76248315)° 41567238)°

= (58)(71)(362), 71 = (265)(7643)(541), o = (14385)(27)(6), To = (13)(2)(46587)
0?7 nweuernas, (70)27(70) ! wernas. 1.4.1.v: (2,4,5), (4,5,2),(5,2,4). x : (6,7,5).
1.4.2. v : (5,6,7),(7,5,6),(6,7,5). x : (7,2,6). 1.4.3. v : (2,6,4), (4,2,6), (6,4,2).

(r0)?1(10)~! wernmasa. 1.3.15. ¢ = T=

x ¢ (53,6). 1.4.4. ~ (1,2,6),(2,6,1), (6,1,2). x (3,5,6). 1.4.5.
ol (27376)7(3767 2)7(67273)' X (27375) 1.4.6. Y (67577)7(57776)7(77675)'
X (3,6,3). 1.4.7. ~ (3,6,5), (6,5,3), (5,3,6). x (4,3,6). 1.4.8.
v (67577)7(57776)7(77675)' X (47675) 1.4.9. Y (67577)7(57776)7(77675)'
X : (3,6,2). 1.4.10. ~ (5,4,7), (4,7,5), (7,5,4). X (6,5,3). 1.4.11
s (37776)7(77673)7(67377)' X - (67574) 1.4.12. Y 27675)7(57276)7(67572)'
X : (5,6,3). 1.4.13. 7 : (2,3,5),(3,5,2),(5,2,3). x : (4,6,5). 1.4.14. ~ : (4,7,5),
(77574)7(57477)' X (57773) 1.4.15. v (27775)7(77572)7(57277)' X (67672)
1sq. . (123456789 Lso . (123456789
287369451 324158967
Lsa ._ (123456789 L4 -_ 123456789
635281497 349251678
123456789 123456789
5.5 7 = 1.5.6. 7 =
185 7= 693852174 "= \374189526
123456789 123456789
1.5.7. 7 = 1.5.8. 7 = .
57 7= 3752618094 T 893574216>
Lso ._ (123456789 1510, . (123456789
963825147 752438916
Lsa1 . 123456789\ o (123456789
851937642 482365179
123456789 123456789
1.5.13. 7 = . 1.5.14. 7=
5.13.7 295417683> T (156987324
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OTBETHI

LE15. - _ (123456789 16,1, 4 — 12345678
387642591 15467283
16,2, 4 — 12345678) 1.6.3. 4 — 12345678
26184735 47625318
1234 1234
1.6.4. v = 3456783 1.6.5. v = 345678
25683714 18754236
1.6.6. - 12345678) 1.6.7. 4 = 12345678
41253786 31276548
1234 1234
1.6.8. 7= 3456783 1.6.9. v = 345678
14685273 71853642
12345678 12345678
1.6.10. v = . 1.6.11. v =
7= \13645278 7= 62543178
1612, — 12345678) 1.6.18. 5 — 12345678
72836451 47123856
1.6.14. 4 — 12345678 1.6.15. 4 — 12345678
26714835 64753218

2.1.1. Her. Her. 2.1.2. Her. Her. 2.1.3. Her. Her. 2.1.4. /Ta. Ja (1/4). 2.1.5.
Her. Her. 2.1.6. Ta. Ja (2). 2.1.7. Her. Her. 2.1.8. Her. Her. 2.1.9. Her. Her.
2.1.10. Her. Her. 2.1.11. Her. Her. 2.1.12. Ta. Ja (—1/2). 2.1.13. Her. Her.
2.1.14. Her. Her. 2.1.15. Her. Her. 2.2.1. /Ta. /la. 2.2.2. JTa. Ja. 2.2.3. Ja. [da.
2.2.4. Her. Her. 2.2.5. JJa. Jla. 2.2.6. Her. Her. 2.2.7. Jla. [a. 2.2.8. Jla. [la.
2.2.9. Her. Her. 2.2.10. Ja. [Ja. 2.2.11. Her. Her. 2.2.12. [Ja. Ta. 2.2.13. [a.
Ha. 2.2.14. Ta. Ja. 2.2.15. Her. Her. 2.3.1. /Ta. Her. 2.3.2. JTIa. Her. 2.3.3. Her.
Her. 2.3.4. /la. Her. 2.3.5. Her. Her. 2.3.6. /la. Her. 2.3.7. Her. Her. 2.3.8. Jla.
Her. 2.3.9. Her. Her. 2.3.10. JIa. Her. 2.3.11. Het. Het. 2.3.12. /Ta. Het. 2.3.13.
Her. Her. 2.3.14. Her. /Ta. 2.3.15. Her. /Ta. 2.4.1. — 2.4.15. /Ta. 2.5.1. Her. 2.5.2.
Her. 2.5.3. a. 2.5.4. [Ta. 2.5.5. [Ta. 2.5.6. /1a. 2.5.7. [Ja. 2.5.8. /Ta. 2.5.9. Her.
2.5.10. [Ja. 2.5.11. Her. 2.5.12. Her. 2.5.13. Her. 2.5.14. Her. 2.5.15. Jla.

3.2. Omeemuw (q,r), 20e q¢ — menoanoe wacmmuoe, r — ocmamox. 3.2.1.
(58,7), (—58,7), (—59,6), (59,6). 3.2.2. (31,1), (—31,1), (—32,20), (32,20). 3.2.3.
(35,4), (— 35 4) (—36,11), (36,11). 3.2.4. (35, 2), (—35,2), (—36,16), (36, 16). 3.2.5.
(18,5), (—18,5), (—19,19), (19, 19). 3.2.6. (20, 16), (—20, 16), (—21,1), (21,1). 3.2.7.
(28,11), (—28,11), (—29, 8), (29,8). 3.2.8. (16, 26), (—16,26), (—17,1), (17,1). 3.2.9.
(49, 3), (—49,3), (—50,9), (50,9). 3.2.10. (46,9), (—46,9), (—47,5), (47,5). 3.2.11.
(66,3), (—66,3), (—67,8), (67,8). 3.2.12. (18,10), (—18,10), ( 19,16), (19,16).
3.2.13. (63,6), (—63,6), (—64,7), (64,7). 3.2.14. (34, 3), (—34, 3), (—35,19), (35,19).
3.2.15. (35,2), (—35,2), (—36,14), (36,14). 3.3. Omeemuw (c,r), 20e ¢ — deau-
meav, r — ocmamox. 3.3.1. (—178,3). 8.3.2. (—120,4). 3.3.3. (208,151). 3.3.4.
(—190, 62). 3.3.5. (—89,18). 3.3.6. (—190,46). 3.3.7. (—49, 46). 3.3.8. (—160,106).
3.3.9. (91,68). 3.3.10. (—119,67). 3.3.11. (—258,17). 3.3.12. (174,56). 3.3.13.
(—94,9). 3.3.14. (228,4). 3.3.15. (—349,159). 3.4.1. HO/I(5544,7644) = 84 =

——
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= 40a — 29b, HOK(5544,7644) = b504504. 3.4.2. HOJI(2585,7975) = 55 =
= —37a + 12b, HOK(2585,7975) = 374825. 3.4.3. HO/I(1188,3080) = 44 =
= 13a — 5b, HOK(1188,3080) = 83160. 3.4.4. HOJI(4704, 9100) = 28 = —118a
+ 61b, HOK(4704,9100) = 1528800. 3.4.5. HO/I(1296,6600) = 24 = —56a
+ 11b, HOK(1296,6600) = 356400. 3.4.6. HOJ/I(6188,4709) = 17 = 12la —
— 159b, HOK(6188,4709) = 1714076. 3.4.7. HOJM(6125,1190) = 35 = Ta —
— 36b, HOK(6125,1190) = 208250. 3.4.8. HOJI(3069,1881) = 99 = 8a —
— 13b, HOK(3069,1881) = b58311. 3.4.9. HOJI(4968,6678) = 18 = 82a —
— 61b, HOK(4968,6678) = 1843128. 3.4.10. HOJI(3120,2325) =15 = —38a +
+ 51b, HOK(3120,2325) = 483600. 3.4.11. HO/I(6252,777) = 3 = 108a —
— 869, HOK(6252,777) = 1619268. 3.4.12. HOJ/I(2975,9996) = 119 =
= 37a — 11b, HOK(2975,9996) = 249900. 3.4.13. HOJI(1368,7056) = 72 =
= 3la — 6b, HOK(1368,7056) = 134064. 3.4.14. HOJI(1716,1540) = 44 =
= 9a — 10b, HOK(1716,1540) = 60060. 3.4.15. HOJI(5796,5187) = 21 =

= —17a + 19b, HOK(5796,5187) = 1431612. 3.5.1. HOJI(46368,41496) =
= 168. 3.5.2. HOJ(27456,24640) = 704. 3.5.3. HO/I(43776,56448) =
= 18. 3.5.4. HOJ(47600,39984) = 1904. 3.5.5. HO/I(50016,49728) =
= 96. 3.5.6. HOJ(49920,74400) = 480. 3.5.7. HOJI(39744,26712) =

= 72. 3.5.8. HOJI(49000,38080) = 280. 3.5.9. HOJ(49104,60192) = 1584.
3.5.10. HOJI(49504,75344) = 272. 3.5.11. HOJI(82944,52800) = 192. 3.5.12.
HOJI(75264,36400) = 112. 3.5.13. HOJI(76032,49280) = 1408. 3.5.14.
HO/I(82720,63800) = 440. 3.5.15. HOJI(44352,30576) = 336. 3.6. Om-
semw (a,b). 3.6.1. (16,1584), (144,176). 3.6.2. (15,630), (30,315), (45,210),
(90,105). 3.6.3. (22,3630), (66,1210), (110,726), (242,330). 3.6.4. (19,5187),
(57,1729), (133,741), (247,399). 3.6.5. (14,2856), (42,952), (56,714), (168,238).
3.6.6. (15,6900), (60,1725), (75,1380), (300,345). 3.6.7. (30,15660), (60,7830),
(270, 1740), (540, 870). 3.6.8. (27,5589), (243,621). 3.6.9. (36,6480), (144, 1620),
(324,720), (180,1296). 3.6.10. (12,1872), (36,624), (48,468), (144,156). 3.6.11.
(21,756), (84,189). 3.6.12. (26,4914), (182,702). 3.6.13. (35,8925), (105,2975),
(175,1785), (525,595). 3.6.14. (18,4896), (288,306). 3.6.15. (14,4410), (70,882),
(98,630), (126,490). 3.7. HOJ(a,b,c), HOK(b,c). 3.7.1. 4, 3520. 3.7.2. 2, 7392.
3.7.3. 4, 2856. 3.7.4. 1, 336. 3.7.5. 2, 5244. 3.7.6. 2, 6460. 3.7.7. 3, 4950. 3.7.8.
5, 4515. 3.7.9. 2, 8970. 3.7.10. 4, 2112. 3.7.11. 5, 1700. 3.7.12. 8, 728. 3.7.13.
4, 3724. 3.7.14. 4, 2232. 3.7.15. 2, 1584.

4.1.1. 16. 4.1.2. 2. 4.1.3. 10. 4.1.4. 1. 4.1.5. 1. 4.1.6. 4. 4.1.7. 1. 4.1.8. 8.
4.1.9. 5. 4.1.10. 5. 4.1.11. 9. 4.1.12. 9. 4.1.13. 7. 4.1.14. 4. 4.1.15. 13. 4.2.1. 4.
4.2.2.6.4.2.3.4.4.2.4.9.4.2.5. 7. 4.2.6. 6. 4.2.7. 6. 4.2.8. 4. 4.2.9. 6. 4.2.10. 7.
4.2.11. 6. 4.2.12. 3. 4.2.13. 7. 4.2.14. 6. 4.2.15. 6. 4.4.1. 34560. 4.4.2. 103 680.
4.4.3. 168000. 4.4.4. 153600. 4.4.5. 24192. 4.4.6. 57600. 4.4.7. 221 760. 4.4.8.
209 664. 4.4.9. 168480. 4.4.10. 142560. 4.4.11. 336 960. 4.4.12. 252000. 4.4.13.
120 000. 4.4.14. 136080. 4.4.15. 142 560. 4.5.1. O6parumbie 3jgeMeHTH: 1, 3, 5, 7.
Jenurenu nyns: 2, 4, 6. O6paTHEIE 371eMeHTH: 1, 3, 5, 7. 4.5.2. O6paTHMbIE 31eMEeHTHI:
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7 8 10 12. O6paTHme 371eMeHTHI: 1, 5, 3 11 9 13 45 5. O6paTane 3JIEMEHTHI: 1,
5. lenurenn HyJIst: 2,3, 4. O6paTHLIe sneMenTsl: 1, 5. 4.5.6. O6paTI/IMLIe 3JIEMEHTHI:

10, 12, 14, 15, 16, 18, 20, 21, 22, 24, 25, 26, 27, 28. O6paTHbie a1emenTr: 1, 13, 11, 7,

23,19, 17, 29. 4.5.11. O6paTumble 31eMeHTH: 1, 2, 4, 7, 8, 11, 13, 14. I[eJII/ITEJ'II/I HY !
3,5, 6,9, 10, 12. O6parnbie a1ements: 1, 8, 4, 13, 2, 11, 7, 14. 4.5.12. O6parumsre
snementsr: 1, 2, 3, 4. Jlenurenn myna: ver. O6paTnbie anements: 1, 3, 2, 4. 4.5.13.

O6paTumble s1eMeHTE: 1, 3. JenuTenu myns: 2. O6paTHLIE 3MeMeHTH: 1, 3. 4.5.14.

HYJs: HeT. O6paTHme snemeHThl: 1, 6, 4, 3, 9, 2, 8 7, 5, 10
1|13 |5 |79 |11]|13]|15
1|1 |3 |5 |7 |9 |11|13]15
3113|9155 11| 1| 7]13
55|19 |3 |13|7|1]|11
46.1.| 7 | 7|5 | 3| 1T |15|13 11| 9
9 |9 |11 |1B|15| 1|3 |5 |7
m|{1T| 1|7 |13|3 |9 |15|5
W|1W3| 7| 1T |11|5 |15 9|3
|15 (13|19 |7 |5 |31
13| 7|9 |11 13|17 |19
T |1 |3 |7 |9 |11|13]|17 |19
3139|717 |13|19|11|17
7|7 1|9 |3 |17|11|19]|13
46.2./ 9 | 9 | 7| 3| 1T |19 |17 |13 |11
|11 |13 |17 |91 |3 | 7|9
|13 |19|11 173 |9 |1|T7
7|1 |11 |19 137 | 1] 9]|3
9|19 (17|13 |11 |9 | 7|3 |1
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2|2 1o {1 [100 1=
1= 12 (o (|2 |1 (1o [1eo
100 [100 |Ir= [ho 1=t [1ev |1
1o [1o |22 [1en || 1~ | o>
1S 12 |1 [100 |1t |10 [no [i0= {16 |1 |1 f[16= |10 |1 {1 100 {1t {1 = I=
— — o
- ho (19 I 10 {1t~ 190 15l oo [ {5 f1ee {63 |10
1o 1o |I= 1o [100 |1~ ||S |10 |10 [1=t [1ew
I |1t {100 [Ib= |1 [I— | o =2z
1o {100 |1 |1
100 [100 | |10 {|S 1= {Ist |1 {1o> |10 (1o (=
I {1 1=t [1oo {1t [ {1~
= 1= [lon |ho [ |2 {9
I~ i~ {12 |2 {10 [1e {Io [no {1 f100 (15 || 1= |1= [1ev |1= (o |i= [100 =12
= 1 o [Io || {22
10 |10 |1 [~ [Iev [i0o |10 |1 [1= ||S |no I 169 IS (o fIb= 100 ==
- o
o o (IS [i=t 1o [1e9 [100 {1ew |- |1 [10 ~ -
10 |Io |ho [Ist |1 [ie |I—= © ©
< <
o
1o |10 [1m (1= 1o |1 [1ea |15 |1 100 {1 o [103 19 [0 || (1o |- . .
I~ |~ (Lo [[en |l 1O |1y [Ib= [l |1
IS IS = [ 1D 19 fljen oo {10 100 {1 1<t {it= || [1ev |10 [100
no o |~ {1 |1 = |~ |1 |1 |1
10 [1en {10 |1 | [I— 1=t
I 1w 1=t [100 [100 ||2 {1 |10 |12 [i~ [1o>
o |l [I— |~ |ho o |l 1oy I |~
I [Iev {1 (1o |1~ [Ien |no
= = [1E e | < | ho |[© | I~ |00 |ISy _w = {I—= |1 [ho [~ = {I— |10 |1~ [l
I [l 1N [l |1 [ho |Io
=) = [len {ho [i~ = [len {I= [Io
1= i {1em [1= | o |10 1= |10 {1en [1= {1 [10 {it~ [100 {Ios ||2
N X = «
o =] i -
© © © ©
< < < <
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T |5 | 7 |11 |13]|17
T (1|5 |7 |11]|13]|17
1|5 55 | 7 |17 |1 |11|13
4.6.14.| 1 |1 | 5 |. 4.6.15.| 7 7T 117 | 13| 5 1 |11
515 |1 |11 |1 |5 | 183|177
W31 |1 |17 7|5
wl|ir |13 |11 |7 |5 |1
4.71. 2 = 1+4, t € Z.47.2. 2 =1+7Tt, t € Z. 4.7.3. ¢ = 3+ 6t, t € Z.

4.74. x =54+Tt, t € 2. 4.7.5. v = 4, t € Z. 4.7.6. c = 1 + 3t, t € Z. 4.7.7.
r=5+11t, t € 2. 4.78. x = 1+ 3t, t € Z. 4.7.9. ¢z = 3+ 9t, t € Z. 4.7.10.
r=6+19, t € Z. 4.711. 2 =2+ 3t, t € Z. 4.7.12. c =4+ 8t, t € Z. 4.7.13.
r=6+9t t € Z 47.14. x = 8+ 13t, t € Z. 4.7.15. x = 12 + 16t, t € Z.
4.81. 2 =4+43t, y=14+2t, t€ 7. 4.82. x =—-5—-3t, y=1+2t, t € Z. 4.8.3.
r=2t, y=34+3t, t€Z.4.84.x =5+6t, y=3+5t, t €7Z.4.85.c =—-2-2t, y=
=T7+11t, t € Z.4.8.6. x = —2+5t, y=3t, t € 2. 4.87.2=-2-Tt, y=t, t € Z.
4.88. ¢z =—-12—14t, y=11+13¢t, t € Z. 4.8.9. c =3+ 4t, y=8+9¢t, t € Z.
4.8.10. 2 = —4—11t, y=2+6t, t € Z. 4.8.11. x = —245t, y=2t, t € Z. 4.8.12.
r=9412t, y=54T7t, t € Z. 4.813. x = -6 —Tt, y = 9+ 12¢, t € Z. 4.8.14.
r=T+Tt, y=3+5t t€Z. 4.8.15. c = —-6—11t, y=4+8t, t € Z.

5.1.1. 21 +20 = =1 — i, 21 — 22 = 5+3i, z1-22 = ~4 - Ti, 2L = 2+
+17132 5.1.2. 21 + 220 = 1 + 23, 21722273+4i, 21-Z2=1+7i, % = —1+1.
5.1.8. 21 + 22 = 5+ 20, 21 —22 = 3—4i, z1-22 = T+ 1li, 2L = & — 12i.
5.14. 21+ 22 = 144, 21 —22 = =3+7Ti, z1-22 =10+ 114, 2L = —15 4+ i
5.1.5. 21+ 22 = 1 +2i, 21 —22 =5 —4i, z1-22 = -3+ 114, 2L =-32 - Zi
5.1.6. z1 + 22 = =2, z1 —22 = —6+2i, 21-22 = —T+6i, 2L = -2 -2
5.1.7. 21 +2 = -1-2i, 21 —22 =3—4i, z1-22 =1+7i, 2L = -1+ 5.1.8.
z1t 22 =242 z1—22 =68, z1-22 =7+26i, 2L = -2 - Wi s5.1.0.
z1+22=5-3i, 21— 22 = —1-5(, 21 -2 = 1010, 2L = 1 - 7i 5.1.10.
21420 =241, 21 — 20 = —8+3i, 21 - 20 = —13 4 134, z—;:fé—ng%i.E.l.ll.
z1t22 = —3—4i, 21—z = —1 =60, z1-22 = T+3i, 2L = -3 + 74 5.1.12.
21 + 29 =24 2i, 21 — 20 = —10 + 44, z1-z2:f21+22i,%:f%+%i. 5.1.13.
z1bz2 = 842 21—z =260, 2122 = 23+ 144, 2L = o= — 284 5.1.14.
z1+ZQ=3+i,z17m=7575i,21-22=2711i,%zfgf%i.5.1.15.21+22=
=1073i,z17m=275i,z1-z2=28710i,i—;:%f%'.&Zl.m:lg,y=12.

_ =8 _ 1 _ 11 _ —18 _ —4 _ 3
5.22. 2= %, y=(.523. 0= 33, y= 73.524. 2=+, y= ;. 525
c==2 y==12526.2=49y=9527.2=% y==15282=0y=-1

17 _ -1 _ =23 . —11 _ 3 _ =20
5.29.z = {7, y = =. 5.2.10. z —237, y7;1 . 5.2.11.216— 7y 9y = —.
5.212.0=-2, y=-1.5213.2=2 ¢y==2.5214.0=2 y=12 5.2.15.

p=1, Y= 1531 1)z = /Y52 44\ /Y52 oy =\ [Ee2_g [VE
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2)z1:\/@—\/@i,z2:—\/\/§—3 \/\/_+3. 5.3.2. 1)z =

VT T =T L = [ o=t

—/ 52 \/\/5—%' 5.3.3. 1) zlf\/‘/ﬁ“—\/%z,zz:—\/%

+\/f i 9) 5 = \/F+1+\/F Li 2 :,\/@,\/@i. 5.3.4.
B = = AT = = A =
\/m‘ = \/m+2+\/\/ﬁ*2i 5.3.5.1) zl—\/m+3 \/\/ﬁ*% 29 =

\/f+3 \/FSZQZI \/Fz \/F+22z \/\ﬁ2\/f+2
PEIVANE SPE: STTNINE: SAE SRVNE
@i,mzf\/@+\/@z.5.3.7.1)zlz\/@,\/@i’m:
_\/@+\/@i'2>31:\/@+\/mi 2o = — \/ﬁ \/\/_TF?Z
5.3.8.1)z1:¥,\/§< _ 3\/_ \/_22 \/\ﬁ%r\/r+2 Y

2 2=

7—\/@—\/@1‘.5.3.9.1 z1:\/\/_+1—2\/\/5—1,22:—\/\/_+1+
VB 2) 2= YR g\ [VI0=3; o\ [YTOEs | [VIDSS; 5 310,
Y Y - T \/@z 5.3.11. 1) 2 = \/¥E=2 |/ ¥B=2;,

29—-2 29+2 2—1 241 2—1
SN v SN [N = P SN Y ST IV SV =
— /&2 5812, 1) 5 = §+Mz o = —Z 3% 9) 5 = [/ SETE6

B = [ (B 18, 1) o = [ [,
rp= [ YEEE 4\ [YBI5y 0y o — 9z = —2— 0 5314 1) 2y = /L -
N = Y e PN )
5.3.15. 21 = VV13+3 — iV VI3 -3, 22 = —VVI3+3 + iV VI3 —3. 2) 2z =
= AT VAT VAT VAT s ) (3 -0, -1+ 20),
2) {244,2—i}. 5.4.2. 1) {1 — 34,241}, 2) {250 3Ty 5.4.3.1) {4—2i,1 -1},
2) {38l 3-VBIiy 5.4.4.1) {53,241}, 2) { =245 —3-V15i} 5.4.5.1) {1—
— 20,34}, 2) {1F2V20 1=2V2iy 5 4.6, 1) {5 — 2i,2i}, 2) {1V 1=VTiy 5 4.7, 1)
,3i}, V2 122314 5.4.6. 23}, Vi s
{~2—i, —1—3}, 2) {144, 1—i}. 5.4.8. 1) {144, — 834}, 2) (LT —1VTiy 54,9,
1) {5—2i,2434}, 2) (1AL 1=iVily 5 4.10. 1) {24, 1434}, 2) {20 3=V/Tiy,
5.4.11. 1){2 — 34, —1 — 2}, 2) { =5+l =5=Viliy 5412, 1) {4 - 3i,—1 — i},
2) {2560 2-v6iy 5.4.18.1) {2—4i, 1+i}, 2) {1423, 1—-2i}. 5.4.14. 1) {3—5i, 2},
2) {=2£VALi —3-VITi} 5.4.15.1) {1—-3i,2+3i},2) { =2£¥3 =5-8i} 551, 2 =

= \/_(COS——Hsm—),zg 72(COS—+ZSIH—) 5.5.2. 21 = 3(cos  +isin 5 ), 22 =
2(cos—+lsm—) 5.5.3. 21 —2\f(cos +isin 7), 22 = 3(cos m+isinm). 5.5.4.

—
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21 = 2(cos % 57T 4 isin

21 —cosO+zsm0,z2 —4(005— +zsm?) 5.5.8. 21 = \/5(
cos%r—l—isin 3?” 5.5.9. 21 = \/_(COST-"-ZSIH

6

), 22 =

COS—+’LSIH— 5.5.5. 2174(COS—+ZSIH 5 ), 20 =

2(cos—+zsm ). 5.5.6. z174(Cos7r+zsm7r),z27\/§(cos—+zsm ). 5.5.7.

37r

cos— + isin T) 2o =

), 22 = 6(cos § +zs1n

T).5.5.10.

z1:2(Cos£+ising),z272(cos7r+isin7r). 5.5. 11 z173(c057+zsm 2”),2:27
), 22 = cos7 +isinw. 5.5.13.

:2(cos—+zsm—) 5.5.12. z1 = 4(

cos 4— + ¢sin 43

z1 = 2(cos 0 + ¢sin0), z2 72(005— +zsm—) 5.5.14. 21 = 4(cos § +isin §), 22 =

= 6(cos 37” +isin

37”) 5.5.15. 21 = 5(cos 5 +isin §
10:. 5.6.2. 76+6\[i 5.6.3. 2¢. 5.6.4. —12. 5.6. 5 —5

)2272(cos—+zsm—) 5.6.1.
.5.6.6. —3. 5.6.7.

71 5.6.8.

—6.5.6.9. —2.5.6.10. —20. 5.6.11. — 7. 5.6.12. 731 5.6.13.3(‘/7_ +i1). 5.6.14.
—21i. 5.6.15. 3( +iY3).
5.7.1. 5.7.2.
Y Y,
3m/4 / .
/// ///\
/ -7 - \
/ Vi \
// // N \
L Y4
0 A AP
\\ N /, /
\ ~ /
\\ ST //
5m/4 N ;
Y —n/4
5.7.3. 5.7.4.
Y Y,
//”7\ 8
/// //,//—\/// \\ 4
/ / N
l/ / ¢ \
- VAR S
\ L0 37X 4 8§ X
\ N / /
\ SO e /
\ S -7 /
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5.7.5. 5.7.6.
Y

5.7 5.7.8.
Y

5.7.9. 5.7.10.
Y,
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5.7.11.

5.7.12.

5.7.13.

5.7.15.

X 6 X
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5.8.1. 1) 230, 2) 2z = E/Z(cos% +ising), 21 = V4 (cos T+ sin 137—(?), z2 =

: 30
= %(COS?—J-l—isin 239—(?), 23 = V/4(cos 431—0Tr+isin 431—(?), z4 = %(cosf’—g-‘risin?—g .
3) 2o = 1+iV3, 21 = —2, 20 = 1 —iv/3. 5.8.2. 1) 220, 2) 20 = V/2(cos ZZ +isin I7),
21 = \/§(c0512%7r +isin% , 22 = ﬁ(cos% +isin%), 23 = \/i(cos‘%fr +

+isin‘§—4ﬁ). 3)z0 = V24+iv2, 21 = V24 iV2, 20 = —V2 — V2, 23 = V2 —
— /2. 5.8.3. 1)236, 2) 25 = é/i(cos%r + isin %’), z1 = \3/5(0055?7r + isin %r),
zo = \Syi(cos?%7r + isin%), z3 = %(COSHT” + isin HT”), 24 = \S/§(cosl477r +

+isinMT”), z5 = \2/5(005177” +isin177”). 3) z0o = cos g +ising, 21 = cos%r +
+isin%, zo = cosgi7r + isin 9%, 23 = cos %7‘(’+’L’Sin%ﬂ'. 5.8.4. 1)212. 2)zy =
= {’/ﬁ(cos(—%)—isin(—%)),zl = /2(cos g +isin§), 22 = /2(cos 111—5”—1—1'5111111—5” ,
23 = V/2(cos %—i—isin %), 24 = V/2(cos 213—5Tr+isin 213—5”) 3) z0 = é-{—i@, z1 = —1,

zg = 3 —i¥%3.5.8.5.1)2%0. 2) 20 = V/512(cos 3F + isin 3T), 2y = V/512(cos 13T 4
+ isin 113—5), 29 = V/512(cos 211—5 + isin 211—5), 23 = V/512(cos 219—(? + isin 219—67') 3)z0 =
= V2L +i3), 21 = =2, 22 = Y2(L —i¥2). 5.8.6.1)—-2%2.2) 20 = VA(cos 2T +
+ isin %), z1 = V4(cos % +isin ?—g), 20 = %(coslf—gr + isin 114—5”), 23 = \5/41(7% —
— z@), 24 = V/4(cos 216—5” + ¢sin 216—5”) 3) z0 = %(@ +i%), z1 = %(—@ +i%),
20 = —iv/3. 5.8.7. 1)212. 2) 29 = V/2(cos %r + isin %), 21 = V/2(cos %r + isin %r),
zo = {’/5(005877r + isin%'), 23 = \f’/i(cosHT7r +isin117”), 24 = {’/i(cosMT7r +
+ isin MT”), z5 = %(COS% + isin ”T”) 3) 20 = %(cos(—%) +isin(—3)), 21 =
= /2(cos 3?” + isin 3?”), 29 = V/2(cos %W—l—isin%ﬂ), 23 = V/2(cos %7‘( + isin %ﬂ’).
5.8.8. 1) 215. 2) 2o :25 \/5(0052—721 + isi;ﬁ), z1 §7 \/ﬁ(cos%;r isin 12%?), zo =
= \/5((:05 Sr tisin ), 23 = \/i(fos S +isin 7). 3) 20 = \/Z(COS% +isin ),
21 = \‘71(0053?” + isin 3?”), Zo = {’/Z(cos# + isinm), z3 = {’/Z(cos %7‘( + isin%w),
24 = V/4(cos %W+’isin%ﬂ). 5.8.9. 1) 448, 2) 29 = \g’/é(cosz—gr +isin 37), 21 =
= %(cos% +isin ), 22 = {rj/g(coslll—s7r +isin111—5”), 23 = \5/6(005117—57r -1—2‘5111117—57r ,

z4 = %(COS213—5‘" + isin213—5”). 3) z0 = 3(@ +i§), z1 = 3(—@ + zg), z9 =

=3(—¥2 —iY2), 25 = 3(L2 —i*2). 5.8.10. 1) —3210. 2)zp = ¥/2(cos 3T +isin 37),
z1 = \3/5(005137—6;r +isin137—g’), zg = %(cos?—g + isin 2??—5), z3 = \3/5(005431—6;r +

+isin431—gr), z4 = \S/i(cos%)’—gr +isin5?—gr), z5 = %(cos?—ér +isin635—gr). 3) 20 =
=VB—i, 21 =2, 20 = —V3—1i. 5.8.11. 1) 24, 2) 25 = ¥50(cos 3Z + isin 3T),
21 = V/50(cos 111—5 + isin 111—5), zg = \8/50(0051%r + isin llg—g), 23 = /50(cos 217—5 +
+isin2E). 3) 20 = 2, 21 = 1+0V3, 22 = —1+iV3, 23 = =2, 24 = —1 —
—iV3, z5 = 1 —iV3. 5.8.12. 1)4%8 . 2) 25 = V/2(cos (—45) + isin(—35)), 21 =
= lw(cos;—g + isin ;—g), 29 = 1%(—@ + 14), 23 = lw(cosf’—gr + 2‘5111223—07r ,
24 = W2(cos 3T 4+ isin31™). 3) 20 =144, 21 = 144,20 =—1—4, 23 =1—1i.

20 20
5.8.13.61)—21; 2) 2o = \Z/E(cos (—%)(j—isin gg%)), z1 3:5 %(cos%{i—i—isii}}—g ,
zo = \/i(cosg—gr +isin S5), 23 = \/i(cosg—gr +isin 7)), 24 = \/i(cosg—gr +

+isin437—g), 25 = %(cossg?—gr +isin5§—g). 3) z0 = V3+i, 21 = —V3+14, 20 = —2i.
5.8.14. 1)—(2/3)30. 2) z9 = {4/§(cos;—:1r +isin2—2), z] = {L/i(coslg—f —1—2‘511112%7r ,

Z9 = (75(00532%r + 4sin %), 23 = {4/§(cos423—47r + isin %). 3) 2o = @ + %i, z1 =1,
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V3

o

zp= Mg L oy = 3 1y = i,z = 2 — 14 5.8.15. 1)436. 2) z =
= \5/18(005(—;—0)+isin (= X)), 21 = V/18(cos ;—g-{—isin ;—g), z2 = \5/18(—4 +i§),
23 = V/18(cos 223—5r+isin % , z4 = V/18(cos 321—0Tr+isin 321—(?) 3) z0 = {L/g(g +i§),

s = YO i), = YO = i), 20 = YO - i2).

3 8l

1 2
6.1.1. AB = -8-16|. BTA = 25 76 upe =
1 _9 4 —10 —12

241 —2+461¢
= —16 — 8i 16 — 48; | . IIpomssemennss BA, CBA u BTC me onpenenensr.

—2—-7 2—06¢
6.1.2. BA = [ 23 7Y cpa = (973 S9Fs2=Aiprn
6 —6 8 —6+67 6 —6i —8+ 8¢
—10+2¢ 2 —44
= —544¢ 1—2i |. Tlpomssenemus AB, BTA u ABC He ompeneneHsl.
5—1 —1+42¢
-7 =2 63 —4 —144 17 —2i
6.1.3. AB = —12-2|. BTA = ( 68 14). ABC = —244 32 —2i
—10 10 —20¢ 50 + 10¢
T 01 —4
TIpoussenenusi BA, CBA w B* C wue onpegenens. 6.1.4. BA = 0_2 8 |
4 1—1 . ,
T . 0 -2 81
B*C = | -12-3+3i|. CBA = . . |. Ipoussenenus AB, ABC
. 0—-1—2i4+8:
8 2—2
—ia—d 11 -9 —12
u BTA me ompegenemn. 6.1.5. AB = —-1319 |. BTA = .
0 0 —14 -1 14

13 -8 —12+4 13:
ABC = | 13+ 38: 57+ 137 |. Ilpoussegenussi BA, CBA n BTC me OonpesesieHbl.
0 0
14 —8 16 +28: 8 —&:
6.1.6. AB = | -7 4 |. BTA = (17 2 Z). ABC = | —8—14i —4+4i
17 7 T3 —14 434 —T+Ti
- 11 -4 -3
Tpoussenenus BA, CBA u B* C wue omnpenenenwi. 6.1.7. BA = (33_12 _9).
343t —-2+%
BTC = 9-9i 6—27 .C’BA(
3—-3i 2—9%

—66 24 18

o
11+ 110i 4 — 40i 3 — 30i> POHSBEACHIA
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-2 6
AB, ABC u BT A ne onpenenens. 6.1.8. AB=| 5 5 |.BTA= (5 2 18).
09 —6
—19 -8
14 223
ABC = | 5 25i |.Ipoussenenus BA, CBA u BT C ue onpenenensi. 6.1.9. BA =
3 —5li
—8-22 -20 —2- 8l 160 44i 40i
( >.BTC 4+6i 2 .CBA( ) . >
—4 —11 —-10 . 20 — 87 55 — 22¢ 50 — 207
649t 3
4 -3
Ilpoussenenns AB, ABC u BT A me onmpenenemn. 6.1.10. AB = —6 7
-3 1
10 -9 10 5+4i —12 — 3i
BTA = (_5 . > ABC = | —5—6i 18+ 7i |. Ipouseenenuss BA, CBA u
—5—31 9+1
—47 16 — 43
BT(C wue onpegenens. 6.1.11. BA = <_714 2;)0 21>. BTC = | 2i —8+2i
47 —16 + 44

—21 —T¢30+ 1023 44

CBA = ( . IIpoussenenna AB, ABC u BT A me ompene-

14 -20 -2
12 22 8-_914 221 —36 4 441
nenst. 6.1.12. AB = | 1421 |. BTA = ( 33 28>' ABC = | 21i —42 + 421
2 13 137 —6 + 267
T 5 —13-6
IIpoussenennss BA, CBA u B* C ue onpenenensl. 6.1.13. BA = .
—10 26 12
—3+2i 1 . . .
—5—10¢ 1 2 12
BTC = | 6-4i —2i|. CBA = 5100 134260 61201 e
. . 5—5t —13+4137i -6+ 6¢
6 —4i —2¢
12 7
nesus AB, ABC u BT A ue ompemenemw. 6.1.14. AB = 2533 |. BTA =
4 11
—12 —12¢ 17
191314 . T
= . ABC = | —25—25¢ 17 |. Ilpoussenenus BA, CBA u B* C =ne
1026 19 .
—4 —4i —3
3 _8 5 —4+4+4i -2+ 8¢
ompesenensl. 6.1.15. BA = ( 616 10). BTC =|2-2 1—4i |. CBA =
—242i -1+ 4

o 12 32 —20
T\ —6—9i16 +24i —10 — 15¢

> . Mipousregernss AB, ABC n BT A ne onpezenensr.
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6.2.1 19 — 9¢ 26 + 40i
T\ —13 - 20059 — 354 )
6.0.3, (24— 4i33+21i
o 0 —-5-7i)"
6.2.5. [ 1271,
21 —8
6.0.7 160 10 + 344
T 224120 5144
6.2.9 24+4i 0
T —20— 200 —4 )7
6.o.11, (918 +4
.2.11. L
6013, (11— Ti-1+9
Tl 10-8i —2—-6i)°
6.2.15. [ 12— 13110 —13i
T\ -7 4360 34—19i)°
—1—-4% -5
6.3.2. X =1 )
5 6 —4—1
6.3.4. X =1 74, 72”
S\6—i—-4—1
—2-2 -1
6.3.6. X = 1 .
5 7 —3—i
638 x=1( "t T )
S\7—i—-4—4i
6.3.10. x = L[ 41 —4 )
5 10 —4—4
-2 —3—34
6.3.12. X =1 )
5 1042i>
—1+14-3
6.3.14. X = 1 .
5 5 —3)
—99 15
1
6.4.1. X =L ool
—7714
6.4.2. X = L
16\ —274)’
—5713
6.4.3. X =L
15\ —282)’
—3912
1
6.4.4. X = L s’

6.2.2. 710“1’29@ 77131‘ .
14 —26i -3+ 7

6.2.4. [ 2 ~2-1004)
6+4: 14+ 21

24 — 43 0
6.2.6. .
—2+ 384+ 14i>

.o.g, |12~ 140 228
T 16 — 44i 68 — 684 )
6.2.10. [ —2 160 30 +12i
Tl -10 -4 —-18 —8i )
6.2.12, [10+15i 6+ 39
TN 13 -2 36+ 114 )
6.2.14, 4~ 14028 +16i
.2.14. o )
—2—4 —4
6.3.1. x =1
5 9 —4-3;
—2-2 -3
6.3.3. X =1
5 10 —6—1
-1 —3-2i
6.3.5. X =1 T :
T+ 7
-2 —2—4
6.3.7. X =1 .
5 943@')
—242—1—14
6.3.9. X =1 .
5 7 3)
6.3.11. x = L[ 27173,
5V10—4 —6
—1 —4+44
6.3.13. x =1 )
5\7—4 4>
6.3.15. x =L (2 177}
516 —4—2i
20 —2
_ 1
Y=l gy
19 —2
_ 1
Y="15 |26
18 —2
_ 1
Y="15|_2s

17 —2
y=-1 )
14 (2 10)
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1
X=3
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6.4.12. X =

6.4.13. X =
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gl
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—2311
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39
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6.6.1. A ~

6.6.2.

6.6.3.

6.6.4.

6.6.5.

6.6.6.

6.6.7.

6.6.8.

00 14
—1-11
0 1 -5
0 0 13
110
0-11],
003
11 -1
0 -15
0 0 21
131
0-12],
003

A3 4

A3

A34

241



OTBETHI

242

-12 4
6.69.A~| 0 —1-15|, B~
0 0 —37
11 2
6.6.10. A~ | 0 —1-3|, B~
0 0 -7
105
6.6.11. A~ |016 |, B~
0010
10 2
6.6.12. A~ |01 7 |, B~
00-22
13 2
6.6.13. A~ |01 1 [, B~
00-3
14 3
6.6.14. A~ |0-7-5], B~
00 —1
14 -3
6.6.15. A~ |0-1 4 |, B~
00 —22
501 —1
671 p-1— | 7021
121 -2
211 -1
—34-14-16 13
6ra p—1_ | 29 12 14 -1
—11 -4 -5 4
-2 -1 -1 1
—18-5-1 6
675 p-1=| > 0271
6 2 1 —2
—2 -1-11
21 6 8 —7
. 1| 15 4 6 -5
6.7.7. Fl=—3 | e,
4 2 2 -2
9 5 8 —6
679 Fl=1| 20 4 2
2| -14-8-10 8
—4 -2 -2 2

—2
3 O~
00
-1 2
0 —5|, (7~<
0 0
2-1-2 i
’ CN
0 0> (
—21 o
07|, CN(;);).
00
—2-2
b CN
16 )
0-131, C~<
00
—21-1
000) CN(
— 1
6.7.2. F~! =2
6.7.4. F~1 =
6.7.6. F~1 =

-1 _ 1
6.7.8. F~1 =1

6.7.10. F~1 =

-2-5 —-711
0 -8-1016
0 -2 -2 4
-20 -2 2
11 4 5 =3
1 3 5 -2
1 -10 1
-2-1-11
5 —25-2227
1 —-10 -9 11
-2 4 3 -4
o 1 1 -1
11 14 8 —13
5 6 4 -5
—2—-4-2 4
—-4-2-2 2
6 —18 —20 17
3—-12-1311
2 -4 -5 4
0-1 —-11



OTBETHI

6.7.11.

6.7.13. F—1

6.7.15. F—1

6.8.2. C~!

6.8.4.C1

6.8.6. C~!

6.8.8. C~!

6.8.10. C1

6.8.12. C1!

6.8.14. C1

7.1.1.1¢
k=5.7.1.4.1
k=5 7.1.7.1

1
2

1

10

1

10

=

o=

= N

N

—

4,7

<.

—6-7-3 6
14 12 4 —10
—4-4-2 4
0 —2-2 2

—10 29 32 —27
7 —15-17 14
3 —4 -5 4
0 -1 -1 1

—100 —21 —28 22

—23 —4 -7 5

—14 -3 -4 3
—4 -1 -1 1
—1-3i3—i
6—2i 2—4i
344 —442i
1-3i 2—6i

—2i 0
—242i-2-2i)

—4 1
—2i—i)’

144 3—3¢
—14i3—i )"

2 —3;
-10 /)

1+i2+2i>

0 -2

yJ =

—21-13-512
5 5 3 —4
6.7.12. F~1 =1
2 -6 =2 0 2
0 -2 -22
51 14 11 —13
162 44 32 —42
6.7.14. F~1 =1
21 -30-8-6 8
8 2 2 -2
6.8.1.c-1 = | 372
1 —i
—5i —3 — 6i
6.8.3.C-1=1 .
w010 42i>
-3 —i
6.85. C1=1 )
5\ 2 1>
3-3i—2—2
6.8.7.c71=1 .
T
i 0
6.8.9.Cc1=1 ¢ .
¢ 2\ -1-2i-2
—2i—1—3i
6.8.11.c1=1 )
2l 0 1 >
0 1474
6.8.13.C 1 =1 .
2 2i1i>
—10 444 —2 — 5
6.8.15,C~ 1 =L .
29( 9+ 8i —4—10i>

27j:

2, k=1 7.1.6.1
4,k =6.7.1.9.i

3, k=5 T712.4i=2j=6 k=23 7.13.i=5,j =4,
3,k=6.715.i=4,j
Lk=4718.i=5,;
k=5 7110.i=4,j =3, k=2 7111.i =

2,j =6,
1’ j = 2’
5, k=5.7.1.12.17 = 4,

j=5k=1.71.18.i=6,j=4,k=3.7.1.14.i=2,j =6,k =5. 7.1.15. i = 2,
=3, k=4 7.2.1.|A = =7, |B| = —1487600, |C| = —15. 7.2.2. |A| = —1 + 2,
|B| = —20093000, |C| = —136. 7.2.8. |A| = —3 + 34, |B| = 3999600, |C| = —4.
7.2.4. |A| = 2—7Ti, |B| = —54760, |C| = 240. 7.2.5. |A| = 6 + 156, | B| = —5 078 000,
|C| = —13. 7.2.6. |A| = —19 — 30i, |B| = 1285600, |C| = —23. 7.2.7. |A| = —15 +
+ 154, | B| = —57980000, |C| = —3. 7.2.8. |A| = —19 — 94, | B| = 81297000, |C| = 2.
7.2.9. |A| = —1 — 52i, |B| = 84700, |C| = 26. 7.2.10. |A| = —55 — 29, |B| =
= 15867000, |C| = —3. 7.2.11. |A| = 26 + 5i, |B| = 28724000, |C| = 4. 7.2.12.
|A| = 22 — 57, |B| = 32864000, |C| = 141. 7.2.13. |A| = 10 — i, | B| = 482890,
|C| = 38.7.2.14. |A| = =9+ 5i, |B| = —7 163800, |C| = —3. 7.2.15. |A| = 10 — 19,
|B| = 2500500, |C| = 3. 7.3.1. |F| = 1, |H| = 72. 7.3.2. |F| = 2, |H| = —1421.
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7.3.3. |F| = 1, |H| = 338. 7.3.4. |F| = 1, |H| = 587. 7.3.5. |F| = 1, |H| = —10.
7.8.6. |F| =1, |H| = 57. 7.8.7. |F| = —2, |H| = —445. 7.3.8. |F| = 2, |H| = 328.
7.3.9. |F| = 2, |H| = —2920. 7.3.10. |F| = 1, |H| = —81. 7.3.11. |F| = 2, |H| =
= 35.7.3.12. |F| = 2, |H| = —620. 7.3.13. |F| = 1, |H| = 831. 7.3.14. |F| = 2,

|H| = 1154. 7.3.15. |F| = 1, |H| = 5. 7.4.1. 21600. 7.4.2. —60480. 7.4.3. 6480.
7.4.4. —6480. 7.4.5. —233906 400. 7.4.6. 6985 440. 7.4.7. —7680. 7.4.8. —145 152,
7.4.9. —1088640. 7.4.10. 8398080. 7.4.11. 1512000. 7.4.12. —752400. 7.4.13.
178214 400. 7.4.14. —8 398 080. 7.4.15. —711360. 7.5.1. |C| = —15, |F| = 1. 7.5.2.

|C| = —136, |F| = 2. 7.5.3. |C| = —4, |F| = 1. 7.5.4. |C| = 240, |F| = 1. 7.5.5.
|IC| = —13, |F| = 1. 7.5.6. |C| = —23, |F| = 1. 7.5.7. |C| = —3, |F| = —2. 7.5.8.
IC| = 2, |F| = 2. 7.5.9. |C| = 26, |F| = 2. 7.5.10. |C| = =3, |F| = 1. 7.5.11.

|C| = 4, |F| = 2. 7.5.12. |C| = 141, |F| = 2. 7.5.13. |C| = 38, |F| = 1. 7.5.14.
|C| = =3, |F| =2.7.5.15. |C| = 3, |F| = 1. 7.6.1. 52* — 423 — 3722 +- 452 — 3. 7.6.2.
zt — 3322 + 79z — 69. 7.6.3. 22 — 23 — 72? + 127 — 8. 7.6.4. —z* — 2% + 2z — 3.
7.6.5. 323 — 1722 — 18z — 20. 7.6.6. 522 + 8z — 61. 7.6.7. 223 — 622 + 38z — 2.
7.6.8. —z3 — z — 3. 7.6.9. 1222 — 7z + 10. 7.6.10. 223 + 222 — 6z + 10. 7.6.11.
—3z3 — 622 + 15z + 12. 7.6.12. 2% — 1622 + 7. 7.6.13. —23 — 1622 — 49z + 143.
7.6.14. 2* — 1322 — 22+ 14. 7.6.15. —323 + 522 — 8l +4. 7.7.1. lpu 2 = 0 r = 4,
npuz =1r=4.7.72. llpux=0r=4,mpuzx=1r=4.7.73. llpu x =01r =4,
npuz =1r=4.7.74.llpux=0r=4,mpuax=1r=4.7.7.5.llpu x =01r =4,
npuz =1r=4.77.6.llpux=0r=4,apuax=1r=4.7.7.7. llpu x =0r =4,
npuz =1r=4.7.78. llpux=0r=4,mpuax=1r=4.7.7.9. llpu x =01r =4,
npu x =1 r=4.7.710. llpu x =0r =4, npux =1r =4. 7.7.11. llpu = 0
r=4,mpux=1r=4.7712. llpuxc=0r =3, apuz =1r = 4. 7.7.13. Ilpu
r=0r=4,mpuae=1r=4.7714. llppuxa =0r =4, npuz =1r = 3. 7.7.15.
IIppnx=0r=4,mpuz=1r=4.

10 —10 —15
7.81. A1 =1 (31 cl=-L1]2 -5 -12
T T\ —23i) T U
11 =5 —6
1 —11 39
-1 1 v -1 -1 1
7.8.2. A7t = L oo i) Cl=-|-11-15-21
14 —18 2
—1-10
7.83. A"l =_1 1= cl=-1 13 —4
1O T -343i | 13-4 )’ D -
1 1 —4
-1 26 —17
1 L [14+i-2—i . L
7.8.4. A1 = L I F C™l= 55| —63-42 129
27 18 —21
43 2
7.85 A 1= __1 L8 cl=-L11]3 1 -8
Eese T 6+15t \ 9256 —4 ) - 13
—2-5 1
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10 —7-9
—54i—3—2¢
-1 _ 1 —1_ _ 1
7.8.6. A _M< 5 4 ), CTi=—5 | -7 -2 4
—1110 3
1 -1 -3
314+2-941
-1 _ 1 —1 _ 1
7.8.7. A m( 1 si >, Ct=-31-30 9
4 2 —15
6 2-8
6+1 —2
-1 _ 1 —1_1
7.8.8. A _M<_1 _3_i>, cl=1|-204
5 1-7
6 —5 1
2 —6+1
7.8.9. A—! = _1+521< ) +">, cl=%| 8 2 -16
—9i 441 6
—12 -3 37
1 -59
7 —61
7.8.10. A7l = L ( ) cl=-11-12 -3
—55—29i | _ . ) 3
6+1—T+1 1 -2 0
1 3 -3
443 2
-1 _ 1 —1 _ 1
7.8.11. A 26—+51( i 52@')’ C =3 —-10 2 2
1 —-11
—8—59 13
1 —-7—-2i
-1 _ _ 1 -1 _ 1
7.8.12. A _225”<—8i 6_i>, cl=-L 17 2 10
9 84 3
1 -7 5
1+2i—-2-3¢
-1 _ _1 —1_ 1
7.8.13. A m( L >, cl=4L| -7 113
—20 —1214
-6 7 -3
2t =2
7.8.14. A7l = Lo (3# ' > Cl=-4il12-123
9ot -1 —1437 3
-3 2 0
—18 23 —12
-3 —21
7.8.15. A" 1 = 1 ( > “1=1112 —-16 9
10—197 | _ i 4 T 3
5+1 + 3 9 —11 6
8.1.1. 1 = 2, 29 = —1, z3 = 3. 8.1.2. 1 = —1, xz2 = 2, z3 = 1. 8.1.3.
1 = —2, 32 = 0, 23 = 1. 8.1.4. 71 = 2, 20 = —1, 33 = —1. 8.1.5. 21 = 1,
zo = 1, 23 = —1. 81.6. 21 = 0, 290 = 1, z3 = —2. 81.7. 1 = —1, z2 = 1,
r3 =2.81.8. 21 =—-1, 20 =1, 23 =0. 81.9. 1 = -2, z2 = 0, z3 = 2. 8.1.10.
1= —1,20 =2, 23 = 0. 8.1.11. 21 = 0, 12 = —1, 23 = 2. 8.1.12. 21 = -2,
r2 = 1, 23 = 1. 8.1.13. 21 = =3, 22 = 1, z3 = 0. 8.1.14. 1 = —1, z2 = 1,
z3 = 1. 81.15. 21 = =2, 20 = 3, 23 = 3. 82.1. 1) z1 =4, 22 = 1, 23 = —1.
2) Her pemenmii. 8.2.2. 1) Her pemernwnii. 2) z1 = —1, zo0 = 24, z3 = 0. 8.2.3.
1) z1 =0, 22 = —1, 3 = 4. 2) Her pemennii. 8.2.4. 1) Her pemenuii. 2) z1 = —i,
22 =0, 23 =1. 82.5.1) 1 =4, zo0 = —1, z3 = 1. 2) Her pemenuii. 8.2.6. 1) Her
pemennii. 2) z1 = 1, zg = —i, 3 = 2. 8.2.7. 1) z1 = 1, z2 = —i, w3 = 0. 2) Her
pemennii. 8.2.8. 1) Her pemennit. 2) 1 = 0, z2 = —1, z3 = 7. 8.2.9. 1) 1 = 1,
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z2 = —1, z3 = 2. 2) Her pemennii. 8.2.10. 1) Her pemennit. 2) z1 = 1, z2 = 0,
z3 = —1. 8.2.11. 1) z1 = —2, 2 = ¢, 3 = 1. 2) Her pemennii. 8.2.12. 1) Her
pemennii. 2) r1 = 2, z2 = 0, x3 = —i. 82.13. 1) z1 = 0, z2 = 1, 23 = —i.
2) Her pemennii. 8.2.14. 1) Her pemernwuii. 2) z1 = 1, z2 = —1, z3 = . 8.2.15.
1) 21 =0, z3 = 1, 23 = 1. 2) Her pemennit. 8.3.1. z1 = T + 3x4, 0 = 2 + 224,

r3 = % + %:m, x4 — moboe wuemo. 8.3.2. x1 = W, To = %, x3,
x4 — miobble uncaa. 8.83.8. x1 = 33%%_6, To = _10;310’”4’ T3 = %’ 4 —
nroboe wncio. 8.3.4. x1 = 2147313724, xo = L0t13z5— 24 x3, x4 — MOOBIE UHCTA.

11
8.3.5. o — —16za=28 . _ 42416z

- 3

11
24+11Twy
13 13
10xg4 —6x3417

2 )

, x4 — moboe uucnao. 8.3.6.

)

13
2x3—4x4—9
2

1 = To = , 3, T4 — Jaw0bble uncaa. 8.3.7. x1 = x3 + 3,
zo = —1 — x3, x4 = 2, x3 — moboe uncmo. 8.3.8. r; = 1073””;7813, To = 713;14,
x3, 4 — mobele umcna. 8.3.9. x; = #, xo = %, r3 = %,
x4 — noboe uuciao. 8.3.10. 1 = 2x4 — 223 — 1, x2 = —1 — x4, x3, T4 — nOOBIE
quciaa. 8.3.11. xq %, To = %, T3 = %, x4 — Jr000€e YucIiIo.
8.3.12. 1 = 26 + 11xgy — 163, z2 = —20 — 924 + 1lz3, x3, T4 — AOOLIE YKCTA.
8.3.13. z1 = % + %m, To = % + 1%3[:4, T3 = —% + %m, T4 — awboe 9ucao.
8.83.14. 1 = —27 — 12x4 + 1923, 2 = 23 4+ 10z4 — 15z3, x3, x4 — a00OBIE YHUCIA.
8.3.15. 71 = 22a=T ., — %, r3 = %, x4 — moboe uucio. 8.4.1.

31
1 = 9"'—2’””‘1, To = 5"'—;”, r3 — moboe wucuo. 8.4.2. v = i’”23;4, To = 6L2’”3-
r3 — mwboe yucio. 8.4.3. r1 = 3x3 — 10, xo = 10x3 — 26, x3 — n0b6oe uucio. 8.4.4.

T1 = 7_§x3, T2 = 5_?”3, x3 — moboe wucio. 8.4.5. x1 = 3’”3115, 7”‘38_13,
r3 — moboe uucio. 8.4.6. x1 = —% + %$3, To = 27} — %xg,, r3 — J0b0e 9ucio.
8.4.7. z1 = 2213—;39, r2 = 6x3 + 11, x3 — m06oe uncmo. 8.4.8. z1 = %,
T2 = %, x3 — mroboe umcno. 8.4.9. v = 3””3{7"41, To = _2‘1"74’”3, x3 — m06oe
qucno. 8.4.10. r1 = —% + x2, x3 = %, xg — moGoe uncio. 8.4.11. 1 = £ — 2z,

8 8
T = — 2 — B 13 — m060e umcno. 8.4.12. 1 = 2””3#15, T 13+75””3, T3

~ 16 16
—7—Ta3 254+13x3
4 4

)

To =

aoboe guciao. 8.4.13. 1 =

) , x3 — mwboe uucno. 8.4.14.
Tl = L;"—, r9 = x3, x3 — awboe gucno. 8.4.15. x1 = 7—11x3, ro = —3+6x3, x3 —
sno6oe uncio. 8.5.1. Ecin o = —6 — mer pemmenwnii, eciim o = —7 — HET PeIIEHUN,
2
— — — a"—Ta—8 — __2 _ _ —3448a
ecmu a # —6, a # —7, 10 T = a2 i 183043’ L2 = 5160 T3 T 23130443 8.5.2.
Ecim @ = —5 — Her pemenuil, ecnim o« = —6 — HeT pemienwuii, ecnm o # —5, o # —6,

2
_ _a?-6a-7 _ 2 __ —2347a 4
TO T1 = 37147800 P2 T Tatsr L3 T GT1ilat30” 8.5.3. Ecoim o = —4 HET

perieHnii, ecau o« = —H — HET pemeHui, ecmm « # —4, a # —5, 10 T] =

__2 L. _ _—lif6a
a+4a’ T3 T G219a+20°

= —4 — Her pemeHwnii, ecm o # —3, a # —4, 10 ] =

a?—5a—6
a?24+9a+20°

T2 = 8.5.4. Eciim @ = —3 — wHer pemenuit, ecnmm a =

a?—4a-5 To = — 2
aZf7at12’ T2 T a+3’

_ _ —T74+5«x _ o __ o _ a9 _ =
T3 = minariz 8.5.5. Ecitn @ = —2 — HeT pemennii, ecim o« = —3 — HET DeIIeHwil,

2
- _ _ a“—3a—4 _ 2 — _—2+4o

ecnu o # —2, a # —3, T0 1 = 2T 5at6’ L2 = Tay5r L3 = T eaq6- 8.5.6. Ectu
a = —1 — Her pemenuil, ecnmu o = —2 — HET permeHuni, ecnmu o # —1, a # —2, 10
a—3 _ __2 _ 143«
at2’ P2 = 75310 T3 T Z13at2’
a = —1 — GeCKOHEeYHO MHOrO permenuii: r1 = 1 — x3, x9 = 2, 3 — m0boe Yucmo,
a—2 2

ST X2 = —5, 23 = % 8.5.8. Ecmm o = 0 — mer

T =

8.5.7. Ecim o = 0 — mer pemennii, ecaun

ecmun a # 0, o # —1, T0 1 =
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pemennii, ecan o = 1 — mer pemennit, ecnu o # 0, a # 1, T0 1 = "‘T"'l, T9 =

1—a’
T3 = ao;tla 8.5.9. Ecitm o = 1 — Her pemennii, ecnim o« = 2 — HeT peleHunit, ecan
2
_ a“+a _ 2 _ o
a#l,a#2, 102 = T Barsr T2 = 3og T3 = 702 ) 8.5.10. Ecmn o« = 2
HET pemeHuil, ecau o = 3 — HeT pemeHuit, ecnm o # 2, o # 3, T0 1 = %,
T2 = ﬁ, T3 = ﬁ. 8.5.11. Ecim « = 3 — mHer pemenwii, ecm o = 4 —
. « +3a+2 _ 2 _ —14—2«
HeT pemeHnii, ecmm « # 3, a # 4, 10 r1 = Tratis 2= Ioa0 T3 = Toiariz
8.5.12, Eciu @ = 4 — Her pemenuil, ecim o = 5 — HeT pemeHuit, ecnm o« # 4,
_ a?+4a+3 _ 2 _ _—23-2a e _
a#5, 10 T1 = 5~ Sat20’ T2 = 5=a T3 = T_gay50° 8.5.13. Ecitmt a = 5 — mer
2
. _ _ _a“4+5a+4
pemennii, ecan o = 6 — HeT pemeHuit, ecnu o # 5, a # 6, T0 1 = 22 "Tlat30’

_ 2 _ _—34—4a _ . _
T2 = §755 T3 = ZoiTat30 8.5.14. Ecim o = 6 HeT pemeHuit, ecinim o« = 5 —
2
. _ _a“4+6a+b _ 2 _ —47—5«
HeT pemeHui, ecinu o # 6, a # 5, 10 T1 = 22 T8at4z’ T2 = 7og) T3 = T i3a413"

8.5.15. Ecitn o« = 7 — Her pemeHunii, ecniu o = 8§ — HET pernenwuii, ecnm o # 7, a # 8,

_ _a’4+7a+6 _ 2 . —62-6
TO T1 = 5 gatn60 P2 = 52 T3 = 57 i5a156"
86.1.8= (") aper 86.2. 8= (") aper
0« 0«
- 2
8.6.3. B — 3O‘+ﬁ a),om@ER. 8.6.4. B = O;H}g ,a,BER.
8.6.5. B — O”Lﬁ a),a,ﬁeR. 8.6.6. B = azﬁ ﬁa>,a,6eR.
_ _ 1
8.6.7. B = a+ﬁ %), a8 €R. 86.8. 8= 2T72%) 4, 5er
B a B
_9 _
8.6.9. B = 3O‘+ﬁ ), a,8€R. 8.6.10. B = O;J“ﬁ ;‘),aﬁeR.
2
8.6.11. B = a+62 ,a,BER.  8.6.12. B= 5ath—3a ,a,BER.
o B e} B
_2 1
8.6.13. B = 3a+ﬁaﬁa>,a,ﬁeR. 8.6.14. B — a+ﬁ > a,BER.
8.6.15. p— [ @A

3 > , o, B €R.

9.1.1. g(z) = 222 + 3z + 3 — memonmoe wactmoe, r(x) = lx + 3 — OCTATOK.
9.1.2. g(x) = 122 + 3z + 1 — menonmoe wacrnoe, r(x) = 2z + 2 — ocrarox. 9.1.3.
q(x) = 122 + 2z — menonnoe wactuoe, r(z) = 1z + 3 — ocratok. 9.1.4. g(z) =
= 322 + 1 — menomnoe wactuoe, r(z) = Iz — octatox. 9.1.5. q(x) = 22 — HenomHOe
gacrroe, r(z) = 1x? + 1z + 3 — ocratok. 9.1.6. q(z) = 222 + 1 — menomHOe YacTHOE,
r(z) = 2¢ + 1 — octaTok. 9.1.7. ¢(x) = Tz — menonmoe wactHoe, 7(x) = 1z + 1 —
ocrarox. 9.1.8. ¢(z) = 222 4+ 3 — memonmnoe wactnoe, r(z) = 222 4 2x 4+ 2 — ocTaTOK.
9.1.9. ¢(z) = 122 + 2z + 2 — uenosnunoe wactHoe, r(z) = 2z + 3 — ocrarox. 9.1.10.
q(x) = 222 + 3 — uemonnoe wactuoe, r(z) = 1z + 1 — octatok. 9.1.11. g(z) = 2z —
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nenonuoe wactroe, r(x) = 1x? + 2x + 3 — ocrarok. 9.1.12. ¢(x) = 322 + To —
HeronHoe wacTroe, 7(z) = 2z + 3 — octatok. 9.1.13. ¢(z) = 2z + 2 — HemomHOe
qacTtHOe, r(z) = 3x2 +1 — octaTok. 9.1.14. ¢(z) = 122 — HenonHOe YacTHOe, r(z) =
=3z +2 — ocrarok. 9.1.15. g(z) = 122 + 2z + 1 — menonmoe wacTroe, r(z) = 1z
+ 2z +3 — ocrarok. 9.2.1. HOII! (f(z), g(z)) = 2% — 2 = g(z)(z + 2) — f(z)(z + 1
9-2-2- HOZ! (f(2), g(z)) = 2® + 1 = g(z)(z + 1) — f(z). 9.2.3. HOA'(f(), g(z ))
2+ 5= g(x)(x — 4z +4) — f(z)(x — 3). 9.2.4. HOI! (f(x), g(x)) = = + §
(—32% + 52 + §)f(@) + (52° + 327 — §z — 5)g(). 9.2.5. HONI'(f(2), g(x))
L =g(z)(- 39: —z+1) + f(z)z. 9.2.6. HO'(f(2),g(z)) = 1 = g(z)(z® + 2> —
—3z—2) — f(z)(z +1). 9.2.7. HOA (f(2),9(z)) =z — 1 = g(z)(32%2 — 22— 1) +
+f(@)(—5z+35). 9.2.8. HOJI (f(2), g(x)) = 1 = g(z) (32" —z? —1)+f(x)(—§w +
+32).9.2.9. HOZI' (f(z), g(x)) =1 = fg(z)(?):v?’ —222 —z+2) + f(z)(32% + = — 1).
9.2.10. HOI! (f(z), g(z)) = 1 = (3&)( 34 222 — 1) — f(2)(322 + $2). 9.2.11.
HOM! (f(2),9(z)) =1 = f(2)(—g2%+3 x——)+g( )(g2°— gt 4528+ 3a7 —Jat ).
9-2-12- HOJ! (f(2), g(z)) =z — 1= g(x)(*ﬁ:v + e’ = T — %)Jrf( )(Fz® —
L +ﬁx+n) 9.2.13. HOZI (f(z), g(x)) = z— 179(@1)( 1o 32244 10)+
+ f(@)(f2* - 2). 9.2.14. HOZU! (f(2), g(x)) = 2® — 1 = (—ﬂﬁ)f(w)Jr(ﬂﬁ2 —z+1)g(z).
9.2.15. HOZI! (f(2), g(z)) = 1 = g(z)(z* +6a3+ 1422 +152+7) — f(z)(z3 + 322 +4x+
+2).9.8.1. f(1+14) = 2—2i. 9.8.2. f(—3+1) = 138+494i. 9.3.8. f(—1—1i) = 8—6i.
9.3.4. f(1 —2i) = —9+ 8. 9.3.5. f(3) = 11 — 7i. 9.3.6. £(3i) = 340 + 180i. 9.3.7.
f(=2 —4) = —1 — 44i. 9.3.8. f(—1 4 2i) = 12+ 15i. 9.8.9. f(—i) = 7 + 5. 9.3.10.
F(l42) = =12 — 2i. 9.3.11. f(2i) = 2 + 22. 9.3.12. f(2 +14) = —135 + 95i.
9.3.13. f(3i) = 206 + 24i. 9.3.14. f(1 +4) = —19. 9.3.15. f(i) = 2 — 3. 9.4.1.
fl@)=(+1D)*=2x+1)3—(z+1)2.9.4.2. f(z) = (x+1)° =2z +1)* — (z +1)3 +
+6(x+1)2—3(z+1).9.4.3. f(x) = (x+1)6 —10(x+1)> +46(x +1)* - 131(z +1)3 +
+239(z +1)% — 260(x + 1) + 150. 9.4.4. f(z) = 3(z +1)° — 10(z + 1)* — 6(x +1)3 +
+42(z +1)%2 —46(z + 1) +11. 9.4.5. f(z) =3(z +1)% — 11(z + 1) + 14(z + 1) —
9.4.6. f(z) = (x+ 1)* —5(x + 1)3 +5(x +1)%2 +5(x + 1) — 5. 9.4.7. f(z) = 4(z +
+ 1) —18(x+1)2 +14(z+1)2 + 15(x + 1) — 6. 9.4.8. f(z) = (z+1)° —10(z + 1)* +
+28(x 4+ 1)3 —22(x + 1)2 — T(z 4+ 1) 4+ 22. 9.4.9. f(z) = 3(z + 1)* — 17(z +1)3 +
+37(z +1)2 = 37(x + 1) + 15. 9.4.10. f(z) =2(z + 1)* = 5(z + 1)3 + 2(z + 1) + 3.
9.4.11. f(z) = (x+ 1) —6(x +1)5 + 14(x + 1)* —12(x +1)3 = 3(z + 1)2 +7(z+ 1) +
+1.9.4.12. f(z) = (z +1)% = 6(z + 1)* + 15(z + 1)3 — 20(z + 1)% + 16(x + 1) — 8.
9.4.13. f(z) = (z+ 1)+ (z + 1)* = 17(z + 1)3 + 24(z + 1)2 — 6(z + 1) + 4. 9.4.14.
f(x) = (x+1)° —6(x + 1)* + 15(x + 1) — 19(z + 1)2 + 10(z + 1). 9.4.15. f(z) =
=@x+1)° - (z+1)34+3x+1).951.a=-1,b=2,¢c=0.9.5.2.a=—2,b=6,
c=3.958.a=2%b=3c=3954.a=2b=1,c=-1.955.a=2,b=3,

c=6.9.56.a=3b= 73,022. 9.5.7.a=2b=12 c= 12 9.5.8.a = },

IIV+

b=2c=4.959.a=2b=2c=19510.a=4,b=4,c=6 9511
a=41, bf—%,cf—— 95.12. a= -3, b7—12c7—6 9.5.13.a =2, b =1,
=30.9514.a=1,b=6,c=4.9515.a=3,b= 3, c= 3. 9.6.1.21 =1,
T2 = 3, x3 = —I—Qi\/ﬁ’$4 = _1+2i\/ﬁ.9.6.2. r1 = —2, x2 = 5, x3 = —3—i2\/ﬁ’
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vy =3I 9.63. 01 =2, 22 = 3, 23 = —1 — 4, x4 = —1 + 4. 9.6.4. &1 = 1,

2y = —4, w3 = 353 gy = =35 965, 01 = —2, w2 = 3, a3 = —1 — iV/3,

2y = —14iV3.9.6.6. 01 = 1, 2y = =3, x3 = =301 5, — =34IVT 9 6.7, 2y =2,

vy = 4, w3 = “L=VIL gy = S1EVIL 968, 2y = —1, a3 = —1, 23 = —2 — 4,

Ty =—2+419.69. 21 =1, a2 = —1, 23 = =015 g, = 1+1VI5 96,10, 21 = 1,

2y =5,23=1—i, 24 =1+i 9.6.11. 71 = —3, w2 = 4, w3 = =02 g4 = 1H0/2,

9.6.12. 71 = —2, w3 = 3, w3 = =B 5, — L4V 9613, 2, = 1, a2 = 4,
3—iV/31

xr3 = 7 , T4 = 73+7"4 31. 9.6.14. x1 = 2, 20 = —2, x3 = 571‘6 23, x4 = 5+i6 23.

9.6.15.01 = —1, 0 = 5, 03 = 1=0/19 4y — L4VI9 97,1, 4y = 3—2, wp = 3+,
x3 = —1i, x4 = 4. 9.7.2. 21 = 1 +4V3, xo =1 — i3, £3 = 3+ 24, 4 = 3 — 2i. 9.7.3.
€1 =342, 20 =3—2i, 23 = —1 — 20, ¢4 = —1 + 2i. 9.7.4. 7, = i, T3 = —i,
@3 =142 24 =1—2i. 9.7.5. 31 = —2i, z0 = 2i, 13 = —1 — 24, 14 = —1+2i. 9.7.6.
] =26, k0 = —2i,x3 = —2—2{, x4 = —2+2i. 9.7.7. 01 =2—i,x0 =244, xz3 = 1+
+38i, w4 =1—3i.9.7.8. 21 =1+i,20=1—1i, a3 = —i, 24 =i. 9.7.9. z1 = 1 + 34,
2o =1—-3i,3=—-2+i,24=-2—4 9.7.10. 21 = —2+14, x0 = —2 — i, 23 = —2i,
€4 =20 9701, 21 = —1+i, 20 = —1—i, 33 = 2—4, 34 = 2+4. 9.7.12. 71 = —2+ 34,
@y =—2—3i, m3 = —2i, 34 = 2. 9.7.13. 21 = —1 +2i, 3y = —1 — 2, x3 = 1 + 34,
@4 =1—23i.9.704. 21 = —2+3i, 20 = -2 — 3, 23 = 1 + 2, 34 = 1 — 2. 9.7.15.
x1 =2—4, 20 =2+1i, w3 = —i, 14 = 3. 9.8.1. R: f(z) = (x + 1)(z — 2)(2? + 1),
g(x) = (2 +3)(2% =32+ 3)(22 + 3z + 3). C: f(z) = (z + 1)(z — 2)(z — i)(z +
+1), g(z) = (z — FLE) (@ - =08) (@ — iVB)(x + iv3)(x — 253)(¢ — =350/,
9.8.2. R: f(z) = (z — 1)(z + 3)(a2 +4), g(z) = (2% — 2v/2z + 4)(2? + 212z + 4).
C: f(z) = (x — 1)(z + 3)(z — 20) (= + 2i), g(z) = (z — V2 — iV2)(z — V2 +iV2)(z +
+v2 —iV2)(z + V2 +iv2). 9.8.3. R: f(z) = (z — 1)(z — 1)(z? — 22+ 2), g(z) =
= (22 -3vV2z + 9 (2% +3v22 +9). C: f(z) = (. — V)(z — D)(z —1 —i)(z — 1 +1),
g($) (:L‘ 3\/54»1'3\/5)( _ 3\/5—213\/5)($ _ —3\/5;1'3\/5)($ _ —3\/52—1'3\/5). 9.8.4. R:
flx) = (x+1)3 @2 -z +1), g(x) = (z%2 — V10z + 4)(2® + 10z + 4). C: f(z) = (= +
+D)(E+1) (@ +1) (- 1= ;fxzf%ﬁ),g(z) = (z — YAOFE)(p — VI0ZiVG)(y
10-iv8) ( — =10+05) 9.8.5. R: f(x) = (z — 1)(z + D2 (2® + z + 1), g(z) =

= (422 —2v/22+1) (422 + 2122 +1). C: f(z) = (z+ 1) (z+1)(z—1)(z — 714”\/_)(
- =158, g(a) = 16(x — V2GR (2 — YRR (g — V2EIVE) (g - —V2R0E)
9.8.6.R: f(z) = (z — )z +2)(z +2)(2%2 + = + 1), g(z) = (z — V3)(z + V3)(z? +
+V3z+3)(2% = V3 +3). C: f(z) = (12— 1)(z+2)(z+2)(z — ZENE) (z — Z151V3),
9(2) = (@ = V3)(@ + V3)(w — V3F3)(z — VIS (g - =VEE)(p - =VE=3) 957,
R: f(z) = (z — 1)(z = 3)*(2® + 2 + 1), g(z) = (¢® — bz + 2)(a® + \/_w +2). C
f@) = (@@= 1)(@ = 3)(@ = 3)(z — =) (@ — =15), g(a) = (@ — LG2)(2 —
— VOV 6oiVBy (. —VEHiVE) 9 8.8, R: f(x) = (z — 2)(x — 3) (22 +9),
g@)=(z—-)(z+1)(x?—z+1) (22 +2+ 1) C: f(z) = (z—2)(x — 3)(z — 3i)(z + 37),
g(z) = (& — 1) (@ + 1)(z — H3)(p - 1=V8)(p _ =140v8y(; _ =1-1V3) 98,9, R:

+II

[
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f(@) = (@—1)(@—2)(@2 ~42+5), g(x) = (2* — 2z +3) (22 +/22+3). C: f(z) = (x—
—1)(w—2)(3—2—0) (3—2+1), g(2) = (v~ Y20 (- YZEVID ) (g =V2ZIVID ) (5
— =V24/10) 9.8.10. R: f(x) = (z — 1)(& — 1)(z + 6)(2% + 2 + 1), g(x) = (922 —
—3v22+1)(922+3v2a+1). C: f(z) = (x—1)(x—1)(2+6)(x— ~1HV3) (g =150V3),
g(x) =81(z — 2 — i V2) (@ — V2 4 V) (4 V2 4 V254 V2 VD) 9811, R:
f(@) = @—1)(@— 1)@ +42+5), g(x) = (22 ~V3z+1)(@>+v3z+1). C: f(2) = (z—
—1)(@— 1) (w+243) (3+2-1), g() = (- L) (3 — Y1) (o - L) (o — Y21,
9.8.12. R: f(z) = (z+2)(z{2)(12 73:1:%4), g(z) = (422 7211}1)(4:1:2 +2:1?+1). C:
F@) = (@+2)(2+2)(z — D) (@ — 20T), g(2) = 16(x — L) (v — 120 (o —
— S8y S1=iV3) 9818 R: f(z) = (z — 1)(z — I)(z + D@2 + 2 + 1),
g(z) = (:L‘Q—\/i$+1)($2+\/§$+1). C: f(z) = J:—l)(a:—l)(a:+1)(a:—_l+Ti\/§)(x—
- =58, g(a) = (a— LG ) (a - L2EE ) (g - VIR (- 2EN2) 9.8.14.

2
R: f(z) = (z — 1)(z + 1)(z + 1)(z% +6), g(x) = (z® — 7z + 3)(x2 + VTz + 3). C:
f@) = @=1)(@+1)(@+1)(@=iV6)(z+iV0), g() = (e— Y50 )z — YTV (2 —
— =Ty (p - =VTEiVE) 9.8.15. R: f(z) = (z — 3)(x — 3) (a2 + 1), g(z) = (x —
—D(z+1)(z2+1)(22 =2z + 1) (@2 + V224 1). C: f(z) = (x—3)(z—3)(z—i)(z+1i),
9(@) = (z = V(@ + Dz — i) + i)z — LF2)(@ - L2EV2)(g - —V2oiV2
_ M).

(z -

10.1.1. f(z) = 223222+ I2+5.10.1.2. f(z) = 323 —2?+22+1. 10.1.3.f(z) =
=22% — 122+ §242.10.1.4. f(z) = —23 4222 —2+6. 10.1.5. f(z) = $a° — 322 +
+52+44.10.1.6. f(z) = 2® + 422+ 2+1. 10.1.7. f(z) = 2%+ 22— 2+1. 10.1.8.
fl) =223 —2% — T34 2.10.1.9. f(z) = 523 + L2 +4. 10.1.10. f(z) = La® +
+2242.10.1.11. f(z) = 2% — 322 + z+14. 10.1.12. f(z) = — 123+ 322 — 22— 4.
10.1.13. f(z) = 32° — 422 + L2+ 3. 10.1.14. f(z) = 22% + 222 — Iz +1. 10.1.15.
f(z) =23 —22 —2+3.10.2.1. g(z) = 22 + (i — 1)z + 2i. 10.2.2. g(z) = —22 + 2 —i.
10.2.3. g(z) = iz? — 2z + 1. 10.2.4. g(z) = —222 + iz — 1. 10.2.5. g(z) = —3z? —
— (1 —i)z+2. 10.2.6. g(z) = 222 + v — 3i + 2. 10.2.7. g(z) = —2% —iz +i— 1.
10.2.8. g(z) = —iz? + (i+ 1)z +2. 10.2.9. g(z) = (i — 1)z? + 2z — 1. 10.2.10. g(x) =
=224+ (i—1)z+1.10.2.11. g(x) = —222 +ix—2i. 10.2.12. g(z) = —iz?+2iz — 1.
10.2.13. g(z) = 22 —1—-2i. 10.2.14. g(z) = —z?+(i—2)z+2. 10.2.15. g(z) = 222 —
—iz—144i.10.3.1. F(z) = —3 10.3.2. F(z) =

148 8
(z—1)2 " 27(x—1)  9(z+2)2  27(a+2)"

— 7 1 8 1 _ 3 1
— T 25(z+2)2 + 125(z+2) + 25(z—3)2  125(z—3)" 10.3.3. F(z) = 64(z+2) + 4(x—2)3 +
3 1

3 _ 11 1

+ 16(z—2)2  64(z—2) " 10.3.4. F($) T 4(z+3)3 " 16(z+3)2 ~ 64(z+3) + 64(z—1)" 10.3.5.
— 2 7 i 13

F(@) = 5537 + 6= ~ Bar? ~ ey 1086 F@@) = —g5 57 +

1 5 1 _ 16 1 1
+ 27(z—5) + 36(x+1)2 ~ 27(z+1)" 10.3.7. F(z) = 3(x—4)2 ~ 9(z—4)2 + 27(x—4)

— 19 7 19 19 —
10.3.8. F(2) = — gty + 50005 — s T w7y 10-8.9. Fla) =

10.3.10. F(z) =

1
T 27(@—1) "
_ 2 + 3 _ 5 _ 3
49(x—3)2 " 343(z—3) ~ 49(z+4)2 ~ 343(z+4)"
8

10.3.11. F(z) =

1 7
9@—22 T T@—2)

1 7

“3e-10% T BE-D? ~ 108E=D T 108T5)"
_ 4

10.3.13. F(z) = 55 +

7
T 9@+nZ  27(x+D)

_ 2 1 1 1
10.8.12. F(2) = —55552 + 5e-5 + 52 ~ 20
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__ 2
+ (z+2)2 + (z+2) 21' 10.3.14. F(z) = 9z—12 27(z T (z+2)2 + 27(z+2)
10.3.15. F(z) = — & — 25 —

1 3
Sz az2 F + 8z—2)" 10.4.1. K( )7 @I— z+2)2 + 1271+2

_ —2x—5 =2 3
10.4.2. K(z) = G + 2. 10.4.3. K(2) = %2)2 + . 10.4.4.

K(z) = (1213;“54)2 + 2+3z+4 10.4.5. K(z) = %1)22 + 2+1 10.4.6. K(z) =

_ —x—=12 8 _ z—2

WJF =25 10.4.7. K(z )*_WJF = 10.4.8. K(z T) = Grarer T
_ —6x—14 _ —2z-5 1
+m 10.4.9. K(:B)—m‘i’ 2+3 10.4.10. K(:B)—m‘i’ 2+5
—19x—25 —122—13
10.4.11. K (z) = G + orraeys 104,12, K(2) = i + srrers
10.4.13. K (z) = 10.4.14. K (z) = —22=3 10.4.15.
— 4
K@) = e — 7

(2 —SC+2)2+ 22 SC+2
2__ G(z) =
_ 1 1 z+11
24 =5 — 4= + FIEEeE

x—1 x+1’
1 1 2—11% 24114 .
+tor ~Ir T T2y + Toetay: 10-5-2. R: F(z ) 3x+1+

W* el

- ac-lkl’ G(z) =2+

16(x+27) G(z) =1+
+ﬁ+ﬁ+m+%ﬂ.(& F(z) = 3z+1+

G(z) =1+

G(z) =

m,
1147811 4= Tiv/11
11(2z+3—iv/11) 11(2x+3+1\/ 1)’

PTCE 1)2+% l+ﬁ+%ﬂ 10.5.3. R: F(z) = —z + 27 — L,
_2+2(x 1)+2(x+1)+ 2+z+1 C: Fz) = _:H-l’G(x) -2+
+2(; 5 +2<z+1)+Gz?g5gf+6i;jgf 10.5.4. R: F(:v) 2w l—
+z+1’G(x)_1+z+liz 2+m C: F($)=721‘+17ﬁ+1—+1,
Gl@) =1+ 47 — 755 + 2;@4222 + 2114%&21. 10.5.5. R: F(z) = —3z —
+ 2L G(z)=73

@izt
3

1
x+2 +
C: F(z) = -3z —

22 4
z2—-22+45" (x+1)3 + 3(x+1)2 + 9(z+1) Q(ac 2) "

1 4+3 —3i _ 4
== 41744;32 + 4z 4-8i° Gz) = =3 - (x+1)3 + 3(x+1)2 + 9(z+1) T 9(x—2)"
10.5.6. R: F(w) = —o+6— 307 + 5200, G2) = 24 2 + e + 3 —

z2—z+1°
—2—(17//3)i —24(17/V/3)3 G(z)
z—(1/2)—(V3/2)i = z—(1/2)+(V3/2)i’

10.5.7. R: F(m) = —2x + 12579673—113’

C: F(z) = —2z + _15-i13V3 +

C: F(x):fz+6fz§1+

(1+1)

4 7 1
=2+ (171)3 + (z—1)2 + 2(z—1) ~ 2(z+1)"

- 3 1 8 40
G(z) =1~ 2(z—1) + 18(ac+1) + 3(z—2)2 + 9(x— 2)'

62—9—1i3v/3
15443133 3 1 . _
o 91+13\/__, G(z) = Ty + BT + 3 2)2 + 9(;0 5 10.5.8. R: F(x) =

4 12 12 28 . —
=3r4+1—5, = 1)+W,G(m):1—m—x Tt o505 G Flr) =3z +1-
12 6+(10/V/3)i 6—(10//3)i
— 5o T C@) =1 Gz~ s (/i T a2+
3(x+1) + 530"

10.5.9. R: F(z )—3x—2+( 1)2+x 5, G(2) = -2 -

' _ _ 13 6431
C: F(x). =3z -2+ (x_l)g + 171, G(=z) = -2 - 15(z— 2) (z+1) + 10(z— z) +
4+ 8=31..10.5.10. R: F(z) = —z + %2, G(z) = 1 + (o 55 + ot 2)2 T

10(z+1) z2+1° -
1—24 1424 12 1
—z+ 2z — 211 + 2x+21i’ G(:L‘) =1+ (172)3 + (z— 2)2 + T— 2 T r—1°
10.5.11. R: F(a:) = -2 +2+ 55ty — grtears G0 =2- gy + s +

_ 8 5+iv/3 —5+iV/3 _
C: F( )7 x+2+3(m 1) 6x+3— 13\/_+ 6x+3+i3v3’ G( )7

10.5.12. R: F(z) =z + 1 +

9
+ 1(z+1)2 8(ac+1)
=92

1 9
8e-D T (z+1)3 T iz ~ 8(w+1) 2+z+2’

- _9 35 48 24 1—-(3/V7)i |, 1+(3/V7)i
G(z) = .C: F(x)_I+1+2x+1+iﬁ+2x+1—iﬁ’
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G = 48 1
(%) = =2~ oy + 237~ e - _z+2 10.5.13. R: F(z) =2z + 1+ =5 +
- - 1 1 11 3

z—1° G( )=1- i(z—1) ~ 2(z+2) 4(x2+x+2) C: F(z)=2z+1+ =22 + ﬁ,

= L 1 —5+(5/V7)i | =5—=(5/V7)i
Glz) = 174(1*1) B 2(Z+2) T SetatiayT T Sa+a_ 14\/ 10.5.14.R: F(z) = 2+ 35 z+1
G(x) - C: F( )=+

(111)2 + 27(908 1) + (z+2)2 - 27(x+2)
~ sotirai T aara—z G@) =1- 8

F(x) = 2$—1+ ac2-:14’ G(z) =2+ 57—+ 2(x—1)

G(x) =2+ 2(30 T 2(ac1+1)'

ac+1
9(ac 1)2 + 27(90 1) + 9(x+2)2 - 27(x+2) 10.5.15. R:

C: F(z )72$—1+4x 81+_4§jrgi,

2+4z+5’

2(x+1)
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ciopbekTuBHOE, 11
oTobpaxkenusi pasubie, 10

II
TepecTaHoBKa, 14
HevyeTHasd, 19
obparnas, 15
geTHad, 19
noarpynmna, 33
enuandHasd, 34
HeTpUBHAIbHAs, 34
cobcTBerHast, 33
TpuBHaIbHAdA, 34
TIOJIKOIBII0, 35
TIOIMHOYKECTBA HEIEPECeKaio-
muecs, 7
nozarmose, 36
moapernieTka, 9
mone, 35
aarebpamvyecKu 3aMKHY-
Toe, 193
KOMILIEKCHBIX Yuces1, 72
nonuHoM, 178
nonyrpynna, 28
HOPANOK, 7
rpynnsl, 29
npeobpa3oBaHme
adbdurmoe mpsimoit, 14
MHOXKeCTBa, 10
ToxaecTBernHoe, 10
3/7IEMEHTAPHOE CUCTEMBI JIN-
HeWHBIX ypaBHeHm!it, 148
37IEMEHTAPHOE CTPOK MaTpPH-
sl, 106
Ipon3BeIeHne
€eKapTOBO, b
oTobpaxkenui, 12

IepecTaHoBOK, 14
npsamoe, b
IPOU3BOAHAS MHOTO4YIeHA, 187

P
paur mMaTpunsl, 128
pelnenne
HyeBoe, 166
CUCTEMBI JIMHEWHBIX
ypaBHeHnit, 147
pemeTka, 9
nosHast, 9

C

cUCTEMA
KpaMmepoBckas, 154
NUHENHBIX ypaBHeHuit, 147
oguoponHasi, 166
crymenvaras, 149

cucTeMa ypaBHEHUM
HecoBMecTHas1, 147
coBMmecTHast, 147

CHCTEeMBbl paBHOCUIIbHBIE, 149

crnoxkenme marput, 99

CpaBHEHUE
IepBoii cTenenu, 65
quces, 60

CTereHb

MHOTOUIeHa, 179

repecTaHoBKH, 14
cxema ['oprepa, 188
ciopbexnus, 11

T

TeopeMa
Beay, 188
Esknuma, 53

Kpawmepa, 154
Kponekepa-Kamennm, 155
®epma, 62

Diinepa, 62

0 JIEJIEHUH C OCTATKOM
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anst ancen, 46 X
0 ZIeJIEHUN C OCTATKOM IS XapaKTePUCTHUKA, MO, 36
MHOro4/1eHOB, 180
OCHOBHAsI aJIT€0PHl KOMTIJIEKC- I
HBIX gncen, 192 mens, 8
ocHOBHas apudmMeTuku, 53 kL, 15
Tpancno3umusd, 16 He3aBUCUMBIH, 16
TPUroHOMETpHUYECKast (hopMa KOM-
IJIEKCHOTO Yucaa, 79 q
9UCIa B3aUMHO TIPOCTHhIe, 49
Y YUCTIO
YMHOXKeHHue KOMTIIJIEKCHOE, 72
matpui, 100 npocroe, 53
oTobpaxkenui, 12 comnpsizKeHHoe, 73
mepecTaHoBok, 14 cocTaBHoe, 53
3JIEMEHTA IO Ha
Marpuiy, 99 9
ypaBHeHHE OqHOPOmHOe, 166 SJIEMEHT
eIUHUIHBIN, 28
D MAaKCHAMAJIbHBIN, 8
dakTopmHOKECTBO, 7 MUHUMAJLHBIMA, 8
dopmyta HanOONbIINA, 8
Myaspa, 84 HAUMEHbIINH, 8
WHTEPIIOIATINOHHAS obparumsrii, 35
Jlarpamxa, 204 obparHbIi, 28
obparuoit marpurbr, 130-131
dopmysr
Buera, 192

Kpawmepa, 154
dyuknna Ditnepa, 62
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